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Using the discrete path formalism, we obtain a topological solution for ordinary, as well as partial,
linear inhomogeneous finite difference equations with variable coefficients and arbitrarily
specified boundary conditions. The solution is homomorphic to a set of discrete paths constructed
from a set of vectors determined by the level differences of the equation.

I. INTRODUCTION

A certain amount of progress'> has been made in
studying the solutions of finite difference equations, by mak-
ing use of the so called combinatorics functions. These are
highly generalized factorial expressions® that were originally
obtained,' by a homomorphism, from the restricted parti-
tions® of an interval into classes. These classes are deter-
mined by the level differences of the equation. Subsequently,
the formalism was generalized and made more flexible by
replacing the restricted partitions by discrete paths, thus
leading to the so called discrete path approach? which is a
topological, graph theoretic® method, requiring a certain
amount of combinatorial analysis.” Recently, the discrete
path formalism was used to derive an explicit topological
solution for systems of simultaneous linear equations® by
establishing a homomorphism between the solution x,,, and
the set of paths, defined on the corresponding signal flow
graph,® from all sources to vertex n. The homomorphism
defines a value function, and the solution is the value of the
above set of paths.

The purpose of this paper is to apply the above topologi-
cal solution to the case of ordinary, as well as partial, finite
difference equations. A linear finite difference equation is a
system of simultaneous linear equations characterized by a
high degree of interdependency among the coefficients. This
in turn is reflected by a high degree of symmetry in the corre-
sponding signal glow graph, and permits us to greatly sim-
plify the topological solution. This work constitutes a natu-
ral generalization of the solution obtained in Ref. 2, and is
one more step in the process of enlarging the class of finite
difference equations for which a general solution is known,
and consequently enlarging the scope of physical problems
that can be solved analytically.

Special cases, of the solution presented here, include
solutions of ordinary linear finite difference equations with
constant coefficients,*® ordinary linear homogeneous finite
difference equations with variable coefficients and initially,’
finally,'® or arbitrarily? specified boundary conditions, and
ordinary linear inhomogeneous finite difference equations
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with variable coefficients and initially, or finally, specified
boundary conditions.!! The above developments'?'® were
motivated by, and needed for, the analytic solution of the
Schrodinger equation'®!? for a quark-antiquark system in-
teracting via a central linear potential.'* Partial finite differ-
ence equations will be needed in solving the Schrodinger
equation for a three-quark system.'+*>

The method presented here handels ordinary and par-
tial finite difference equations in essentially the same way.
From the point of view of simultaneous linear equations, the
only difference between ordinary and partial finite difference
equations is in the number of indices used to label the varia-
bles, and consequently the number of dimensions needed to
display the vertices of the corresponding signal flow graph.
For an ordinary finite difference equation, the signal flow
graph can be represented by a linear lattice of vertices.” On
the other hand, for a partial finite difference equation with
two variables, a two dimensional lattice of vertices is needed,
and so on. The method also treats homogeneous and inho-
mogeneous finite difference equations with the same ease;
the inhomogeneous term combines with the boundary con-
ditions to form the sources of the signal flow graph. Thus the
only difference between the two cases is that in the inhomo-
geneous case every vertex has a source, while relatively few
vertices have sources in the homogeneous case. Finally, the
method permits an arbitrary specification of boundary con-
ditions provided they are compatible with the equation.? A
change in the specification of boundary conditions changes
the position of the sources in the homogeneous case, and
their relative strength in the inhomogeneous case.

In Sec. II we will present a summary of the needed re-
sults on simultaneous linear equations. In Sec. III we will
study ordinary finite difference equations, and Sec. IV will
deal with partial finite difference equations.

ll. SIMULTANEOUS LINEAR EQUATIONS

A system of N simultaneous linear equations can always
be written in the form

x; = z wl, px; +wis;,)) j=12,.N Q.1
€r-(j)
i#s;
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FIG. 1. A typical junction in the signal flow graph corresponding to Eq.
@.1).

and represented® by the signal flow graph G, as shown in Fig.
1, where I" ' () is the set of vertices incident on vertix j,
w(i, j) is the weight of arc (7, /), and s; is the source incident on
vertex j. By definition, a vertex s, is called a sourceif there are
no vertices incident on it.

As shown in Ref. 3 it is possible to obtain a topological
solution of the system of Eq. (2.1) in the form

x, =H[P( )], @2)

where P (j) is the set of all paths, on the signal flow graph,
from all sources to vertex j. H is the homorphism introduced
in Ref. 3, and gives the value of a path as the product of the
weights of its arcs, and the value of a set of paths as the sum
of the values of its elements,

H(p)= [] w@. (2.3a)
@ jep

H(p)=YH(p), (2.3b)

H@) =0 and H(fe})=1, (2.3¢)

where @ is the empty set and {e} is a set made up of one
element of zero length.

Using the above properties of the homomorphism H we
can rewrite the solution as

x; = YH[P(s D], 2.4

where S is the set of sources and P (s, ) is the set of all paths
from source s to vertex j. Furthermore since we are consider-
ing that there is a maximum of one source per vertex, and
that each source is incident on only one vertex, then
P(s;,/) = {G:,)} @ P(i, /), where ® is the concatenation op-
eration,® and consequently

x; = Y wls;, DH [P ()] 2.5

The fact that the solution is a sum of the contributions of the
different sources, is a reflection of the linear character of the

equations.
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Ill. ORDINARY FINITE DIFFERENCE EQUATIONS
A. The Difference Equation

The ordinary linear inhomogeneous finite difference
equation can be written as?*16

N
Xp = > fo(m)x,, o +1(m), méJ (3.1a)
k=1
and the boundary conditions given by,
x;, =4, JaSJ, (3.1b)

where the coefficients f, (m), and the inhomogeneous term
I(m) are arbitrary functions of the level m, and the numbers
a, are positive or negative intergers belonging to the set A.

A={a, a5 .. a,} (3.2a)
and assumed to be ordered according to
a,<ay < <dy. (3.2v)

The order 4 of the equation is given by
h=ay —a, (3.3)

and the boundary conditions specify the values of the solu-
tion x,,, for A different values of the index m. The values of m
for which the boundary conditions are specified, will be re-
ferred to as boundaries, and given by the elements of the set

J= [jvjz, - } (3.4)
Eq. (3.1a) should be written in a way which is compatible
with the boundary conditions.?

B. The Signal Flow Graph

Equations (3.1a) and (3.1b) form a set of simultaneous
linear inhomogeneous equations defining x,, for all integer
values of m. To draw the corresponding signal flow graph®
we make the following observations based on Eqgs. (3.1a, b):

(i)Every vertex'” has one and only one source incident
on it. The intensity of the source is given by

w(s,,, m)=1(m) méJ (3.52)
if the vertex is not a boundary, and by
wis; ,j,) =24, J.&J (3.5b)

A= {0|, 02}
G|=—I

fg (m-l) fg(m+|) = +2

fa(m)

Im-1) I(m)  Im+) L

i L: (rhr :L:> e
s P At Po Ple:
At A fis A
fieszanicss) # o
iid P HE hiiiiid
Sm

-1 Sm Sm+l Sip

FIG. 2. A typical section of the signal flow graph corresponding to the
ordinary finite difference equation x,, = f , (m)x,, ,

+f,.(mx,, ,, + 1(m), which is a special case of Eq. (3.1). Thin circles
represent ordinary vertices, thick circles represent boundaries, and dark
discs represent sources.
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if the vertex is a boundary.

(ii) The set of vertices incident on a given vertex is given
by

rm={s,Y{m—a;aecA} més (3.62)

if the vertex is not a boundary, and by

r'Go="{s} j.eJ (3.6b)

if the vertex is a boundary.
(iii)The weight of the arc (m — a, m) eminating from
vertex (m — a) incident on vertex m, is given by

" (m) fora=a,ed
0 for agd.

Thus the signal flow graph corresponding to Egs. (3.1)
can be represented by two parallel linear lattices as shown in
Fig. 2. The first lattice contains the ordinary vertices and the
boundaries, while the second lattice contains the sources.
The sources have a strength A, when incident on a bound-
ary, and I (m) when incident on an ordinary vertex. The ver-
tices are divided into two types; ordinary vertices and bound-
aries. The boundaries have no vertices, with the exception of
a source, incident on them.

wim — a, m) = 3.7

C. The Solution

Applying Eq. (2.5) to the signal flow graph of Fig. 2,
and making use of Egs. (3.5), we obtain the solution of the
system of equations (3.1) in the form,

x, Z,%AHH [P(j., m)] + %I(z’)H (PG m)], (3.8)

s
where J is the set of boundaries and S is the set of sources.
The value of the set of paths from I to m is given, using Egs.
(2.3a, b) and (3.7), by

HIPGm) = S T fos® 3.9

peP T m) B, V)ep
for all values of / and m, including /eJ, provided that
P(I,m)#@and P (I, m)# { e}, in which case the value of P (J,
m) is given by Eq. (2.3¢).

In addition to giving the solution for x,, for all values of
m#éJ, Eq. (3.8) correctly reproduced the boundary condi-
tions. Let j; be a boundary vertex, then from Eq. (3.8) we
have,

X, = YAHI[P(,Jn)] + SIWH [P, m)]. (3.10)
S i)
s
But since the only arc incident on a boundary is the one
eminating from its corresponding source, then there are no

paths joining a vertex, or a boundary, to another boundary.
That is

P(i,jp)=ﬂ for i¢J and i£S (3.11a)
and
. .. _[8 fora#xp
P(ijg)—[{e} fora =B’ (3.11b)

where e is an arc of zero length joining j, to itself. From Eq.

(2.3¢c) we then have
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H [P(i’jB)] =0and H [P(.Ia’]B)] = 6aﬂ (311C)

and Eq. (3.10) reduces to
h
X, = Y Aabup =4Ap.

a=1
The value of the set of paths from [ to m is what has
previously been referred to as a combinatorics function,?
C(l,m)=HI[P(, m). 3.13)
Thus in terms of combinatorics functions, Eq. (3.8) can be
written as

Xm = i AaCarm) + %I(i)c i, m).

a=1

(3.12)

(3.14)

€S

D. The Boundary Conditions

Equation (3.10) corresponds to the case where the
boundary conditions are arbitrarily specified at # different
values of x,,. On the other hand when the boundary condi-
tions are given as initial conditions

i=A . i=0,1,2,.,h—1 (3.15a)

Jo— 12
then, as shown in Ref. 2, all the elements of the set A must be
positive,'® and consequently

X

P(Gi,m)=@ fori>m.

Furthermore in this case a, = 4, and hence no segment can
by pass the 4 successive boundaries. That is, there are no
paths joining points above and below the boundaries

P(i,m)=0 fori<j, —h

Hence in this special case Eq. (3.14) reduces to

h—1 m
= 3 A CUs —bm)+  § IOCG,m)
i=0 i=jn+1
form>j,. (3.15b)
Note that, in this case and due to Eq. (2.3¢), C (1, m)
= H[P(m, m)] = H({e]) = 1. Similarly if the boundary
conditions are given as final conditions
=/{j”+,', l=01 1) 2’ --"h_l, (3163)
then the elements of the set A must all be negative, and the

boundary conditions decouple vertices on both sides of them
leading to the solution

and m>j,.

xju + i

h—1 Jo—1
X = 3 A iC(o +1i,m)+ > 1(OC G, m) for
i=0

m<jp. o (3.16b)

IV. PARTIAL FINITE DIFFERENCE EQUATIONS
A. The Difference Equation

The partial linear inhomogenous finite difference equa-
tion of a function of n variables can be written in the form,

x(m)= 3 f, (mx(m—a,)+I(m) méJ  (4.la)
a,eq
and the boundary conditions specified by
x(G.)=40s) Ja¢J, (4.1v)

where
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m = (m,, my, ..., m,), (4.2a)

B = (i (s Az vy Ain)s (4.2b)

A={a,a, ., ,8,}, (4.3a)

J="{jpda s b 4.3b)

x(m)=x(m,, My, ..., M, )=Xp pn. 1 (4.4a)

Im)=I(m,, my,..,m,), (4.4b)
and

fo @) foa,a, My My o my). 4.5)

The order of the equation is given by the vector h,

h=(h, h, ... h,), (4.62)
where

h;, =a™™ —ap" (4.6b)
and

a™* = max{a,;, @y, ..., An; } (4.6¢)

a™ = min{a,,, ay;, ..., an; }- (4.6d)

The compatibility of the boundary conditions with Eq.
(4.1a), and their relation to the order h, will be discussed in
Sec. 4.

B. The Signal Flow Graph

Equations (4.1a) and (4.1b) form a set of simultaneous
linear inhomogeneous equations defining x(m) for all integer
values of (m,, m,, ..., m,). The corresponding signal flow
graph consists of two regular n-dimensional lattices that are
displaced, one with respect to the other, as shown in Fig. 3.
The first lattice contains the ordinary vertices and bound-
aries, while the second lattice contains the sources. For every
n-dimensional vector m with integer components there is a

FIG. 3. A typical section of the signal flow graph corresponding to the
partial finite difference equation

x(my, my) = f,o(my, mx(m, — 1, my) + f, 5 (my, my)
Xx(ml’ my, +2) +f L+1 (ml: mz)x(ml +1, m; — 1)
+ I (my, my).

Only arcs into, and out of, vertex (m,, m,) have been indicated. Thin circles,
thick circles and darkend discs represent, ordinary vertices, boundaries,
and sources respectively.
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vertex on the first lattice and a corresponding source on the
second lattice. It is convenient to.introduce the following
notation for the vertices of the signal flow graph:

V={V,,V,, ..} istheset of all vertices,

S ={s,, 85, ...} isthe set of all sources,

J={j.,jg, ..} is the set of all boundaries,

M={m_, mg, ...} is the set of ordinary vertices.
Thus

V= MUJUS. 4.7

The sources have a strength of I (m) when incident on an
ordinary vertex m, as a strength of A (j,) when incident on a
boundary vertex j,. That is

w[s(m), m] = I (m), meM (4.8a)

ws(i)ja 1 =24 Go) Ja&)- (4.8b)
The set of vertices incident on a vertex m is given by

I'(m)={sm)}u{m —a,;a,e4}, meM  (4.92)
and that incident on a boundary is given by

') ={0)} ./ (4.9v)

Finally, the weight of an arc incident on an ordinary vertex
meM is given by,

(4.10)

" (m) fora=akeA}
wm—amy=1{ " .

0 for aéA

C. The Solution

Applying Eq. (2.5) to the signal flow graph correspond-
ing to Eqgs. (4.1a, b) and making use of Eqgs. (4.8) we obtain
the solution of Eqs. (4.1) in the form

x(m) = YA [ )H [P(o, m)] + Y ITDH [P, m)],
JaeJ feM
(4.11)

where P (1, m) is the set of all paths, on the signal flow graph,
which join vertex I to vertex m. Its value is given by

HPAm]= 3 [ fi-s® @.12)

peP(, m) (B, v)ep
for all values of 1 and m on the first lattice, provided that
P(l, m)#0 and P (), m)+# { e}, in which case the value of
P (1, m) is given Eq. (2.3c).
As in the case of ordinary finite difference equations,
the solution (4.11) correctly reproduces the boundary condi-
tions. Let j; be a boundary vertex, then

x(p) = YA G)H [PUar Jp)] + S TDH [P, js) )
Ja&J ieM

4.13)
Due to Eq. (4.9b) we have,
P(i,j;) =0 forieM (4.14a)
and
9 fora#p
i i) = . 4.14b
P(Ja!JB) [{e} fora_—‘ﬁ ( )
Adel F. Antippa and Nguyen Ky Toan 2478



Consequently
H[P(,j;)]=0 and HI[P(,,js)]=0bup. 4.15)

Substituting the above values in (4.13) we obtain
X Gp) =4 Up)-

The combinatorics function over an n-dimensional lat-
tice is defined by

(4.16)

C(, m) =H[P(], m)] “4.17)
and Eq. (4.13) can be rewritten as
x(m) = Y2 (.)C(,, m) + ZI(i)C (i, m). 4.18)
ieM

Yy

D.The Boundary Conditions

The boundary conditions, for a partial finite difference
equation of a function of n variables, are traditionally stated
in the form of k equations

X

=AMy, myy ey ym iy, em)i=12,..,n
and
m =01..,h4—1, (4.19)

whereh = (4, h,, ..., h,) is the order vector of the equation,
and

h=Sh, (4.20)
i=1

For an ordinary finite difference equation, the value of n is 1

and hence the A are constants.

The above specification has several shortcomings: First
itis restrictive, giving the boundary conditions as initial con-
ditions. Second there is overlap in the specification; that is,
certain values of x,, are specified by several different func-
tions, and it is important to insure that the different specifi-
cations give the same value for x,, . Finally, when some levels
are missing in the difference equation, the above set of equa-
tions overspecifies the boundary conditions leading either to
redundancy or inconsistancy.

The first shortcoming can be overcome by replacing the
range of m; in Eq. (4.19) by

m;eJ; = {jil sJis "'!jih,}' 4.21)
This provides a certain liberty in specifying the boundary
conditions, but still requires that they be specified along
straight lines of vertices parallel to the axes of the signal flow
graph lattice. On the other hand the solution (4.11) is valid
for an arbitrary specification of boundary conditions. Thus
we specify the boundary conditions by the values of x,, over
a certain domain J of values of m as in Eq. (4.1b). This, at the
same time, avoids the problem of over specification and
incoherence.

Wesstill need to formulate the problem of compatibility?
of the equation with the boundary conditions. To this end we
use I” ~ "(m), the set of the n'™ order antecedents (ancestors)
of vertex m. The first-order antecedents of vertex m are the
vertices incident on m, and are given by the elements of the

2479 J. Math. Phys., Vol. 21, No. 10, October 1980

set I" ~' (m). The second-order antecedents of m are the ver-
tices incident on the element of I" ~' (m), and so on. Thus

r—"m= v I (k. (4.22)
kel " D (m)
Since a source s has no vertices incident on it then
I "s)=0 n=12,.. (4.23)

Consider a vertex m on the signal flow graph, and let us
trace backwards the paths incident on it. After  steps back-
wards we reach the n® order antecedents of m. The elements
of I ~ "(m) that are sources will not generate any elements in
I' ~@+Y(m), while elements that are not sources will. Com-
patibility requires that all paths incident on m, and made up
of vectors a, €4, should eminate from sources. Hence the
condition of compatibility can be stated as,

I —=m)=0 meM. 429

V. CONCLUSION

The solution of partial finite difference equations on n
variables has been obtained as the value of a set of paths on
an n-dimensional lattice. The paths are constructed from a
set of vectors determined by the level differences of the equa-
tion, and the value of an arc is the corresponding coefficient.
The value of a path is the product of the values of its arcs, and
the value of a set of paths is the sum of the values of its
elements.

The solution is in principle as easy to obtain for homo-
geneous as for inhomogeneous equations, for ordinary as for
partial difference equations, and for initial as for arbitrary
boundary conditions. The method is general, intuitive, and
simple to apply. The solution and its derivation are fully
topological and totally independent of Cramer’s rule.

By expanding the solution of a partia! differential equa-
tion in a multivariable power series, the differential equation
can be transformed into a partial difference equation for the
expansion coefficients. Thus the solution presented here will
provide power series solutions of partial differential
equations.
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Finite nonabelian subgroups of SU(n) with analytic expressions for the
irreducible representations and the Clebsch-Gordan coefficients ®
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We present two sequences of finite nonabelian groups which are semidirect products of three Z,
groups. Although these groups are not simply reducible (in the tensor product of two irreducible
representations an irreducible representation is obtained more than once) we give analytic
expressions for the irreducible representations and the Clebsch—-Gordan coefficients.

1. INTRODUCTION

As opposed to continuous Lie groups, finite nonabelian
groups have found up to now only a few applications in parti-
cle physics. As aresult the best known groups in the trade are
either the point groups [finite subgroups of SO(3)] or the
permutation groups.’ In the last few years, however, finite
groups have found two new fields of applications: (a) when
combined with local gauge invariance they are used as a sym-
metry of the flavor sector of unified theories of weak and
electromagnetic interactions,” (b) in statistical mechanics
they are considered in generalized Ising models.>*

One would thus like to have in our hand a larger num-
ber of groups and try to use them in physical applications.
Unfortunately a classification theory for finite groups does
not exist and one has to find supplementary criteria in order
to know how to look for them. In this paper we define two
sequences of non-Abelian groups of order n* (n = 2,3,...)
that we call & (n) and Q(n) [Z (2) is isomorphic to the
dihedral group D, and Q (2) is isomorphic to the quater-
nionic group], and which have some remarkable properties.
The Q (n) groups are subgroups of SU ()’ and this might
make them suitable to be used as an approximation for an
SU (n) theory on a lattice. On the other hand, all the charac-
teristics of the & (#) and Q (1) groups can be written in an
analytic way. This includes the irreducible representations
(IR) and the Clebsch-Gordon (CG) coefficients as is the
case of SU (2). In this way all calculations are simplified
enormously and one does not have to deal, as is usually the
case, with multiplication tables which define the group and
other tables for the CG coefficients.

As a first application® spin systems defined on the
groups & (n) have been considered and the selfduality con-
ditions have been worked out. This was possible since analyt-
ic expressions for the characters of the L.R. of & (n) were
available.

From a mathematical point of view we find one result
very interesting: When taking tensor products of two irredu-
cible representations one obtains the same representation
several times (our groups are not simply reducible). In spite
of that, one is able to define in an analytical way an orthonor-
mal basis for the “degenerate” states and in this way to deter-
mine the Clebsch-Gordan coefficients. We remind the read-

“'This work came out of a seminar for undergraduate students on finite
groups and their applications.
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er that this problem made it impossible, up to now, to find
analytic expressions for the C-G coefficients of SU (3).

As a side point we define the ¢ (n)-algebras. Those are
related to the Q (n) groups in the same way the quaternionic
algebra g (2) is related to the quaternionic group Q (2). The
g (n) algebras are relevant for the formulation of the Z,
Potts models in statistical mechanics.”

This paper is organized as follows. In Sec. 2 the nonabe-
lian groups of order n*% (n) and Q (n) are defined. One
shows which of the groups & (n) and Q (n) are shown to be
solvable and to factorize in their Sylow subgroups.

In Sec. 3 we give the analytic expressions for the irredu-
cible representations of the groups & (n) and Q (). The
characters of the groups & (n) and Q (n) (same n) are the
same, The Clebsch—Gordan series are given in Sec. 4 and the
Clebsch—Gordan coefficients in Sec. 5. Our conclusions and
the definition of the ¢ (1) algebras are presented in Sec. 6.

2. THE Z (n) AND Q (n) GROUPS

The elements of the group & (n) are labelled by g, ;,
where a8,y = 0,1,...,n — 1. Thus the group is of order »n*
and the multiplication rule is

gz,/i‘g}c;",/i’ = gﬁiZ;} (f/;' , 2.0

where a,8,yeZ, and all operations in Eq. (2.1) and hereafter
are made modulo . From the definition (2.1) one sees that
& (n) has an Abelian Z, ® Z, subgroup given by the ele-
ments g7, ;. One can easily see that the & (1) groups are
solvable. (A group G is solvable if the sequence G © of the
derived groups G = G 2G V.2 G* ends after a finite
number of steps: G *” = e where e is the unit element. The
group G “*Y is obtained from the commutators of the ele-
ments of G °.) In order to show this we compute the commu-
tator of two elements g/, ; and g7, 5., use Eq. (2.1):

(8hp) ' (8h5) ' 8Ls8Y
Sl Sy | SR T S 22)
— ggg‘ —ap ,
and keep in mind that the subgroup g}, is abelian.
One can also show that the & (n) groups are nilpotent.®
(A group G is nilpotent if in the sequence of the derived

groups G =G ' 2G " D-DG® =¢, G~ V/GPisin the
center of G /G fori = 1,-.-,k.).
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As an example let us consider the & (2) group and its
faithful two-dimensional representation:

gho == 4 ?)=(—1)71;
==y | )=(-1a,
2.3)
g == | é)=(—1)ro,;

si=C-0( ] T )= (= 1yie,

where ¥ = 0,1 and 0, 0,, 0, are the Pauli matrices. From
Eq. (2.3) one observes that the group & (2) coincides with
the dihedral group D, which is a subgroup of SO (3).!

We now define the Q () groups through the multiplica-
tion rule

y+vV +afl’ +aa’ + BB’
B’ >

gz.ﬁgg'.ﬁ' =8a+ a’s B+ (24)
where again a,8,y€Z, and all operations are made modulo
n. One can show that the Q (n) groups are solvable and
nilpotent.

We consider two examples. First the group Q (2) and its
faithful 2-dimensional representation:

gho =(—1"1; g = (—1)ios,

g8 =(—NVioy; gl =(—1)7io,,
where ¥ = 0,1 and 0, 0,, 05 are the Puali matrices. This
group coincides with the quaternionic group which is a sub-
group of SU (2) [the matrices (2.5) are unitary and their de-
terminant is one].

The Q (3) group has two faithful three-dimensional re-
presentations, we consider one of them

(2.5)

1 0 O \ i 0 0
go=0"{0 1 0} go=0"{0 @ O
0 0 1 0 0 o&°
(2.6)
0 o0 1 \
gg'l =} 1 0 0 {,.,
01 0/

where ¥ = 0,1,2 and @ = ¢*™. These matrices are unitary
and their determinant is one thus Q (3) is a finite subgroup of
SU (3). The second 3-dimensional faithful representation of
Q (3) is the complex conjugate representation of (2.6).

For finite groups an essential role is played by the order
of the group. We remind the reader that ifa group G of order
N has a subgroup H of order M then M is a divisor of N. The
converse is not true (if M is a divisor of N one does not always
have a subgroup of order M). If we write however

s

N = pipye - p/, )
where p,,p,,....p, are prime numbers, then the group G has
the subgroups H,,H,,,H, of order p}, p%, ..., p;. The sub-
groups H,,H,,-,H, are called the Sylow subgroups.®

Nilpotent groups have the important property that they
factorize into their Sylow subgroups® (the same property
holds of course for Abelian groups). Thus if we write
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n=pipy - py, @.7)
“we have
D(n)=2@NeZpe e L),
(2.8)

Q(m) = Q1) e Q) & Q) .
As an illustration we derive the factorization property
for the & (n) groups. Let us assume that

n=k, 2.9
where
DKkl)=1. (2.10)

Thesymbol @ (k,/)in (2.10) and hereafter denotes the largest
common divisor of k and /. Any group element g7, ;€< (n)
can be written as

_ kY
8h5 = 8ia, + ka,if, + kB, » 2.11)

where @, ,B,,v €2, ,@,,3,,v,€Z, and the operationsin (2.11)
are done in Z, (modulo »).

We now can write the group elements g7, ; as the prod-
uct of two commuting elements of & (n)

Yy gl ky
8o = &l i, 8kaykh,
‘_ k 2,}, 12,},
= 8k, kB8la, B, * 2.12)
12
Note that the elements g,‘,ff,[,A form a subgroup of & (n)
Pye e P+ ve+aBi)
glak,lﬁkgza;,w; - gl(ak +a (B +B) (2- 13)

The operations in Eq. (2.13) are done in Z, but Eq. (2.13)
remains unchanged if we take / = 1 and do the operations in
Z, thus

Dn)=Dk)e D).

Because of the factorization property (2.8) the study of
the groups & (n) and Q (1) can be reduced to the case
n = p*, where p is a prime number. One can show that the
group Z( p°) and Q( p®) are isomorphic for p odd. In order to
find their relation to other known groups, we give here the
known definitions of the generalized dihedral and quater-
nion groups.®

Generalized dihedral group D(s) is a group of order 2*
obtained from two generators a and b satisfying the relations

a* ‘=l; b2 =1, ba=a 'b =3). (2.14)

Generalized quaternion group C(s)is a group of order 2*
with the generators @ and b satisfying the relations

@@ ‘=1, b*=a¥"; ba=a"'b (s>»3). (2.15)

We notice that D(3)=D,,. One can show only the following
isomorphisms

2(2)=D@A); Q@2)=CQ). (2-16)

Thus the & (n) and Q (n) groups generalize the D(3) and
C(3) groups on a different line than (2.14) and (2.15).
Before concluding this section we would like to make a
comment about the Lie groups which have the finite groups
Q (n) and & (n) as subgroups.
From the explicit expression of the irreducible repre-
sentation which will be given in the next section one can see
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that the Q (1) groups have an n X n irreducible unitary repre-
sentation with determinant one, they are thus subgroups of
SU (n). With the exception of Z(2), which is a subgroup of
SO(3), we do not know which simple Lie groups have Z/(2°)
as subgroups.

3. THE IRREDUCIBLE REPRESENTATIONS OF THE
GROUPS Z(n) AND Q(n)

We have obtained the expression for the IR of some
groups & (n) and Q (n) by direct calculation and then we
have guessed the general result. It was then an easy task to
check that the IR were unitary and that we have obtained all
of them.

The irreducible representations are labelled by the tri-
ple [i,;k ], where keZ_ and

o<i, j<k—1, @3.1)
where
k=dKkn), 3.2

[® (k,n) is the largest common divisor of k and 7). The di-
mension of the IR [}, j;k] is

Dim([i, j:k]) = n/k . (3.3)
The expression of the [i, j;k }irreducible representation of the
group & (n) is:

TUP (L) = Buakco @ T+ P, G4
where a and b are the indices of the matrix
a,b =0,1,,(n/k) —1 (3.5)

and @ = ¢*"/". In Eq. (3.4) all operations are done modulo 7.
Although we should be interested only in the case n = p°[see
Eq. (2.8)] the expression (3.4) gives automatically the result
for any 7. For example for the group

D6)=ZQ2)e Z(3), 3.6
we can label the irreducible representation either by [, /i |
(i, jskeZg) or by the pair ([i2, j5;k,),[i5, j3;k5]), where
1y, Josko€Z, and iy, j5,k,€Z,. ’

It is interesting to compare the expression of the irredu-
cible representations [{, j;k ] of & (n) [see Eq. (3.4)] with the
expressions of the one-dimensional irreducible representa-
tions (i, j,k ) of the Abelian group Z, ® Z, ® Z,, where the
group elements 4 , ; verify the multiplication rule

highlg =hiilpip > G
and the irreducible representations are
T Gk 7= @Bk (3.8)

where i, j,k,a,8,yeZ,. We now compute from Eq. (3.4) the
expression of the character of the IR [}, j;k ]:

ik
XL )

n

ia + jB + k
A 5ka,05kﬂ,0wm ’ r.

(3.9)

We now notice the identity which relates the expressions
(3.9) and (3.8)
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RIgT ) _I_IE— "2’ TPk +igk+ik)py (3.10)

nX pg=0

Thus the characters of the IR of the non-Abelian group
2 (n) can be expended in terms of the characters of the
irreducible representations of the Abelian group
Z,®Z, ®Z,. This identity plays a crucial role when one is
looking for duality transformations for spin systems defined
on the groups & (n).°

We now give the expression of the IR for the groups
Q (n). From the factorization theorem given by the Eq. (2.8)
and the isomorphism

Q(p)=Z(p) @G.11)

for p prime, p # 2 we can limit ourselves to the case n = 2°
only. We have

sk — k b — (a? 2y/2 : N
T hp) = Sianpr pp@* T He0 @ AV T RAE (3.12)

[InEq.(3.12) onefirstcomputesk [y + ab — (a* + %)/2]in
Z and then computes the other operations in Z,, (modulo n).]

For the case n = p°( p#2) the representations (3.12)
can still be used and they are equivalent to those given by Eq.
(3.4). The characters for the IR of the Q (2°) group obtained
from Eq. (3.12) are

ik _n kly—(a®+BY72) +ia+iB
X'UEE ) = = i oBigo@* T € “

k
R
k
Thus the characters of the & (2°) and Q(2°) groups coincide.
This property could already been noticed from the represen-
tations [0,0;1] of the groups & (2) and Q(2) given by Egs.
(2.3) and (2.5).

Let us now consider a few examples. If  is a prime
number p the structure of the IR [, j;k ] simplifies very much.
For & ( p) there are only two possibilities:

(1) k = 0. In this case k = & (0,p) = p, and we have p?
one-dimensional representations [/, /,0] (/, jeZ,) with
ik 1* =[p—ip —j0)._

(2)k #0.Inthiscasek = @ (k,p) = 1thusi = j = O0and
all the representations [0,0;k ] (k = 1,2,--,p — 1) are p-di-
mensional. We also have {0,0;k ]* = [0,0;p — & ].

Thus for & (2) and Q(2) one has 4 one-dimensional represen-
tation and one two-dimensional real representation. For
Q(3) one has 9 one-dimensional representations and two
three-dimensional representations, etc.

81001 0@ TR, (3.13)

4. CLEBSCH-GORDAN SERIES

Although the expression of the CG coefficients will be
given in the next section, we prefer to present separately the
Clebsch~Gordan series. The series are the same for the Q)
and & (n) groups. Let us take the tensor product of two
irreducible representations {i, j,;k,] and [i,, j,;k,] of 2 (n)
and find into which irreducible representations [/, j;k ] it
decomposes.

A few notations are useful. We denote

ky =@ (kyn); ky =@ (kyn); k=P (k,n)
oo o “.1)
K= ¢(k19k); 6= ¢(k1’k2sk) ’
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where @ (a,b) is the largest common divisor of @ and b and
¥(a,b,c) is the least common multiplier of @, b, and ¢. [Notice
that for k = k, + k,, ® (k,,k) = @ (ky,k).]

The Clebsch—Gordan series read

[il’jl;kll[iZ;jZ;kZ]

= o [ii+i,—xuj+j,—Kvik]l,, 4.2)
uv, 7
where.
k = kl + k2

0<iy + i, — ku<k —1

_ 4.3)
0y, +Jj, — vk —1,
0/ —1.

The index % was introduced in order to distinguish be-
tween the various equivalent representations (same [/, j;k ])
obtained in the tensor product. The multiplicity of the repre-
sentation [, j;k ] in the product [i;, j;;k,] ® [£,, j5;k5] is of
course:

NG, k) =n/5. “44)
Let us give a few examples. First the case Q(2). We have

(i1, 71:018 i3, j2:0] = iy + in j1 +7230] s
(il’iZ!jI)jZEZ2);
[i1,71;0] © [0,0;1] = [0,0;1] , 4.5)
(1€Z)),
1

[0,0;112[0,0;1] = @ . [u,v;0] .

Keeping in mind that the representations [, ;0]
(i, jeZ,) are one-dimensional and that the representation
[0,0;1] is the two-dimensional one, the multiplication rule
(4.5) reads off easily from an SU(2) point of view with the
interpretation that the spinor representation remains two-
dimensional for the Q(2) subgroup but that the vector repre-
sentation splits into three nonequivalent one-dimensional
representations.

A similar situation occurs for Q(3) [subgroup of SU(3)].
The 3 and 3* representations of SU(3) remain irreducible
under Q(3) (those are the representations [0,0;1] and
[0,0;2]). The representation 6 decomposes under Q(3) into
two representations 3* and the octet representation decom-
poses into 8 one-dimensional representations (these are the
representations [i, ;0], i, jeZ, with the exception of [0,0;0],
which is the scalar representation). We have, for example,

[0,0;1] ® [0,0;1] = [0,0;2], ® [0,0;2), ® [0,0;2],, (4.6)
which reads
I®3=3*@3*pi*. 4.6)

As seen above the & (n) and Q (1) groups are not simply
reducible. This makes the problem of the determination of
the Clebsch-Gordan coefficients a very interesting one
since, up to now, (to our knowledge) there is no example in
which this problem has been solved in an analytic way.
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5. THE CLEBSCH-GORDAN COEFFICIENTS

We first give the expression of the CG coefficients [they
are identical for the & (n) and Q (1) groups] and afterwards
sketch the derivation. With the notation used in Sec. 4 we
have

C iy + iy — wu, ji + j, — kv3k ], ,a
i, jiski)s agliy, hskals a;

= (k/k )1/25k, + kz,k‘Sk.a, + kyay — ka, — Kku
Xaf(ﬂ. 7GA§),Omv(IEa+I|E,a,) (5'1)
here a,, a, and a denote the states corresponding to the re-
presentation [i,, j;;k,], [42 j2;k,), and [i, j;k ], where
(i=i+1i,—«kuj=j, +Jj, — kv). We have
0<a|<(”/’;1) -1 0<az<(n/]€2) -1
O<a<(n/k)—1, (52)
where
k=k +k,. (5.3)
The index 7 distinguishes between equivalent represen-
tations. In the right-hand side of the Eq. (5.1) we have

7=k k), 549

where ¢ (a,6 ) is the least common multiplier of a and b. The
connection between & and 7 is a more complicated one:

§ = o+ myik, k)/ky; 0<E<(n/T) 1. (5.5)
The value &, is the smallest solution of the equation
K+ kS=i—i,—i,=xu. (5.6)

Here {eZ,, is arbitrary. We remind the reader that all oper-
ations are made modulo #. Finally the positive integers / and
I, in Eq. (5.1) are defined by the equation

D (k,k)=1k, +Ik. G.7
For n = p* (p is a prime number), /, and / are 0 or 1 (for
k, = k, we take by convention /, =/ =L.

Before going into the derivation of Eq. (5.1) let us con-
sider again the example of the groups & (p) wherepisa
prime number. In this case (see Secs. 3 and 4) there are four

cases.
(1) k,#0, k, 0, k = k, + k0. In this case

E1=E2=E=K=5=T=¢(E1’E2)=1’
i‘={2=i=j‘:j2=j=:§0=0,

§=n

and we get

(0,04 ] ,pa .
C 100k, 100k, 1a: = Ok, + knkOna, — aOkya, + kyarka » (5.8)

where

0<a,aan<p —1.

(2) k,#0, k,7#0, k =k, + k, = 0. We have
ki=k,=xk=1,=1; S=k=1r=p;, £E=7=1=0

and hence

1 .
C}é)‘{é?l](,l,a,;lo,o;k nay = —\/— 5k.u, + ki@ 5.9
P

(3) k,#0, k, =0, k #0. Now we have
k_1=k_=K=T=1; k-2=5=P, §=7’=0
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and
C (0o o s1inn01 = O, — ar— iy - (5.10)
4) k, =0, k, =0, k =0. In this case
ki=k,=k=6=k=71=p; E=7=0
C[,n,‘o][,h,0]-—6|+,2,6h+h . (5.11)

We now give the derivation of Eq. (5.1) in the case of the
& (n) groups [as mentioned before the results are identical
for the Q (n) groups]. We first write the expression of the
irreducible representation [, j;k ] [see Eq. (3.4)] in an equiv-
alent form

ik _
T (gl s)ew, = @
here ey, e, | ,..., €, (., _ 1) are the basis vectors.

We are interested in the tensor product of the represen-

tation [/}, j;;k,] and [4,, j,;k,] and we start in the standard
way, by constructing the vectors

L z [T[ukl(gr )]t

nzlz a.B.y

k(y+ab)+ia+jBek(b 5
+

(5.12)

Pc(ek,b, ®€rp,) =

(5.13)
X T ekl(gr ey, & T1=kl(gl e, .

Using Eqgs. (3.4) and (5.12), we can write Eq. (5.13) in the
following form:

1
P.(erp ®eip)= —= Z Oseks
n’k
a.By
Xa)kl(}/+ab|)+k2(7+abz)_k7+a(il+i27") +BU i +i—D

(5.14)

Xei o, +8) ®Chyb, +8) *
We perform the summations over a and y and obtain

P.e sy ®erp )= (I/E)‘Sk, + kz,kak.b, T kabi — i, . F, (5.15)

where

— i +J2— DB
F= z Srepp@/ T kb, +8) B ko, + B)
B

G+ ia— 9B
Y Bkeng@ T, 4 prka,

B.aa;
Xy b, + #).ksa: €0, © €,
= 2 5k,a,+k2a17kc.i7i,Aizek,a, ® €k,

@,,a;

X S resBuiar _ k@ I (5.16)
2}

The last identity makes use of the assumption that the § s in
Eq. (5.15) don’t vanish.

One is now able to do the summation over 8

v+ — DB
Z 6kc,kﬁ6k,(a, — b)k,8D R
7

- o Gi+i2— DB
=6, b, —00 X, Otkc+ 1ka, — bos@
B

eltke + 1,k,(a, — b))]
’

(5.17)

=K8;, 4} jexOria, — b, ~ 0@

where the definitions of «, 7, /, and /; are given by the Eqs.
(4.1), (5.4), and (5.7). We now use the Eqs. (5.15)-(5.17) and
obtain
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K
Pc(ek.b. ®ek2b2) = _—‘5k. + kz.ksk.b. + kybai — iy — iy

k

><(Sj. + j» — J€x z 6k|a, + kya, — ke — i) — i 6r(a, — b, —),0

ay,ay

(5.18)

ke k,(a, — b
X @tk + 1B =g, ge, .

If we take ¢ = 0 in Eq. (5.18) we get

K
PO(ek,b. ® ekzbz) = f 5k. + kk Ojy + jo — jex

X Z Ok (6, — a) + Kty — a0 Bk, + ko — iy — iy *

a,,a;

><67'(a| _ b,),Oa)dlk‘(al — b)) .

Xl ©Cq, - (5.19)

Making various choices for , and b, one may obtain vectors
which are proportional to one another. The following vec-
tors however are either orthogonal or zero:

R§,0 =VK/E6k|+k k(s

o + 2 — oo
X z 51(‘0. + Oy i — 0 — iztsfr(a, —£)0 *
Xa‘;zzz’;‘("' e, ®€, (5.20)
where the index £ takes values within the interval
0<é<(n/r) —1. 5.2

There is a simple algorithm which gives the nonzero vectors
R, ;. One writes £ in the following form

E=6+ 77['/’(];1:122)/’;1] s (5.22)
where
o<y [n/wk, k,k)] — 1, (5.23)

and &, is the smallest positive integer which is a solution of
the equation

kiE+kl=i—iy—i,. (5.29)
£ is an arbitrary number in Z,,. From the knowledge of the
vector R, we can compute all the other basis vectors of the
representation [/, j;k ], using Eqs. (5.18) and (5.20). [ la-
bels the various equivalent representations and is related to &
through Eq. (5.22)]:

R.. =P.(R.y); (1<C<E— D. (5.25)

6. CONCLUSIONS

We have shown that in the case of the & (1) and Q ()
groups one is able to find analytic expressions which give in
one formula all the irreducible representations of all the
groups (any n). The formula for the Clebsch—Gordan coeffi-
cients is again valid for all the irreducible representations of
all the groups. A key point is that although the groups are
not simply reducible one is able to find a label for the equiv-
alent irreducible representation obtained in tensor products.
This label [77 in Egs. (4.2) and (4.3)] is also in Z,,. We conjec-
ture that similar results are obtainable for other sequences of
solvable non-Abelian groups.

Since the quaternionic group Q(2) is related to the qua-
ternionic algebra ¢(2), one may ask which are the algebras
associated to the Q (1) groups.
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Notice from Eq. (2.5) that the quaternions can be la-
beled in a (Z,,Z,) way
0(0,0) = 1; 0'(1,0) = iU3;

Oony =ioy; ogy =ioy  (6.1)

and that the associative algebra of the o, 5, matrices can be
written

— @B’ +aa + BB’
Oap) sy =0 7% Oarap+6)> 6.2

wherea, B, a', B'€Z, and w = ¢*"/?. These algebras are sim-
ple and their n-dimensional representation can immediately
be obtained from the [0,0;1] representation of the Q (n)
groups. For example, the representation for the o, 4, matri-
ces in the Q(3) case are the matrices given by Eq. (2.6) in
which we drop the factor w”. The properties of the g (n)
algebras will be presented elsewhere. It is important to notice
that for the Z, Potts models used in statistical mechanics the
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0,0 and o, matrices of g (n) play in the transfer matrix
the same role as the o5 and o, matrices for the Ising model.”
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Equivalence of induced representations for finite groups is considered in order to determine those
equivalence classes of space group representations which are linked by complex conjugation.

1. INTRODUCTION

An interesting group theoretical problem is to correlate
induced representations which originate from different
members of the same orbit. The reason for considering this
problem arises there from that, e.g., the complex conjuga-
tion (or more general automorphisms) of representations of
a given (finite) group are of interest for physical applica-
tions.'? In particular complex conjugation of representa-
tions is of importance for the problem of determining “cou-
pling coefficients”,® whose utility in various branches of
physics is well known (e.g., “equivalent operators™). So the
main objective of this article is to correlate induced represen-
tations belonging to different members of an orbit, to specify
the general results to space-group representations and to
give rules (concerning the star and the projective representa-
tions of the corresponding little cogroup) determining those
equivalence classes of space-group representations which
are linked by complex conjugation. One of the reasons for
discussing the last problem is to generalize the results of Ref.
2 to arbitrary space groups, since in Ref. 2 only space groups
were considered which contain the inversion as point group
operation.

The material is organized as follows: In Sec. 2 the usual
induction procedure** is briefly recalled. In the following
section we discuss in general the problem of carrying out the
induction procedure from different members of the same or-
bit. There we derive the conditions under which the corre-
sponding representations are identical. In order to be able to
apply the results to space-group representaions, we recall
briefly their definitions and properties in Sec. 4. Section 5 is
devoted to derive representations of the little cogroups
whose corresponding space-group representations are ob-
tained by induction from different members of the consid-
ered star. These results are then used in Sec. 6 to derive the
corresponding equivalence relations for complex conjuga-
tion and to verify the results of Ref. 2.

2. THE INDUCTION PROCEDURE

Let H be an invariant subgroup of a given finite group
G. The elements of H are dentoed by a,b,... (identity e), the
elements of the factor group K = G /H by a,B,... (identity €),
and for each a€KX, a fixed chosen right coset representative is
denoted by Ha), where r(e) = e.

Let A be an unitary irreducible representation (unirrep)
of H. For each aek we define 4, by
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A, (@) =4 (" Y(a)ar(@)), for all aeH, [eR))
which admits to define the little cogroup
K={aeK |A,~4)CK. Q2.2)

Hence the corresponding little group of 4 is given by
L = {ar(a@)|acH, aeK } .
Since for each aeK there exists a unitary matrix U (@)
satisfying
4@)=U@4 (r'(@ar@)U *(a),
the following matrices
V(ar(@)) =A@U (@), for all aeH and aek, (2.5)
form a projective unirrep of L which belongs to a factor
system u, of X, i.e.,
Viar@)V (br(B)) = ps(a, B)V (ar(a)br(B)). (2.6)
The subscript 4 occurring in the factor system g shall indi-
cate that the factor system depends on the given unirrep 4.
In fact only the equivalence class of u is determined by 4.
The actual form of g, still depends on the choice of the
phases of the matrices U (a).

Due to the known induction procedure the allowable
unirreps of L are given by

D (ar(@)) = V(ar(@)) ® E (),

2.3)

for all aeH , (2.4)

for all aeH and ack,
Q.7

where E runs through a complete set of projective unirreps of
K which belong to the factor system g, .

Summarizing the induction procedure which gives a
complete set of unirreps of G, one has a proceed as follows:

(i) Take one 4 from each orbit of unirreps of H, where
the orbit of 4 is defined to be the set {4, jaeK |},

(ii) Construct for each such A the allowable unirreps of
L by means of (2.5) and (2.7),

(iit) Induce these allowable representations to G, where
the general definition of the induced representation (£ 1G)
of G which is induced from & is as follows: If a left coset
decomposition of G with respect to L is givenby G = 3,g, L,
then

(@ TG)jt,ks (g) = 5(&‘- lggk, L )gts (ng lggk) ’ (28)
where
0, if géL
I |
@ L) 1, if geL. 29
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3. INDUCTION FROM DIFFERENT MEMBERS OF THE
ORBIT

For the following considerations it is assumed that the
given unirrep D of G has been obtianed by inducing the al-
lowable unirrep & of L to G, where & is given through (2.7)
and (2.5) for some unirrep 4 of H and some projective unir-
rep E, of K. For notational convenience we will write
9 = (4, E,).

In this section we will examine how D is obtained, if we
do not start from 4, but from a different member of the orbit
of A. Suppose we start from 4, where y¢K we derive by
means of

@4,) (@)= A r~"(anra)r()4 (r ~'(ay)ar(ay))

X4 (r~ Yapra)yr)) , (3.1
that the equivalence relation
@a,).=~4., (3.2)
holds, since » ~ ' (a@y)H{a)r(y)eH. Consequently
K, =yKy~', (33)

which implies that the corresponding little cogroup L, is
given by

L, =rpLr ‘(). (34
Furthermore for each BeK , there exists a unitary matrix
U () such that

@A,)@=U(B)A,(r"(Bar BHUY(B),
or, with (2.1),
Af@) = UBA(r~'()r " (BY)War ™' (r(B)r(Y)

(3.5)

xU'(B). (3.6)
Utilizing (2.4) we rewrite (3.6) as
A@= U(BU'(y 'Bna'(x, (B4 (@)

XA (x (BYU G 'BHUNB), 3.7
where we have introduced the notation
x, (B)=r "' B '(or~'By), (3.8)

which is an element of H. Due to Schur’s lemma we may take
U(B)=4(x,(BYU( 'By), for all BeK, . (3.9)
Consequently in accordance to (2.5) we define by

V(br(B8)) =A4,(b)U(B), for all beH and BeK, ,
(3.10)

a projective unirrep of L . Its multiplication law is given by
P P ¥

Vr BN (b'r(B") =ps (B,BYWbr(B'r(B"),

3.11)
where the factor system p, of K , 18 correlat_ed by a simple
formula to the original factor system u, of K

pa (BB =psly " 'Br,y 'B'y), for all B,B'eK, .
(3.12)

In order to verify (3.12) one has to use (3.8), (3.9), and (3.11),
where it suffices to set b = b ' = e. Now it is obvious that the
projective unirreps EofK , with factor system p, can be
chosen as

E(B)=E(y 'By), for all BeK, , (3.13)
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where E runs through all projective unirreps of K, which
belong to the factor system 4, . Hence the corresponding
allowable unirreps of L, are given by

D br(B)) =V (br(B)SE(B),

for all beH, ek, , (3.14)
and the unirreps of G can be written as
(@ TG)jt,ks(g) = 6@/'_ lggka L'y)g :s(gf lggk) ’ (3.15)

where theg; are left coset representatives of G with respect to
L, . The aim of this section is to show that the equivalence
relation

A, E))1G~=(4,, E)1G, (3.16)

holds. In order to simplify the following considerations we
choose the left coset representatives g; as

gj =g;r 1(7’) .
With this choice (3.16) becomes an identity:
[(4, E))1G g = [(4,, E,)1G )(g) for all geG. (3.18)

In order to prove this result we have to show that

(3.17)

5@ 'g8., L,) =5(g '8, L), for all geG, (3.19)
and
(Ay’ E())(gj_ 'g8,) = (4, Eo)(ng lggk )

for all geg;Lg; ' =gL,8: '. (3.20)

The proof of (3.19) is trivial. The proof of (3.20) is less trivial,
but still straightforward. If g;” 'gg, = ar(a) with acH and
aek then

(4, E))g, '88:) = Viar(@)) ® Ey () . 3.21)
Now
£ 'g8, = r(Var()r' Wr ' (yay Yr(yay™) . (3.22)

Since H(y)ar(a)r ' (y)r ' (yay )eH we have

@,, ENE '¢8) = V(r(ara)r' () @ Ey(yay™") . (3.23)
But E, (@) = E(yay"), so (3.20) is proved if we show that
Viar(@) = V ({n)ar()r'®) . (3.24)
This equation can be proved in a straightforward way, first
using the definitions (2.5) and (3.10), then the definitions
(2.1), (3.8), and (3.9). This completes the proof of (3.18) for
the case that the leftcoset representatives satisfy (3.17);
therefore for arbitrary leftcoset representatiaves (3.16) has
been proved.

4. UNIRREPS OF SPACE GROUPS

In order to be able to specialize our results to space
groups let us briefly recall the basic definitions and notations
concerning such groups with their unirreps. Let G be a space
group and H = T its subgroup of translations. The elements
of T are denoted by (£ |t) (or briefly teT'), elements of
G /H = K = P are denoted by R (representing either an ab-
stract group element of the point group P or the correspond-
ing faithful mirix representation®) and coset representa-
tives are denoted by (R |7(R )) [where 7(R ) represents
nonprimitive lattice translations], so that a general group
element takes the form (R |[7(R ) + t). The multiplication
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rule reads as
(R,|*(R) + tl)(Rzl'r(Rz) +t)

= (R\R,|7(R\Ry) + t(R;, R) + t, + Rity), 4.1)
where
t(Ry, Ry) = t(R)) + R17(R,) — 7(RR)) . 4.2)

Let us start from the unirrep 4 9 of H given by
AY)=e ", @eBZ, 4.3)
where BZ denotes the Brillouin zone. Because of
A4%(®) = AR [+R))'E DR |7(R)))

=AYR ') = e R, 4.4

the corresponding little cogroup K = P4 is given by
P%={ReP|Rq=q+ Q{Rq}}, 4.5
where Q{ Rq] is a reciprocal lattice vector. Hence
G*={(R|T(R)+ t)|ReP tcT} . (4.6)
Obviously we can choose
UR)=1, for all ReP?, 4.7
which implies that
VYR |[T(R) +t)=4%), for all RePY teT, (4.8)
and that the corresponding factor system is given by
LYR,R") =" ®R) . for all R,R'eP". 4.9

Hence the allowable unirreps of G ¢ are given by
ZRI|T(R)+t)=e “B(R) for all ReP, teT,
(4.10)
where B runs through all inequivalent projective unirreps of
P with factor system u%(R, R ) = ¢ ~ WHRED,
The corresponding induced unirreps of G can be writ-
ten as

(2G4 (R |T(R) + 1)

=56, 'RR,, PYDL(R,|T(R )
X (R |7(R) + R, |T(R,))) 4.11)

where (R ;|7(R ;)) are left coset representatives of G with
respect to G 9.

5. INDUCTION FROM DIFFERENT MEMBERS OF THE
STAR

Let q' be a member of the star of q¢ where
q =Rq+Q, ReEP, REPY, .1
such that q'eBZ. From the results of Sec. 3 it follows that

PY =R,PR ;' (5.2)
and
G = (Ry|7(R0))G YRo|T(R,)) " . (5.3)
Equation (3.9) specializes to
UY(R)=4%xg,(R))
=exp[ — igxz (R)], for all ReP*, (5.4)

where the vectors x, (R ) are given by
(E %z, (R)) = (Ro|T(Rp)) (R |7(R))
X (Ro|T(R))R 5 'RRy|T(R 7 'RRy)) . (5.5)
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A simple calculation gives
Xz, (R)= Ry '[ —7(Rp) + 7(R)
+ Rt(R,) — Ryv(R s 'RRy)] . (5.6)
Note that usually one would take U ¥(R ) = 1. Therefore Eq.
(5.4) will turn out to be the reason for the occurrence of
unimodular factors.
From (3.16) it follows that the allowable unirrep & of
G ® given by (4.10) corresponds to the allowable unirrep & ¢
of G¥ which is given by
PR 7R ) +1)
—e" iRty — iqx (R )B (R T IRRO) ,
for all RePY = R,P°R, . (5.7)
Hence if coset representatives are used which are defined by
(3.17), it follows from (3.18) that

(q, B)1G=(¢, B')1G, (5.8)
where we have introduced obvious notation with
B'(R) = exp[ — iqxz, (R)]B(R; 'RRy),

for all RePY . (5.9

6. COMPLEX CONJUGATION OF SPACE-GROUP
REPRESENTATIONS

Now we are in the position to consider in more detail
the problem of complex conjugation of space-group unirreps
(q, B)1G, where q belongs to the so-called “representation
domain” 4 BZ of BZ. From (2.8) and (4.10) it follows that

[(@.B)1G)*=(—qB")G. 6.1

The vector — q does not in general belong to 4 BZ, not even
to BZ. Since it is usual to consider only vectors from 4 BZ we
want to rewrite the right-hand side of (6.1) as (q', B)1G,
where q'ed BZ. Here ¢’ is of course of the form

9=—-Rq+Q, (6.2)
for some R P and some Q from the reciprocal lattice. Both
R, and Q can be easily determined in practical problems.

The form of B’ can now be determined at once from (5.8) and
(5.9):

B'(R) = exp[igxg, (R)]B*(Ry 'RR,),

for all ReP ~®9=R,P "R, . (6.3)
So our result is
[(q, B)1G]*=(—Ryq+Q, B)G, (6.4)

where B 'is given by (6.3) and R, and Q are easily determined
such that — R,q + Q€4 BZ. Note that the equals sign in
(6.4) should be replaced by an equivalance sign if the condi-
tion (3.17) is not taken into account, which says that the left
coset representatives of G with respect to G ? (respectively
G %9 should be related as follows: If (R, |t(R,)) is the jth
left coset representative of G with respect to G 9, then

(R, Ry|T(R;R,)) is the jth left coset representative of G with
respect to G ~ **9. Also the equals sign should be replaced by
an equivalence sign if B’ is not taken equal to the right-hand
side of (6.3) but is only equivalent with it. This may happen
for instance if one determines only the characters of B’ from
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(6.3) and then takes the matrices of B’ from some other
source.
Let us consider the special case

IeP~G /T, (6.5)

i.e., the inversion 7 belongs to the point group P. This special
case was considered in detail in Ref. 2. For this case we have
to distinguish two cases. Especially if for a given g we have
I¢P%or IeP*.

Case I¢P *: Because of (6.2) it is possible to choose
R, = I what leads us to

B'(R)=¢""®B*(R), for all ReP", (6.6)
where
x,(R)=+(I)—27(R)— R+(). 6.7

Changing the factor system of the projective unirreps ac-
cording to Eq. (1.9) of Ref. 7, i.e.,

BR)=e """ ®F(R), (6.8)

B'(R)=e "®F'(R), (6.9)
we obtain

F'(R)=e @ R'O"OERY*, (6.10)

which coincides with Eq. (3.8) of Ref. 2, if one uses that
Rq = q + Q{Rgq}, if ReP . Obviously if q does not belong to
the boundary of 4 BZ, we have Q{Rq} = 0, which implies
that

FR)*=F'(R), for all ReP*. 6.11)
Note that we do not havé B ‘(R ) = B *(R ) in this case; so the
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disappearance of the unimodular factor is due to the choice
of the factor system.

Case IeP % Since we have — q = q + Q in this case we
can take R, equal to E in (6.2). Equation (6.4) then becomes

[(a, B)1G]* =(q, B)1G, (6.12)
and Eq. (6.3) becomes
B’'(R)=B*(R), for all ReP?. (6.13)

If changing the factor system in the same way as in (6.8) and
(6.9) we arrive to the equivalence relation
F'(R)r ¥ RIF*R), (6.14)

Equation (6.14) is equal to Eq. (3.16) of Ref. 2. Opposite to
case J¢P 9, here the change of the factor system is the reason
for the occurrence of the unimodular factor in (6.14).

Concluding remarks: The aim of this paper was to com-
pare equivalent induced representations and to derive condi-
tions under what circumstances such representations are
identical. The results obtained have been applied to space-
group representations. There we succeeded in deriving a
simple relation which determines those equivalence classes
which are linked by complex conjugation.
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Spinor fields invariant under space-time transformations®

J. Beckers, J. Harnad,” and P. Jasselette

Physique Théorique et Mathématique, Université de Liege,  Belgium
(Received 12 June 1979; accepted for publication 15 October 1979)

Spinor fields invariant under the subgroups of the Poincaré group or under the maximal
subgroups of the conformal group of space-time are analyzed. It is shown that only certain
Poincaré subgroups, all of dimension less than or equal to six, can leave two component spinor
fields invariant, with rather severe restrictions on the fields. Tables listing all such invariant fields
for subgroups of dimension greater than or equal to four are given. Construction of Dirac spinors
and connections between invariant spinors and tensors are discussed: In particular it is shown
that from any two-component spinor invariant under a Poincaré subgroup a real skew-symmetric
tensor invariant under the same group may be constructed.

1. INTRODUCTION

The subgroup structure of the Euclidean, Poincaré, and
Minkowskian conformal groups have received much recent
consideration.'™ In particular, Patera, Winternitz, and Zas-
senhaus?? and others*® have determined all the maximal su-
balgebras of the conformal Lie algebra c(3,1) of space-time
and identified the complete subalgebra structures of each of
these. For the Poincaré group P(3,1), the Patera-Winter-
nitz—Zassenhaus? classification is equivalent to one obtained
by Bacry—-Combe—Sorba.*

These analyses have been applied to the study of invar-
iant fields appearing in physics in the following ways: (i)
electromagnetic fields invariant under subgroups of the
Poincaré group were systematically studied’; (ii) classifica-
tions of symmetry breaking interactions in the Schrédinger
equation were obtained'*? (iii) electromagnetic 1 and 2
forms, symmetric (0,2) tensors, and scalar densities invar-
iant under all the maximal subgroups of C(3,1) were deter-
mined'*"; (iv) solutions to the Yang—Mills equations invar-
iant under the compact subgroups of the conformal group
were obtained.'®!” For further applications, see Beckers,
Harnad, Perroud, and Winternitz"® hereafter referred as
BHPW, and also Refs. 17-19.

In this paper, we shall be concerned with the problem of
determining the fundamental spinor fields invariant undér
subgroups of P(3,1) or under the maximal subgroups of
C(3,1). This work is a continuation of BHPW, the latter
dealing with tensor fields and densities invariant under sub-
groups of the conformal group of space-time.

The contents of this paper are summarized as follows.
Section 2 presents conventions, notations, and the two meth-
ods of calculation—finite and infinitesimal-—for determin-
ing spinor fields invariant under subgroups of P(3,1). Section
3 deals with the explicit determination of (4,0)-spinor fields
invariant under Poincaré subgroups of dimension >4 and
illustrates the methods with two specific examples. The re-

“’Supported in part by the National Research Council of Canada and “‘Les
Accords Culturels Belgo-Québecois, 1978

""Permanent address: Centre de Recherches Mathématiques, Université de
Montréal, Montreal H3C 3J7, Canada.

“'Postal address: Institut de Physique au Sart Tilman, Bitiment B.5, B-4000
Liege 1, Belgium.
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sults are summarized in Tables I-III. In Sec. 4, the invari-
ance conditions for spinors under conformal transforma-
tions are given and it is shown that no nontrivial spinor field
is invariant under the maximal subgroups of C(3,1). Section
5 discusses the construction of invariant four component
(Dirac) spinors and the connections between invariant 2-
component spinors and real skew-symmetric tensor fields of
rank 2.

2. NOTATIONS AND INVARIANCE CONDITIONS

Let M denote Minkowski space with metric g,, identi-
fied with the diagonal matrix

gy = diag(1, — 1, — 1, — 1). @2.1)

According to the notations of BHPW, the Poincaré transfor-

mations are generated by the following vector fields:
M, = —x,d, +x,4,, (2.2a)
P, =-3,, (2.2b)

where the M, ’s generate homogeneous Lorentz transfor-

mations and the P,’s space-time translations. The corre-

sponding Lie algebra [the Poincaré algebra p(3,1)] is

[A{;tv ’Ma-r ] = g,uervr + g\'-rMpa - gervo - gvaM,u‘r ’

, 2.3)

[Mu"Pa] :g/lUPV _gvaPy .
We denote an arbitrary vector field induced by a one-

parameter subgroup of P(3,1) as

X =10"M,, +a'P,, (@ = —a™), 2.4)
corresponding to the infinitesimal transformation
x—x' 1 x" =x* — " x" + a. 2.5)
The " are real constants more conveniently defined by
¢ i —_ w()i, o
(0, ).k =1,2,3), 2.6)

g f= %Gijka)jk N
in correspondence with the frequently used (Lorentz) basis
for the M, ’s, i.e.,

K, =M, = —x°, — x4, ,
2.7
L= —4e,M*= —¢, x9, .

In terms of Egs. (2.6) and (2.7), the vector field X can
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also be written:
X=¢K—-0L +a-P. 2.8)

For later use, let us identify the three-dimensional Abelian
subgroup generated by the algebra

{P() +P3)A19Az}’ (29)
where
A, =L, —-K,, A,=L, +K,. (2.10)

We wish to study invariant spinor fields and therefore
must regard the group generated by the homogeneous Lo-
rentz subalgebra { M, | as the universal covering group of
the homogeneous Lorentz group, i.e., the group SL(2,C) of
complex unimodular 2 by 2 matrices. The spinors transform
according to irreducible representations of SL(2,C) and their
properties are well known.”>? To each finite Lorentz trans-
formation A corresponds a matrix Ue SL(2,C) defined up to
a sign [A<>(U, — U)] which acts on fundamental (1,0) spin-
ors ve C? as

U:v—Un. 2.11)

The correspondence is determined by associating with each
point x = (x°, x', x%, x*) the Hermitian 2 X 2 matrix:

0 3

. " X +x
x=xt'c, = . s o

X +ix X —Xx

x!'—ix?

s )e H(2)

(with o, the Pauli matrices and o, = 1) upon which the A
action is

(2.12)

“

F-URU *+ = Ax (2.132)
and translations are given by

X—x+a (2.13b)
where

a =a'o,c H(2).

Under an infinitesimal (A~1 — w,a <) Poincaré
transformation (2.5), we get

x'~UxU * +aq, (2.14)
where

U=1+ 100, a=a, (2.15)
and

Q=4¢+i0. (2.16)

With these conventions, the (1,0) representation of s1(2,C) is
given by

p(L) = —(i/Qo;, pK;)=}0,.
In particular, we have

aar-( ) () ) e

The spinor fields corresponding to this (1,0) representation
are two component quantities denoted hereafter as ¥
=(v', ¥

The invariant spinors can be obtained through two al-
ternative methods (see BHPW for the analogous methods
applied to tensors and densities):

(1) a global method based on the determination of (reg-
ular and singular) orbits, their corresponding isotropy

(2.17)
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groups, and on the action of the group matrices on the spin-
ors (a regular orbit is one belonging to an open stratum; the
others, of lower dimension, are called singular: see BHPW,
Sec. 3);

(2) an infinitesimal method, involving the solution of
the Lie differential equations expressing invariance.

Let us summarize the procedure for each.

A. Global method

Given a (pseudo-) Riemannian space M on which a Lie
group G of isometries acts, the determination of all possible
spinor fields € D /> which are invariant under G proceeds
through the following steps:

(i) Decompose M into G orbits. (Generally, there are a
finite number of generic, open strata, whose union is a dense
submanifold of M, and it is sufficient to consider only these.)

(i1) Choose a convenient point p, on each orbit such that
their union forms, if possible, a smooth cross section X to the
orbits in the generic strata, and identify the isotropy group
G, (py)C G ateach p,. Such a cross section might only exist
locally.

(iii) Find a spinor at p, invariant under G ( p,) by solv-
ing the linear algebraic equations expressing this invariance.

(iv) Apply the group transformations in order to obtain
the invariant spinors at any point on the orbit of each p,,.

(v) Allow the free parameters determined in (iii) to vary
smoothly along the cross section 2.

We refer the reader to BHPW for a more complete dis-
cussion (in the case of tensors and densities) and for specific
examples involving subgroups of the conformal group.

For tensors, no restriction need be made on G, except
that it be a smooth transformation group. For spinors, how-
ever, we are limited to isometries in order that the group
action may be lifted to the bundle of spinor frames. This may
be extended to include conformal transformations by choos-
ing a scaling weight for the spinor representation. However,
for more general transformation groups, the differential ac-
tion cannot be defined on finite-component spinor represen-
tations. In the following we shall only be concerned with
Minkowski space and subgroups of P(3,1) and C(3,1).

B. Infinitesimal method

The problem reduces here to solving the equations
which express the vanishing of the Lie derivative of the
spinor

Ly¥=0, (2.19)
where {X,} are the vector fields induced by the one-param-

eter subgroups of G. For finite P(3,1) transformations, the
invariance condition for (1,0) spinors

¥ (gx) = p@)¥(x), Vgeq, (2.20)
becomes
Y(Ux U * +a)=U¥(x). 2.21)

Retaining only first order terms [Eqgs. (2.14)—(2.16)] gives
the infinitesimal invariance condition
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TABLE L. Six, five, and four-dimensional NON-SPIPS.

PWZ notation *

Generators

Six dimensions
P33Py yiPy s
Po2iPy P

Five dimensions

Py 3Py s {L,.K;,4,,4,,P, + P, };{K,,4,,P,,P,,P. };

PyyiP s {L:.K, Py 4 Py PP L, cosf— K, sinf,P, B
PPy {L]qu};{KI’I);:]

Four dimensions

Py iPisiPyss {L3,Ky Ay Ay BILP LK LK P
Pn.1§P~r.1sPu§ {LJ»AI’Az»Po +P}l;{L3’KJvPI P, };{LS’KJ!P()’PJ }Q
Pl:.J;Plz.\flev [LnPo + P,,P,,P, };{LJ!PI;[L3’R)’PI P, }§
Plz.dﬁm, 6.8

{LKL{LP} LK, K, Py PPy s
{Ly.A,,43,Py + Py, PPy KAWL LL KPP,

(K.Po, PP LAy + Poydy + PPy + PofiLy, Ay — Poydy — PP, + Py

d a
@Wz(a“al + (x*d) — + (td + x X0 ~—)W
L+ (xd) % (1 ) ™
=1(Q-0)¥. 2.22)
Equation (2.22) corresponds to the following set of condi-
tions on the two spinor components:
Y =10V +@Q'—-inHw?) (2.23a)
and
V=4[ +inHV' -0, (2.23b)
Let us remark that the anatogous conditions for invari-
ance of 2 forms F are written (Combe-Sorba®)
YE +0XE 4+ ¢XxXB=0 (2.24a)
and
IB+0XB—-oxXE=0, (2.24b)
where E' = F”and B' = 1€/*F, are, respectively, the “elec-
tric” and ““magnetic” components. The Bacry—Combe-
Richard’ conditions correspond to £ =0 in Egs. (2.24).
Since we shall be interested in Dirac spinors (see Sec. 5)

lent) fundamental representation D ©'/? of SL(2,C) acting
on dotted spinors {v°} by the complex conjugate transforma-
tion v®—T ®v®. The corresponding spinor fields will be de-
noted ¢ (x). In correspondence with Eq. (2.21), we have for
(0,4) spinors

¢ (URU * + @) = Up (%) (2.25)
and, in infinitesimal form, we get
D¢ = L(Q*.c*)p (2.26)

(Q2* and o* are the complex conjugates of ) and o). In gen-
eral, a ( p/2,q/2) spinor will transform under any UeSL(2,C)
according to

£ Wbty
_}Ua,c,".Ual,cl,ﬁl)',d,".(76‘,&‘,'[/6,»-(‘,,(1‘---:1',,

so that the invariance conditions generalizing Eqs. (2.21)
and (2.25) become

Pt URU 4 §)

we also need information on spinors of the other (nonequiva- = U e hh. g retedy g .27
TABLE II. Six- and five-dimensional SPIPS and their invariant (1,0)-spinor fields.
PWZ notation Generators Fields *
Six dimensions
Py, {4,,4,,P,} 4,0
Py, {Ky,A,,4,,Py + Py,P,,P, ) (£ 7'4,0)
Pb.S —
P {L; + (P, — P,)A,.4,,P, + PP P} (e T -2 0)
6.6
P, {L;4,,4,,P, + P,,P,,P,} (& ' 7'A4,0)
Five dimensions
Py, {4:,P,} ] 4G
PlO.b {AnAz +£(P()_PJ)’PO+P3!PlyP2} ( ’)
P7..‘ [KJ’AIAZ’PO +P3¥P2]
1:3.2 {Ky,4,.Py + Py,P, P, } (£ 7'40
P, {K3’+(1/G)PI’AI’A2’PO +P3,P2],a>0
Pm.z {AI)AZ!P() +P3,P1,P2] [S(t—z),O]
Py {K; + (1/a)P, »A3,P,P, Py },a>0 (e*?4,0)
‘6 = [(t — 2)/2] "%, 4, B = arbitrary constants.
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TABLE I11. Four-Dimensional SPIPS and their invariant (},0)-spinor fields.

PWZ notation Generators Fields®
Py {A,,4e,Py + Py,P, ]
Pus {4:,P, + Py,P,,P,} [S(£).0]
PiosiPioto {4, + P, A,,P, + P,,P,}
Py, {A42,Py, Py, Py} [S x),0]
Py {K;,4,,Py + Py, P, [£-'S(),0]
P, _ -2
10,8 {4,,4, — ¥(Py — P;),Py + P,,P,} S y+—2—— 0
_ . fe”sS [e**(t — 2)],0}
P, [K3 + —z-a—Pl,Az,Po + PP, }, a>0 equivalently
[ € 'S [2ax + In(r — 2)],0}

Py, {P.} “4,B)
P, {K;,Py + P, ,P,,P, } (€ '4,£€B)
P, {LspPy + P3P ,P, } (& ' Fieotiyg gl ioUR)
PP {Ly + y(Py — P;),Py + P,,P,,P,} (eTU—94, gt ~2R)
= 1
P, [LJ + —2—0-1’0,]’], a>0 (e~ 4, e”'B)
i;lz.u [L; + —21;P3,P0,P, P 1, b#0 (e 4, eisz)
= 1
Py [Ks - —Z;PvPorPl :Pslr a>0 (e~ V4, e”B)
Fm,lo {4, — WFPo — P,)),Py + P,,P,,P, (4 +i(t - 2)B,B]
PPl {4, + P,,P,,P,,P,} (4 + ixB,B)
P, (Ks Ay Py + PP, ) (64— Lrs-5.28)
Py, {K;,A,,4,,P, + Py} [571A+£(-""“:V)§‘13’§B]

1 ,
P, [KJ,AZ,PO+P3,P2— S b#0 [g‘*‘A— -;—(bx+y)§~'3,ga]
- 1 —z)
P (4, + TPty — 42, - YR+ PR, 520 (4+ [e—2-8[s+ 2 ]l2s)
P (K, +aPydy Py + PPy}, >0 |6 14— Lor+amens —n.gn]
P, {Ky +aP,,A4,,4,,P, + P,}, a>0 [ 'A+ix+alng’—ip)E ~'B,EB)
P, {K3+aP,,A2,P0+P3,Pz— %Pll’ a>0, b+#0 [5"/4— %‘(bx+y+abln§‘2)§"B,§B]
PS,J [Lf’Al»/‘Z!P0+P3] [é——l—n‘co(fA+i(x__iy)§—l+ico\]B'§l+icme]

3¢ = [(t — 2)/2] /*; A, B = arbitrary constants.

in finite form, and
g Wal"'apb'l".b.q — z [i(n%]')akckwa'.‘.c*ma’bl...b"
k

+ i(ﬂ‘.o‘)b‘kd'kwal...ap(j‘...d‘...bq] (228)

in infinitesimal form.

3.(1,0)-SPINOR FIELDS INVARIANT UNDER POINCARE
SUBGROUPS

According to the subgroup classifications™* with re-
spect to the Poincaré group, there are, up to a conjugation,
11 subgroups of dimension n = 6, 13 with n = 5, 39 with
n = 4. In Tables I-I1I, these are all listed in the notation of
Ref. 2 and a representative of each conjugacy class of subal-
gebras is identified by its basis elements. We mention neither
the subgroups of dimension n > 6 for reasons which will be-
come evident below, nor those of dimension n<3 for brevity.

Before the determination of the nontrivial (3,0)-spinor
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fields invariant under the subgroups of P(3,1), let us distin-
guish between two kinds of subgroups of P(3,1):

(a) Those leading to nontrivial invariant (3,0) spinors
will be called “SPIPS” (Spinorial Poincaré Subgroup): a
SPIPS G is a subgroup of P(3,1) which leaves invariant at
least one (4,0)-spinor field ¥ (¥ #0) whose components are
(real or complex) functions defined and differentiable on M
(or at least on the generic strata);

(b) the remaining subgroups of P(3,1) will be called
“NON-SPIPS”.

Applying the methods described in Sec. 2 leads to the
following results: (1) The uniform and constant spinor field
¥ = (¥,,%,) = (4,B) has the group generated by

K={A,,4,,P,]} 3.1)

(up to a conjugation) as stabilizer. This Poincaré subgroup of
dimensions 6 will be called the “kinematical” group’ of ¥.
(2) Every SPIPS is of dimension less than or equal to 6.
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(3) There are five SPIPS of dimension 6 and 7 of dimension
5 and 27 of dimension 4. These are specified in Tables II

(n = 6,5) and I1I (7 = 4). The explicit invariant spinor fields
are also given. The NON-SPIPS of dimension 4, 5, and 6 are
listed in Table 1.

We now prove points (1) and (2) and illustrate one ex-
ample of a SPIPS determined by the global method and one
by the infinitesimal method.

Statement (1) follows directly from the global or the
infinitesimal analyses. A basis can always be chosen in Min-
kowski space, so that the constant ¥, vanishes. Then, from
the representations (2.17) and (2.18) of the generators, it is
obvious that K, and nothing else, stabilizes ¥. By the infini-
tesimal method, we immediately get from Eq. (2.22)

Q) = (b +i0)c¥=0.
If ¥, vanishes, this gives
N*=0, N'=—iN?
or
$*=60°=0 and ¢'=6% 0'= —¢°
So the vector field X defined in Eq. (2.8) reduces in this case
to

X=¢'4, +¢°4, +a"P,, 3.2)

which is the general element in XK.

Statement (2) follows from an argument similar to that
used by Combe—Sorba?® for the case of skew tensors. We may
assume that the origin in M lies on a regular orbit since, if it
did not, we could take another representative of the same
conjugacy class of subgroups for which it does. At the origin,
the isotropy group G (0) is contained in the homogeneous
Lorentz subgroup, and by the above result must be conjugate
to a subgroup generated by {4, ,4, }. Since dimG (0)<2, and
the orbit, which is diffeomorphic to G /G (0), has dimension
<4, we must have dimG<6.

Let us now consider the example of the algebra

P,;={K; +aP A4, 4,,P, + Py} (a>0) (3.3)

from Table I11. In order to apply the global method, we must
identify the group to which it corresponds. We take this to be
the subgroup ’GZ‘7 CSL(2,C) X H(2) of the Poincaré spinor
group consisting of elements { U,d} of the form

() o
o))

) , a, By eR.

G, =< U@By) =

24 aa

a0 3.4)

da,A)= (
L. Generic strata (regular orbits)

Applying {U(a,B,7),d(a,A )] to the point p,
=(1,0,0, — 1) maps it to the point with coordinates

t+z=21+28°+2y,
a
x=aa—2yexp(— 7),

t—z=2exp(—a)
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el 2)

The orbit is therefore the open submanifold # — z> 0. Simi-
larly, the orbit of ( —1,0,0,1) is the submanifold 1 — z < 0.
The isotropy group for both these points is the identity ele-
ment; therefore, their orbits belong to the same stratum.
Their union is an open dense submanifold. Therefore, any
other orbit is of smaller dimension and belongs to a different
stratum. Thus, the union of these two orbits forms the single,
generic stratum.

ii. Singular strata

Applying { U (a,B,y),d(a.A )} to po(¥5)=(0,0, y,,0)
gives p = (t,x, y,z) with

t=z=A-8y, exp(%),

X =daa,

Yy=Xo-
This defines a family of orbits, parametrized by y,, with
t —z=0,y=yp,. The isotropy groups G,( y,) are given by

oam={ o102 )

For y, #0 these are all conjugate in 57'7, and therefore the
union of such orbits forms a stratum. For y, = 0, however,
the isotropy group belongs to a different conjugacy class (in
G, ,), and therefore the orbit of the origin is itself a singular
stratum.

fii. Invariant fields

Since the isotropy group at (1,0,0, — 1) is the identity,
there is no isotropy constraint and we may take the field to
have any value

A
¥ (1,0,0, — 1 =( )
( ) B
Applying the group transformation{ U (a,5,y),d(a.A )}, the
invariance condition (2.21) gives
¥ (t,x,.2)

(& A+ i[x+alng’ — iyl —'B
_( EB ) (3-5)

where £ = [(t — z)/2]"/2. This expression is valid on the or-
bit t — z > 0. Similarly, starting from ( — 1,0,0,1), we define

w(— 1,0,0,1):(;,)

and, applying the group transformation, obtain
Y (tx,p,z)
:(77 : 'A’+(x+1m72—iy)77“B')
7B’ ’
where 7 = [(z — ¢)/2]"2 This is valid for the orbit
t — z <0. The values of the arbitrary constants (4,B) and
(4',B ") are a priori unrelated. However, we may relate them

by adding some reasonable further assumption, such as anal-
yticity, which implies that the expression (3.5) holds

(3.5)
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throughout both regions x — z < O and x — z> 0, with a suit-
able Riemann sheet structure chosen for [(¢ — 2)/2]"/* and
In[(z — z)/2]. In Table I1I we have only listed the expression
(3.5). For this, as for every other case listed in which a singu-
larity occurs dividing the space into disjoint regions, it is to
be understood that the arbitrary constants (4,8 ) and func-
tions .S (#) may be chosen differently in the various regions.
For the singular orbits, the isotropy constraints at the
points (0,0, y,,0) imply that the field ¥ takes the form

(0,0, 5,0) = (S(Oy o) )

Applying the group transformation { U (a,53,7),d@(a,A )}, the
invariance condition (2.21) gives

Js»

(I/S(trxsy’z) = 2a
0

fort — z = 0. A smooth cross section (0,0,y,0) to the singular
orbits exists, and we may pick S ( y) to be a smooth function.
However, there is no way to extend these fields off the singu-
lar submanifold ¢ — z = 0 without breaking the invariance.
It is precisely on this submanifold that the singularities of ¥
occur.

We now apply the infinitesimal method to the subgroup
of dimension 4 generated by

Py, ={K, +aP ,4,,P, +P,P,}] (a>0). (3.7
Invariance under P, [a = (0,0,1,0), =0 = 0] and
P, + P, [ = (1,0,0,1), & = 68 = 0] implies through Eq.
(2.23) that the spinor components are of the form
Vi=Yit—zx). (3.3)

Invariance under 4,= L, + K, [a =0, b = (0,1,0),
6 = (— 1,0,0)] gives

(3.6)

(3.9

which, substituting in Eq. (3.8) gives ¥* = 0.
Finally, invariance under K, + aP, [a = (0,1,0,0),
¢ = (0,0,1), 6 = 0] leads to
d d d ) | .
a— +z— +t— |¥ =L¥"
( dx ot oz 2
Introducing the new variable p = ¢ — z and using Eq. (3.8)
gives
¥ '(x, p)
d(In p)
Changing variables to u = (x/a) + Inp and v = (x/a) — Inp
reduces the equation to the form
V' (up)
v
The final solution is then
Yt — z,x) = et — 2) " *F [(x/a) + In(t — 2)]

or equivalently

ai‘lf'(x,p)——- +1ix, p).
dx

L (u).
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V' (t—2zx)=(—2)" "°G[(x/a) + In(t — 2)].
The invariant spinor field thus takes the general form

W= ((’ —2z) "*G [(x/a) + In(t — 2)] )
_ ( (t—2"G [(to—z)e"/“] )
0

This result can evidently also be obtained through the global
method. Since the solutions to these differential equations
must be interpreted in a local sense, the comments above
regarding singularities and disjoint regions apply equally.

All the results concerning invariant fields are collected
in Table II and III, where we have introduced the following
notations: £ = [(t — 2)/2]'?, A, B, are arbitrary constants;
S (1) is an arbitrary function of the specified variables u; and
L, =L, cosf — K, sinf when O <f<, f#m/2.

Many of the groups appearing in our tables are sub-
groups of others, and thus obviously have associated invar-
iant fields (e.g., Pioy O Py, Fl(),b; Py, D Py, Py, E.b’
etc.). Our motivation in including these nevertheless is that
usually the invariant fields associated to the subgroups are of
more general form.

(3.10)

4. INVARIANCE OF SPINOR FIELDS UNDER
CONFORMAL TRANSFORMATIONS

As already mentionned, BHPW have determined the
different tensors invariant under the maximal subgroups of
the conformal group.? * Here we address ourselves to the
corresponding problem with respect to (3,0)-spinor fields
and we limit ourselves to the nine maximal subgroups® up to
conjugacy under conformal transformations. Conjugacy
classes under Poincaré transformations are obtained by ap-
plying the transition elements listed in Table I of BHPW to
the given representative.

If conformal transformations are considered, the basis
(2.2) has to be completed by

D=x"3,, C,=xd,—2x,x3, 4.1

1
associated with dilations D and special conformal transfor-
mations C. The algebra (2.3) is supplemented by the follow-
ing nonzero commutators:

[D’P/l]:_P;N [D7C/z]:C/1!
[M/U"CU ] = g;ur C\' - gwrC;z ’ (42)
[P..C.]1=2g,.D+2M,.

The vector field Xec(3,1) associated with the infinitesimal
transformations

Xx = X — @ X4 @t — Ax — X + 2ex)x!
4.3)
are now defined in correspondence with Eq. (2.4) or (2.8), by
X=6K—-0L+aP+AD+cC 4.4)

Following Mack and Salam,* we shall regard spinors as
induced representations of the conformal group, such that
the isotropy group at the origin, generated by {M,,,,D,C, |,
acts upon ¥ (0) through the (1,0) representation of SL(2,C),
has canonical scaling dimension & = §, and is trivial when
restricted to the special conformal transformations. Under a
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finite conformal transformation g : x\—x; = f; (x), the Jaco-
bian matrix has the following form:

a#

EJH (X)= e =¢A*,(x) exp[ A,(0)],

where £ A #_(x)eSO(3,1), 4, (x)eR.
The corresponding transformation of ¥ is

g: ¥ (x) ¥ ' (x)=expl 34, ()] U,x)¥ [f. ']
where U, (x)eSL(2,C)) is determined, up to a sign, as the ele-

ment corresponding to £ A *_(x) under the homomorphism
SL(2,C)—S0(3,1). The invariance condition thus becomes

¥ (x;)=exp[ 14,01V, x) ¥ (x). 4.5)

For finite transformations, an arbitrariness of sign must be

retained [or the transformation group reidentified as a sub-
group of SU(2,2)], but for infinitesimal ones, the sign may be
fixed by requiring continuity in a neighborhood of the identi-
ty transformation. The resulting invariance condition, cor-

responding to the infinitesimal transformation (4.3), is given
by

(Z + ¥ = YD), (4.6)
where
D=D — Ax*3,, + Ac-x)(x-V) — x*(c-V) 4.72)
p )2 .9
=ad, +(x¢)8t +(@d+xX0) pw
o — o)t 2 4 x 9
+2(ct—cx)(t + x ™ )
] 08 | a
A=A+ A(x) =4 —2x,, 4.8)
Q=6 + 0, (4.92)
with
b =0+ ¢(x) = & + 2¢°x — 2r¢, (4.9b)
0 =0+ 0(x) =0+ 4cXx, (4.9c)

;‘;‘1—+—l‘9~3

o 6146 4it0 -8
6' =0 +i@'+47)

¢ )
-@>+i6y
4.10)

These expressions are the spinor analogs of those intro-
duced in BHPW for the case of tensor fields (see Sec. 12 of
Ref. 13).

Equations (4.5) or (4.6) may now be applied to the de-
termination of spinor fields invariant under subgroups of the
conformal group C(3,1). Here, we shall only discuss its
maximal subgroups, for which we have the following result:
There are no nonvanishing spinor fields invariant under any
of the maximal subgroups of the conformal group.

There are nine conjugacy classes of maximal subgroups
of C(3,1) which, in the notation of Ref. 13, are SIM(3,1),
OPT(3,1), 0(3,2), O(4,1), O(2) 8 0(2,2), 0(3) 2 O(2,1),
0(2,1) ® O(2,1), O(2) ® O(4), and S[U(2,1) ® U(1)]. Each
class contains a representative for which the origin is on the
generic stratum and all the isotropy groups for these repre-
sentatives contain the rotations generated by L,. However,
no nonvanishing spinor field is invariant under such rota-
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tions, as can be seen immediately from the isotropy condi-
tions at the origin. Actually, for the groups SIM(3,1),
OPT(3,1), 0(3,2), O(4,1), O(2) & O(2,2), and O(3) ® O(2,1),
the Poincaré part is already contained in our list of NON-
SPIPS of dimension >4 (Table I), as may be seen by consult-
ing the list of generators given in the table of BHPW.

5. COMMENTS
A. Four components invariant spinors

It is clear from Eq. (2.25) that if a (4,0) spinor ¥ is
invariant under a Poincaré subgroup, its complex conjugate
¥ will also be an invariant field, regarded as transforming
under the conjugate (0,3) representation, and conversely.
Therefore, all invariant (0,1) fields are complex conjugates
of invariant (4,0) fields. This result is equally clear from the
infinitesimal invariance condition (2.26) for (0,1) fields,
which is obtained from the corresponding one (2.22) for
(4,0) fields by replacing

,D(¢ ‘.K[ - eiLi) = % ¢ ia-,_ + é eiai

=1(0) ;.1
by its complex conjugate
pGK, —0'L)=14'0r —10'0F
=1 (Q*0*). (5.2)

Four component Dirac spinors transform according to
the direct sum representation®

D(l/z,o) ® D(O,I/Z)

and therefore are determined by a pair (¥ “,@ ) of 2-compo-
nent spinors. The condition for invariance of the Dirac
spinor is that both ¥ and @ be invariant. In the basis corre-
sponding to the direct sum decomposition

R(X)=p(X) & p(X), (5.3)
we have

R(OK—0L)y=146, +10'%, (5.4
with

G )
g, = 0 o , T, = 0 —a;“' (5.5

In order to express an invariant Dirac field (3) in the
standard basis, we must apply the matrix

1 1 P
\/—5<1 ., ) (5.6)

which relates our representation (5.5) to the usual one as
given for example by Bjorken and Drell”

o 0 o b g 0
O—PZU-O’T'B:OU-' 6.7

It follows from the results of Sec. 4 that there exists no
nontrivial four components spinor invariant under any of
the maximal subgroups of the conformal group C(3,1). In
particular, there are no nontrivial “Dirac” spinors invariant
under O(3,2), O(4,1), or O(2) ® O(4), although invariant sca-
lar densities and gauge fields under these groups are known
to exist and have interesting properties.?®?°

M:
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B. Spinors and tensors

Let us end this section by discussing the connections
between invariant spinors and tensors. This point is of par-
ticular interest owing to the fact that skew-symmetric ten-
sors of rank 2 (2 forms) have already been studied in connec-
tion with the Poincaré subgroups®* and the maximal
subgroups of the conformal group."

It is well known?'?? that tensors may be constructed
from spinors or re-expressed in a spinor basis through the
connecting quantities of"’ introduced by Infeld and Van der
Waarden.*® Such quantities transform as covariant 4 vectors
(indices 4 = 0,1,2,3) with respect to Lorentz transforma-
tions and as second rank spinors (indices ab= 1,2) with
respect to spinor transformations. The net result of the two
laws of transformation is that the of“’ are invariant. Thus, by
contraction with %’ or g%, , to every u-index tensor is associ-
ated an ad-spinor, and conversely. In particular, we have

F‘/n'HFadb[i ’ (58)
ie.,

F;n' = a‘fzd U{,'b Fa()bh (58a)
and

Fadbﬁ = o’alu U;:b 17,(1\/ . (58b)

Moreover,*! if Fis a real, skew-symmetric 2-index tensor, for
example an “electromagnetic” field, we have

Fuabli = eub ¢_d5 + Eub¢ab H (593.)
where
Sop= %fdeude (5.9b)

is a symmetric 2 spinor, ¢, its complex conjugate, and

b _ 0 1) . b __ ib
€ —6,;[,—(_1 o) = — €= —¢e”.
(Raising and lowering of spinor indices is by contraction
with €,, or €.)

It is clear from Egs. (5.8) and (5.9) that if we have a
spinor ¢,,, invariant under a Poincaré subgroup, the corre-
sponding tensor is also invariant owing to the invariance of
the 07, €,,, and €,, and conversely. Starting from an invar-
iant (1,0) spinor ¥ we may thus form an invariant skew ten-
sor by defining

Foivt = €ap q_/a 'I_/b +e, V.Y, (5.11)
which is nonvanishing if ¥, is. [The converse is not necessar-

ily possible, since not all tensors admit a decomposition of
the form (5.11).]

We see that for all the SPIPS of Secs. 2 and 3 there exists
an invariant, skew-symmetric tensor. For example, the sub-
group generated by Ia’;_m admits the nontrivial invariant
spinor field (see Table IT)

¥ = (A4 exp(ax/2),0). (5.12)

From Egs. (5.8) and (5.11), we find that the associated
skew-symmetric tensor, expressed in terms of electric and
magnetic components, is*?

E = (4 exp(ax), B exp(ax), 0),

(5.10)

B = ( — B exp(ax), 4 exp(ax), 0), (5.13)
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which can also be deduced directly from Egs. (2.24). Howev-
er, this field diverges at infinity and does not satisfy the free
Maxwell equations.

As a final comment, it is important to emphasize that
the results obtained here relate to strict invariance of spinor
fields, whereas the physically relevant criterion may only be
invariant up to a gauge (i.e., phase) transformation, particu-
larly in problems involving coupling to gauge fields possess-
ing similar invariance properties. Such a criterion can only
be applied, however, after a classification of the admissible
gauge transformations corresponding to the given transfor-
mation group action has been obtained.*

It would be an interesting problem, for example, to use
such symmetry requirements to simplify the equations cou-
pling a spinor field to gauge fields assuming the spinor trans-
forms nontrivially under the gauge group. Such problems
will be studied in future work.

J. Beckers and P. Jasselette, with hearty and thankful
feelings, dedicate the present work to Professor J. Serpe at
the occasion of his retirement.
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ThepaperisastudyofoscillatorsgovernedbyequationsofthetypeaX (¢) + bX(¢) + cX (t) = E (1),
where a, b, ¢ are given constants and where E (¢ ) is for example the square of a Gaussian
stationary process. A constructive and numerical method, using explicit expressions of Fourier
transforms, are developed in order to compute the density of the distribution function (d.f.) of
X () and of the joint distribution of X (t) and X (¢ ). Hence the upcrossing rates of a given level
and an approximation of the d.f. of max,., X (¢) canbe computed. A numerical example is given.

1. INTRODUCTION

The purpose of this paper is to present a constructive
approach which allows us to solve some random vibration
problems for which the classical methods of the Markov pro-
cess do not apply. Consider, for instance, a linear oscillator

ax(t) + bx(t) +cex(t)=E (), )
with teR; a,b,c given constants of R * *; and where the exci-
tation is a stationary stochastic process (E,). Then the un-
known solution is a stationary stochastic process, denoted by
(x,). If (E,) is a Gaussian process, (x,) is obviously Gaussian
also and the problem is a trivial one.

We consider here the case where (E,) is not Gaussian,
but results from a quadratic transform of a Gaussian process
which possesses a priori any one covariance operator. This
problem cannot thus be reduced to a Markov case, and fur-
thermore, the techniques of differential stochastic equations
and of diffusion, leading, e.g., to a Fokker-Planck equation,
do not apply. Prior to analyzing the general nonlinear trans-
formation under consideration, let us give two particular ex-
ample pertaining to the general case.

First example: Excitation (E,) is written as

E = f (Pr P ) + @) + r@) du ()

with teR; u = (u,,u,,u;)eDCR? du = du, du, du,; ¢, and r
given mappings: D—R; p,, a given real constant and where
¥,(t,u) is a stochastic Gaussian process denoted by (y,,,)..
with zero mean and stationary in time ¢. This model corre-
sponds, for instance, to the effect of atmospheric turbulence
on a deformable structure where the interaction of the fluid
and the structure is ignored.'?

Second example: This excitation is now a function of the
unknown (X,) and is written as

E, =v[ey(t) — X(t)]1* + v'[ep (t) — x(t)] +€r', (3)
with v’eR * *; v,r'€R*; € a small real parameter and where
y,(t) is a stochastic Gaussian process denoted by (,,), with
zero mean and stationary in time z. This model corresponds
to the same problem as in the first example, but taking the
fluid-structure interaction into account.” The perturbed so-
lution in € of (1) and (3), restricted to the second-order:
x.(t) = ex,(t) + €x,(t) is sought for. All calculations be-
ing completed, it is found that x, is the solution of
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a5+ b +ex D= S by O ()

W=

2
+ Y qy@)+r “
i=1
where b’ = b + V', y5(t) = %,(t); p11 = pay = €°0;
Pro=pPy= — €v; g, = €v'; g, = 0; r = €r'; and where x, is

the stochastic solution of:
axX ()Y +b'x,)+cx,(t)=0vy,(t)+ 7.

In the following consideration, our attention will be fo-
cused on a constructive method enabling the numerical cal-
culation of some quantities related to trajectories of the pro-
cess (x,). This is useful for the vibration analysis of systems.
These quantities are

(i) The probability D (a,a") such that:

D (a,a') = Prob(x,<a,x,<a’)
_ f f w(a,b)da db, )

where w is the density of the joint distribution of x, and x,,
which is independent of ¢ because (x,) and (X, ) are stationary
processes.

(ii) The mean N*(a,T) = &[N (a,T)] of the random
variable N *(a, T') which represents the number of upcrossing
of the level a€R by the trajectory of the (x,) stationary pro-
cess, in time T (T being a bounded interval of R). Using a
classical result of Ref. 3, if & (x?) < o, we have:

—_—— + o
N'(a,T) = Tf buw(a,b)db (6)
()

(iii) The probability distribution G of the extreme posi-
tive values of the random variable X, ,, = max,.;(x,). We
suppose that for the high values SR’ of X,,.., the sequence
of instants of reaching level 3 by increasing values, tends to
become a Poisson process with a rate equal to
T X [N*a,T)] ~'. Hence, for B— + «

G(B)= Prob(maTx (x,)<B)=~exp(— N*a,T) )

(M

and the mean X, = &(X,,.,) is simply obtained by the
expression

+ o«

X o = BdG(B). ®)

© 1980 American Institute of Physics 2500



One should note that the validity of Poisson assumption for
the Gaussian case is proved by the Volkonsky—Rozanov’s
theorem.* Here, (x,) is not Gaussian and there is no result at
the present time concerning this point. Nevertheless, we
shall maintain this assumption, which seems to be physically
correct.

Finally, we see that the effective computation of (5), (6),
(7), and (8) requires us to determine the probability measure
W = w(a,b) da db, (x,,%,) not being a Markov process. For
this purpose we shall use a functional approach using the
notion of measures on vector spaces.

It is nevertheless necessary to being with the definition
of the various transformations between the known process
( »,) and the process (x,) which will be further under consid-
erations. The two examples which we have already given are
particular cases of the transformations hereafter.

2. TRANSFORMATIONS UNDER CONSIDERATION

Let S be a set of the space R" +!, with neN; the generat-
ingpointof Sisdenotedbys = (¢',u,,...,u, ) = (¢ ',u);ifn =0,
then s = ¢'. We shall denote by C (S,R ") the set of all R"-
valued continuous functions defined on § with meN*. For
m = 1, we shall simply write C(S).

(i) The probabilistic data of the problem is an m—dimen-
sional, real stochastic process on S: (3,) = (P1,5eee3Vms)
which is assumed to be Gaussian, with zero mean, stationary
in time ¢’ and its trajectories are almost surely (a.s) continu-
ous on S.

(ii) The process ( y,) is transformed into a one-dimen-
sional real stochastic process (z,) = (f(,)) on S by a non-
linear mapping f: C (S,R ")—C (S) such that VyeC (S,R ™)

Y28 = () = 3 Py, 6)

W=t
+ i} 9;(5) y,(5) + r(s), ©)

where ( y,,...,y,,) are the coordinates of y on the canonical
basis {b,,b,,...,b,, ) of R™; p;;, is the component on b; ®b;, of
a symmetrical tensor peR™ ® R™, g; is the component on b;
of geC (S,R ™); and reC (S'). The quantities p, g, r are deter-
ministic and known. It is assumed that for any fixed ueR ",
r(t',u)andg(¢',u)areindependent with regard to¢ ‘ and that 7
is such that z, = f( y,) has a zero mean.

(iif) We consider lastly a linear filter with input (z,) and
output the two-dimensional real process (x,,%,) on R% For
any fixed time # or R, this filter is defined by a linear operator
B,:C (S )—>R> Then, (x,,%,) = 3,(z,) and for any zeC (S ), B,
is such that

(x0)(1)) = Bo(2) = (f 205) iy (15, f ) d;zz(t,s)), (10)

where 12,(¢,.) and u,(t,.) are real-valued measures with com-
pact support on .S, such that for /e{ 1,2}, du,(z,5) = g, (2,5) ds,
the density s—g; (¢,5) being a null function outside the com-
pact subset X, of S and continuous on X, . It is assumed
besides that 12, and u, are such that (x,,x,) is stationary and
has a zero mean. Then for the first example, S = R X D,
n=3,m=1,Egs. [(1)and Q) letx, = ! At —1t"
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X §p (e ) dt” du,
X, = _oh(t — 1) p(Sy)(t,1) dt’ du, where t—h (t), is
the restriction to R* of the impulsional response of (1), and
where €R" is such that from numerical point of view, the
integration interval ( — oo, ) is replaced by the finite interval
(t — 6,t), the system being damped. We are then led to the
formulation (10) by putting K, = [ — 6,t ] X D;
g:(tsy=h(@—t)Yand g, (t,s) =h(t —1t")ifseK,;
£:(t,5) = g,(t,5) = 0 and if s¢K, . In the same way, a similar
formulation will be obtained for the second example.

(iv) We now have the following scheme

B
C(S,]R'")—f> C(S)->R?
(=) = (fEN—x,%) =B,

Here we are calculating explicitly the probability measure
W = w(a,b ) da db of the random variable (x,,%,)

=B, [ ()], (v,) being the process which is defined in (i)
above. W has a zero mean and is independent of the time ¢.

3. CONSTRUCTIVE METHOD USING MEASURES ON
VECTOR SPACES

We know that a random variable with values in the
finite-dimensional vector space E = R " is represented by a
probability measure Pon R" equipped with the Borel o-field,
or, by the Fourier transform P of P defined on the dual space
E’'~R"of E and which is written: YveE ', P (v)

= {,x exp( — i{ y,v)) dP (y), where (-,-) is the bilinear

form E X E'—R defining the duality between E and E'. The
functional method of analysis of a stochastic process consists
in applying the same scheme, but space E will be the space of
trajectories of the process which will generally be a space of
functions or distributions.’ Thus, to represent a stochastic
process ( y,) by a probability measure P on its space of trajec-
tory E equipped with an adequate o—field, means that “the
trajectories of ( p, ) are extracted randomly from E according
to the probability law P ".

Let suppose E be a locally convex Hausdorff space® and
let be E' its topological dual. The Fourier transform of the
probability measure P on E equipped with the Borel g-field
is given by

VeE', PQ)= f exp(— i po))dP(y).  (11)

yeE
For reE, let us denote by P the probability measure on £
deduced from the probability measure P, on E, by the trans-
lation of intensity ». Then the Fourier transform of Pis given
by

VveE', P(v)=exp(— i{rv)Py). (12)
Let Fbe another locally convex Hausdorff space equipped
with the Borel o—field and let F’ be the topological dual. Let

[:E—F be a continuous and measurable mapping. Then the
Fourier transform of Q = I (P) is

VYveF', é\(v)= f

zeF

exp( — i(z,v)) dQ (2)

- fEexp(—z'a(y),v»dP(y). (13)
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In particular, if / is a linear map, é\ ) = P (!'v), where
l':F'—E'is the transposed mapping of /. If /is nonlinear, the
calculation of (13) becomes much more difficult.

A. Application to the calculation of the Fourler
transform W of the probability measure W defined in
Sec. 2(iv)

We shall need the continuity and measurability proper-
ties of the mappings fand 3, defined respectively by (9) and
(10). The spaces E = C(S,R™), F = C(S), and R? are thus
equipped with the Borel o-field and with the topology of the
compact convergence; their topological dual is denoted by
E'=M(S,R™andF’ = M (S),whereE 'andF 'arethesetof
R™-valued and R-valued measures, respectively, with com-
pact support on S. This topology is defined by the semi-
norms py :@-+px (¢ ) = sup,x, |@ (¥)|, with i describing the
family of compact subsets K, of S. Then, f:E—F and
B,:F—R? are continuous and are measurable.

The process ( y,) (defined in Sec. 2(i) defines a Gaussian
probability measure P, on E, centered and invariant for tem-
poral translation; f:E—F being continuous and measurable,
ftransforms P, according to the probability measure
Q = f(P,) on F which represents the probability law of the
process (z,) =f(p,). In the same way, S, transforms Q ac-
cording to the probability measure W = B,(Q) = (B,°/ )(P,)
on R2 W is the probability measure defined in Sec. 2(iv). To
determine W, we shall decompose the nonlinear mapping f.

Let thus EQ)E be the vector subspace of the symmetri-
cal tensors of E ® E. Introduce the nonlinear mapping
B:E—(E(®E)XE such that

VyeE, y—>B(y) =(yey,»), (14)

and the linear mapping 4:(EQE ) X E—F such that Vy
® yeEQ)E, VheE,

(YOI 2y 5Oy O+ 3 46,
" (15)
By taking into account (9), fis written

VyeE, y—f(y) = (A°B)(y) + r. (16)
We shall need a locally convex Hausdorff topology on EQE
such that 4 and B be continuous. For this purpose, we shall
use the topologies € and 7 on tensor products.” Both topolo-
gies are defined hereafter.

The topology of E being defined by a family of semi-
norms (p; )., for each jeJ the following semi-norms are de-
finedon EQ E

pm,(p) =int| S p,(hp, ) with ¢ = LT

p—€(p)= sup{| (@A '®V')| with A'eV7}, v'e VJ"} ,
where V? specifies the absolute polar set of
V, = {xeE; p;,(x) < 1}. The topology 7 (resp. €) on E® E is
then defined by the semi-norms (7, ), (resp. (€;),c;)- EOE is
equipped with the induced topology by each of the two topo-
logies, noted by EQ,, E and EQ) E respectively.

Then, the mappings B:E—(E().E) X E and
A(EQ).E) X E—F are continuous and measurable for the
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Borel g—fields. By taking into account (16), the probability
measure Q = f(P,)on Fis deduced from the probability mea-
sure A°B (P,) on F by the translation of intensity reF. We
write formally

Q=AcB(Py,) +r. amn

The mappings 4 and S, being linear and transposable, and
considering (11), (12), and (13) we obtain

V(@b)eR?, W@b)=0B@b")) (18)

where 8 :R>—F " is the continuous transposed of 3,, and Q\
the Fourier transform of Q which is given by

VueF', Q(u)=exp(— i{ru))XBP(d (1)),
(19)

whered ":F'—~(E'QE )X E'C(E®.E) X E'isthecontinu-
ous transposed mapping of A. There is no difficulty in deter-
mining 3 ; and 4 ’; as a consequence, it only remains for us to
determine the Fourier transform B (P;)(4 ) of probability
B (P,) for any Ac(E'(DE ") X E'. We shall do so in the next
section, by considering a general case.

A
4. EXPLICIT EXPRESSION OF B(P)

Let E be a locally convex Hausdorff space equipped
with the Borel g—field. We suppose always that any bounded
and closed subset of E is complete (quasi-complete space),
and we shall consider only a probability measure P, having
the following regularity property: For any Borel subset # of
E, Ve, 3 a compact KC % :Py( S \K) < €. This probability
measure is sometimes called Radon measure; in particular,
any measure on the o—field of a separable metrizable com-
plete space is a Radon measure. Then in order to do easy
computation, we need, instead of E, a Hilbert space called
“the reproducing Hilbert space of E”.

Theorem 1: Let P, be a centered Radon probability
measure on a Borel o—field of a quasi-complete real locally
convex HausdorfT space E, such that for any continuous
semi-norm p on E

j [ p()]? dPyx) < co. 0)

Then there exists a linear continuous operator Cy:E "—E
called the covariance operator of P, such that

VupeE ', {Cou,v) = J (6,u) {x,0) dPy(x). QN
xcE

Proof: YuecE ', the mapping x— (x,u)x is continuous.

Then, for any compact subset K of E, the weak integral I (1)

= [ (x,u)x dPy(x) is defines as an element of E. Hence, if
K describes the set %~ of all compact subsets of E, all I (u)
belongs to a bounded set of E. Let us introduce on %~ the
filter with basis (Bx) where By = {K '€ %", K'DK }. Thenit
can be shown that (/. («)) is the basis of a Cauchy filter on
B, But B, is complete; hence the limit exists. Denoting this
limit as C,u, we obtain expression (21).

By definition, a Hilbertian subspace of E is a pair (H),
where H is a Hilbert space, and j is a linear continuous injec-
tion of H into E.

Corollary: With the notations of Theorem 1, there exists
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a Hilbertian subspace H of E such that C, = joj’, where
j':E'—H ' is the transposed mapping ofj, and wherep™' is the
Riess isomophism of H into its dual H '. This Hilbert space H
is called the reproducing Hilbert space of E.

Proof: C,is symmetric and positive. Hence the bilinear
map

[Cott,Cov] = (Cou,v). (22)

is a scalar product on the subspace ImC,, of E. The injection
Jj. of ImC, into E is continuous for the weak topology because
if (x,),—0 in ImC,, then [x,,Cov] = (x,,v)—0. Hence,
admits a continuous extension j of the completion H = Tm Z
of ImC, to E '*. In fact, ImjC E because any Cauchy se-
quence in ImCj, is a Cauchy sequence in the weak space £
and is bounded in E. j is injective because of the continuity of
Eq. (22). By an argument of topology, / is continuous for the
strong topology. We have VxeH, YveE ', [x,Co] = (jx,v).
Taking in particular x = pj'(1) with ucE’, we obtain

(i’ W)} = [pf' ), Covl = (Fu.Co0) e

= (ujCov) = {u,Cyv); hence joj' = C,

Remarks: 1) If C, is injective, thenj’ is injective; 2) if P,
is a Gaussian measure and if £ is a Banach space, this corol-
lary gives the result of Ref. 8; 3) if E is metrizable, it may be
proved as in the Banach case that the reproducing Hilbert
space H is separable; 4) if P, is a Gaussian measure, the
condition (20) is automatically satisfied by the integrability
theorem of X. Fernique.® o~ ‘

Let us apply this result to determine B (P), where B is
the nonlinear mapping as previously defined, and where P
denotes the Gaussian probability measure on E, deduced
from the centered Gaussian probability measure P, on E by
the translation of intensity jm,,, for any m,€H. The covar-
iance operator C, of Pis given by (21). The continuous injec-
tion j maps H into E, hence the map k = (j ®j) is continu-
ous and maps (HOH) X H into G = (EQ.E)XE. But H
being an Hilbert space, the dual of H® H is H(), H, where
we have identified H with its dual. Hence the transposed
mapping k' = (' ® /) Xj of kmaps G’ on (H®, H)X H; we
have the following scheme:

HOH)XH — G= (E@E)XE<—E

k=(jej))
HO,H)YXH — G'D(E'QE)XE".
k'=(j®jJ)

Let TG '—L '(E,P) be the linear mapping such that Vg'eG ',
TE)=¢ LyQy,y),g’) . Then, Vg'eG ', the Fourier transform
of B(P)isB (P)g") = & {exp[ — iT (g")]}.Underthesecondi-
tions, we have the following theorem.

Theorem 2: Under the previous and notations, the
Fourier transform B (P) of probability measure B (P) is the
uniformly continuous function on G’ which is written for
any g’ of (E'QE"YXE":

BP)g)=2o(k'g), (23)
with @ being the continuous function defined on
(H@,,H X H such that Y(6,,u H)e(HG),,H YXH

P (Oyopp) = {det(l +2i6,)})2
Xexp{ —i{my,my), — QA + 2i6,,)"
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Xy +imp), py — imy )y} (24)
where / =1/ — 1, det(1 +2i0,,) is the Fredholm determl-
nant'® of the element 8, eH@,,H at the point 2/, {,-) .
scalar product on the complexified space H “ = H + iH of H
such that (x,,x,) ;. = (x;,%,) 5.

Proof: Let R:H—L *(E,P)be the continuous linear map-
ping such that VveE ', R (v) = { y,v). Let b be the bilinear
symmetrical mapping of H X H in L '(E,P) such that
#,,u;,—Ru,, Ru,. Taking into account the universal proper-
ty of the symmetrical tensor product, b is factorized by the
linear mapping b: HOH—L (E,P) denoted by ROR. Be-
cause b is continuous, ROR .H@,H —L '(E,P) is continu-
ous. Hence the linear mapping S: (H@,H YXH—L'(E,P)
such that VBHGHG),,H Vu H: SOy py) = (RORXO)

+ R () is continuous. A simple calculation shows that for
Vg'e(E'QENXE'CG', T(g') = (S°k ') g). Because Sand
k' are continuous, T is continuous and thus, the Fourier
trgnsform™B (P} is continuous also and is such that

P)g) = @ (k'g) with @ (u) = & {exp[ — iS ()]}, whichis
continuous on (H(), H) X H. Let us now determine &. We
begin by assuming that 6 ,eH(OH. Let H, be a subspace of
finite dimension of H, generated by the orthonormal basis

{e;,....e,} of dimension ¢ and such that §,€H (DH, and
H“p€H,. An orthonormal basis of H (DH,, is
ek®ep

={e, ®e, if k=p or 12 (e ®¢,

+e,®¢) if k<p} (25

Decomposing &, on the basis defined by (25) and i, on the
basis {e, }, we obtain 8, =2, _,0%e.(De, with0% =6,
ifk =pand 0%, =1v'26,, if k <p, the 6,, being such that
Oy = 324,016 ®e,,and uy = 2, e, withp,

= (1 y+e; ) y- The restriction of RGR (resp. R ) to subspace
H,(©H, (resp.H,) is decomposed by the random variable
x ® x (resp. x) valued in H,(OH, (resp. H,). Hence we have

(ROR)Oy) = (x®x,0y )y and R (uy) = (x)4y) - Then
Vu = (Oy.up)e(H,(OH,) X H,, we obtain

DO py) =& lexp( —i{{Ox,x) + (Wx)}], (26)

with @ being the symmetrical real square matrix (g X g) of
element @, = 6,,, 'n = (U,,...,4,) and X = (x;,...,x,)
where x;, = (x,e, ). Let H; be the orthogonal of H, into
H. Then the restriction of p to H, is the identity mapping of
H, into H /H ;~H,. Taking m, = {my,e, )y and

‘m = (m,,...,m,), (26) can be written as follows:

@ Oupin) = [ @) exp( —i(OxX) + (x))

— }(x —m,x —m)} dx,

with dx = dx, X - X dx, . Grouping the terms and denoting
1, as the unity matrix (g X¢q) we obtain

D Oy ty) = {det[I, +2i0 ]}7'? exp{ — {(m,m)
— ([, +2i@ 1'(p + im),p + im)}

As a consequence, V8,eH(OH and Yu,eH, we obtain in
the limit
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POy ity) = {det(l +2i6,,)} 7
Xexp{ — %(mH’mH)H - ‘((1 +2i6,,)"
X(py +img)py —imy ), .} (27)
Recalling that @ is continuous and as a consequence
VO8,eH(®), H and Vu ,eH. @is given by (27) and is obtained
by continuous extension. For fixed 4 of C, the mapping
0 —det(1 + A8y) is continuous of HG), H in C (see Ref.
10); thus the exponential term of (27) is continuous. Finally,
since B (P) is continuous on (E'QE ') X E’, it is uniformly
continuous and according to a theorem of topology, it ex-
tends by continuity to the closure of (E'@QE")XE'in G’

5. EXPLICIT EXPRESSION OF W

Let us apply the results of Sec. 4 for the explicit determi-
nation of W defined by (18) and (19). The probability mea-
sure P, on the Borel o-field of E = C (S,R ") defined by the
process ( y,), is Gaussian with zero mean, and satisfies the
regular property and condition (20). On the other hand, we
assume henceforth that the covariance operator C,of Py is
injective. Taking into account (21) Yu = £, u,;b,€E " and
Vv =237 ub,eE’, we obtain

) = [ [ $ R,6HdGd . 09

=1

where (s,s) >R (s,s") = 27, _ | R; (5,5)b, ® b, is the auto-
correlation function defined on .S’ X § with values in R"(©)R"™
of the process ( y,). We have R; (s,5') = & [ y;(s)y,(s")] and
since ( p,) is time stationary we obtain for any s = (¢ ",u) and
sS'=0"u)ofS, R,(ss)=R,(t'—t",uu’). Considering
(18) and (19), it is enough to determine 3 and 4 ' and use
(23) and (24) by putting m,, = 0, P, being centered. After
completing the calculating, we obtain

V(a',b")eR2, W(@b')=0 @ +b') (29)

witha's, + b 'u,eF’ = M (S),u,andu,themeasuresdefined
in (10), and where Q is the Fourier transform of the probabil-
ity measure Q = f(P;). We have for any y of F':

QO () = [det(1 +2i(j 8/ )(@®)] ] exp| — i) ~ §

<[1+2i(j &))@ j'(gu). i (gm) .}, (30)
where geE '(OE ' and is such that ¥s,s'eS, fi(s,s") = p.
(u(s)®6,(s") with p, ¢, r as defined in Sec. 2 and &, the
Dirac measure at point s of S.

6. THE APPROXIMATION PROCEDURE

In its actual form, expression (30) cannot be calculated
numerically because it involves operators acting on space of
infiite dimension. Let ( 3,), be asequence of L [C (S),R?], 5,
having a finite rank. For all (a,b )R>, B, (2,0 )—f,(a,b) if
u—>oo An approximation of W = (8,°f) = (P,) is given by

=(B,°f)Po) =B,(Q) and then, Y(a',b")eR?,

W @bH=0QI[B. a’sb 1]. By the dominant convergence
theorem, we obtain W (a',b )—»W(a b "}if v— 0. Then, W,
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can be numerically calculated since 8 (a’,b ) belongs to a
finite—dimensional subspace of M (S). We now apply this ap-
proximation procedure. Taking into account point C of
Sec. 2, (10) can be written:

B.(2) = ( f 25)g,(15) ds, f 25)a(ts) ds). 31

The compact subset K, of S is discretized in v subsets 4s, ,
ke{1,v}. The center of 4s, is the point s, of K,. If v— oo,
max, |4s, |—0. For any zeC (S) we define

B.,@) = E Ukz(sk),

>, 6260, (32)
with v, = g,(t,5,)|45, |, ¥, = 82(2,5:)|4s;|. It can be easily
shown that 3, (z)—f,(z) when v— w0 and that Y(a',b )eR?,
Bia'b")=Z;_ (@v, +b'y,)d,, where §, is the Dirac
measure at the point s, of K, CS. It remains only to deter-
mine Q () given by the equation (30), with g in form of

= 2} _ 146, . The following result is then obtained for
fixed v>1 and Va' = (a',b )eR?

W,(a) = {det[I, +2iLO (&)L |}

X exp{ — ie(’) — ¥ [LN (@)]

X [1, +2iLO ('YL ]'LN (@)}, (33)
with:
g = vXm and I, the real unity matrix (g X ¢); (34)

L: the real triangular matrix (¢ X ¢) and ‘L the transposed
matrix such that C, = 'LL, where C, is the real square ma-
trix (¢ X ¢), symmetrical and positive definite and {C,},,
= (Cye, e, ). C, is the covariance operator defined by (28)
and

e, =06, b, p=(ky), ke[1,v}, je{1,m}, and pe{1,q4}; (35)
p=av, +b'v, (36)
k
da)= 3 wurls) 37

K=1k
o ) (a') the symmetrical real square matrix (g X ¢) of element
{ @ (al)}pp’ = ﬁkk ! (al) py Such thatp = (k’j), p,(k ,sjl);
pelLals kk'e( Lo}/ i Lm);

=~ _Oxfk#k and

T @) =p, Tk=F" (38)

N(a') =the column matrix of dimension g of element
{N(a")}, = q;(s: )1, such that
= (k.)) (39)
If R, :S X S—>R™@R" is continuous, then {Cpe,,e, )
= Ry (51,5, ) with p = (k, j),
=(k',j"), R}, being defined in (28) (40)

Remark 1: In order to obtain the result (33), we must
demonstrate that VOcE '@QE ' C(E®, E)' and denoting 6 as
the continuous linear operator of E in E’ canonically associ-
ated with 6, j'Qjp is the continuous linear operator of H in H
canonically associated with (j' @ /)6 )eH®, H. Denoting
M (S) as the space of finite linear combinations of Dirac
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measures on S generated by the basis {J, ,...,0,4}, We obtain
the result by adopting the finite dimension subspace

H, =M (S)®R"and E' = M (S,R ™), the basis of H, being
fe, =6, ®b;}, ke{l,v},je{1,m} and pe{1,q} wherepis the
index associated to the pair of indices (%, ).

Remark 2: We should note that another basis could be
used for H_ which would be the eigenfunctions of the covar-
iance operator C, of the process ( y,). Thus let z,,

= @ (5) dseM (S,R™), ¢ (s)=0if séK, CS. The eigenfunc-
tions of C, are solutions of @ (s) = A (Cqu,, )(5), 5€K,, where 4
is the characteristic number associated with @. Using equa-
tion (28), @ (s) = 2 | @, (s)b; is the solution of

e =4 z R (5,5 )p;(sHb; ds’,  sekK, 41
K jf =1
The kernel R, is symmetrical, real, and positive definite on
K, X K, (because C,is injective), all 4,4 ,,- are strictly posi-
tive, and the associated eigenfunctions ¢ ‘»’,@ ‘*,.- form an
orthonormal basis of L %(K,,R ™). We have (@ ?,p /)
=4,, with§,, the Kronecker symbol. Then the orthonor-
mal basis {e; | of H, issuch thate, =p_.,; thus e,
= @ P(s) ds if seK, and e = 0 if séK,; we have
(Coe; e, ) = 8,, A,. Under these conditions, expression
(33) for W, as well as (34), (35), (36), and (37) are un-
changed, but (38), (39), and (40) must be replaced by Eqgs.
(42), (43), and (44) respectively.

{0@)},, = (p S b, 08,.¢,0 e;,,>

= Nilpﬂ' 2' Be@ P 61, “42)

{N@)}, = (kgl é‘,} g8, ®b,-,e;>
= ,}; jg CRCRTAPILIOY “3)
{L},, =6,,V4i,. (44)

However, generally there is no analytical solution for Egs.
(41) and furthermore, from a numerical point of view, the
intergation with respect to K, C.S = R" ' isa (n + 1)-tuple
integral.

Remark 3: Expression (33) therefore enables a numeri-
cal calculation of an approximation of v-order of the prob-
ability density w. We shall denote by w, the probability den-
sity of the law of the random variable x,. Approximations of
v-order will be denoted by w, and w,, respectively. Since we
know W, givenby (33) for any (a’,b ') of R?, we obtain for any
(a,b) of R%:

+ oo

w,, (@) = 2—1— exp(iaa’) ﬁ\’,, (@’,0)da’, (45)
T -~ o
1 + = + o
w,(a,b)= o > Jl 3 J; 3 expli(aa’ + bb")]
X W, (a',b')da db’. (46)

A direct numerical integration of (45) and (46) can be con-
sidered, but it leads to very y complicated calculations because
using expression (33) for #,, it will be necessary to compute
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a very large number of inversions of complex non-Hermitian
matrices of order v. We have therefore worked out expres-
sions much more rapidly computed, which allow us to solve
a restricted number of eigenvalue problems of a real symem-
trical matrix. We shall not give the proof which is lengthy
but not difficult.? Let L be the matrix defined in (35). For
6€[0,27], we define the real matrices (g X g):U (@), V (0),
¥(6)and £2(9) such that g = vxXm; {U(9)},,

=6 (v, cosO + Uy sin@) p;, V(0)=2LU(O)'L; ¥(0)the
matrix of eigenvectors and {2 (6 ) the diagonal matrix of ei-
genvalues of V' (6). In that case, for ¢ > 4, we have for any a
and b of R

w,,(a) = %f " 12(p.0) cos(,(p,0) + pa)
X exp[ — ¥3(p,0)] dp, (CY))

1 T + o
0@h)= 5o J f p7x(p.8) cos(r(p,9)

+ pla cost + b sind)) exp[ — y,5(p,0)] dp d6.
(48)

with:
ri(p,0)= -1 i arctan[ pf2,,(8)] — pe(6)
p=1

+10°DO) (O)[1, +p*27(6)] ¥ (6)
XV (6)D(®),

rp8)= T 1 +p°22,0)] ",

p=1

¥a(p,0) =1 DO)¥ (O)[1, +p*27(6)] " ¥ (6)D(B),

where D(6 ) = LN (), whose pth element of the column ma-
trix N (6) of dimension ¢ is {N (6)}, = g;(s,)(v, cos6

+ v, sind) e(8) is the element of R such that

e(0) = 2; _ (s, )V, cosb + v, sind). The expression of
w, thus allows a numerical computation of (5), (6), (7), and
(8). Nevertheless, the direct numerical computation of (8),
can be very difficult. We shall thus given an approximate
expression for X, max i analytical form which leads to reason-
ably rapid numerical computations.

7. MEAN OF POSITIVE EXTREME VALUES OF THE
PROCESS (x,)

Let M,,, be the moment of order (p,q) of the random
variables x, and x,; Vp>0, Vg0, we have

M, = &(x%9). (49)

Then the mean of the positive extreme values X, of the
stationary centered process (x,) over the time 7 is given by
the following proposition:

Proposition: Assuming the hypothesis (7) and taking the
Hermite polynomial expansion restricted to the 4th order of

w, a numerical approximation X *,_ of X, . is given by
X_t'nax = M;(/)2’

(50
g=QInvyT)'? + 2w, TY" [y +In(1 + @)1,

with ¢ = 0.577--- the Euler constant,
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4
v, = QRm)'MGFM 2073 P = z aj(2 Inw, Ty

j=0

ay = £3MM 5;* —6M, M 55'M ;' — My M 5%)

a;= £(M12M261/2M031 - 30M253/2)

@y = MM 3'M ;' — MM 35* +2) eh
ay = MM 35>

a, = ilz(M40M262 -3)

Comments:

(1) We shall not give here the very long and much com-
plicated proof; the interested reader is referred to Ref. 2. The
principal of this proof consists in developing in Hermite
polynomials the probability density wy of the joint law of the
normalized random variables X, = M ;'"?x, and
Xr = M §;'/2%,. We obtain to the 4th order wy (1,£ ) dn d€

= a(ma(@)[1 + 2, 1 ¢, H, (H,(€)] dn dE, with
a(x) = Quy 2 exp( — x2/2); d Pa(x)/dx?

= (—1)°H,(x) a(x) and where the coefficients c,, are ex-
pressed as functions of the cumulant k,,, .

(2) If the transformation fof the problem under consid-
eration were linear, then the processes (x, ) and (x,) would be
Gaussian; under these conditions, we should have the classi-
cal expression g = (2 Invy 7)"? 4+ (2 Inv, T)Y 2.

Here, f'is nonlinear and as a consequence, the term
(2lnw, T)? In(s + @ ) of (50) occurs as a corrective term of
the linear case because the process (x,) is not Gaussian:

(3) Lastly, one should note that using (50) requires the
determination of the moments M,_, p,ge{1,4}. Although it
is possible to proceed without greatly difficulty to an analyt-
ical calculation of M,, and M,,, the direct analytical deter-
mination without using w of the other moments may be im-
possible. We shall therefore calculate the approximate
moments M * from the approximation for W, given by (33).
Using the approximation procedure it is obvious that
M * —M, whenv— . Valuesc;(6) for je{ 1,4} are defined
such that V6e[0,27]

(6) =1Tr[2(6)] + e(6) = Tr[U(O)C, ] + &),

c(6) = D(O)D(O) + } Tr[£2%(6)]

='N(0)C,N(©) +2 Te([(U(8)C,)* ], )
52

FIG. 1.
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FIG.2.

¢x(8) = DO (0)D(O) + 4 Tr[£2°(F)]
=2'N(@)C,U@B)C,N@)+§Tr([U©)C, ],

ci(0) ="DO)V*(6)DE) + | Tr[2*©6)]
=4N@)C,[U@)C,’N(@)+4 Tr([U©B)C,]H.

where C, is defined in (35), U(6), N (@), e(0), 2 (0), D(6),

V (0) are defined in Sec. 6, and Tr[-] is the trace of matrix [-].
Let X,(0), X,(0), X;(0) be such that, ¥&e[0,27]

X,(0) =ci(0) +cx(0),

X,(0) =ci(8) +3¢,(0)cx8) +3¢5(6), (53)

X:(0) = c}(8)cx(8) + 6c1(0)c2(0) +12¢,(6)caf6)
+3¢3(0) + 14c4(9).

In that case, the approximation M %, of order v of the mo-
ments M, is’
Mty =c (0 M =c\(7/2); M3, = X,(0);
M =X\(7/2);
M3 = Xy0); M3 = X;0) M3, = Xa(n/2);

(54)
MY = — iM% + (V2/3)[X(7/4) — X,(37/4)],

M*% = (1/3)[ Xy (7/4) + X,(37/4)]
—(1/6)[M% + ME].

8. NUMERICAL EXAMPLE
Let (p,) be a centered Gaussian process on S = [0,1]
with a given covariance function R, (s,s) = & [ p(s)y(s)]
= r exp( — 1.0655 ~%|s — 5'|) for s>5". The formula (47)
can be applied to compute an approximation w,, of the den-
sity w, of the distribution of the R-valued random variables
X

X= f (32 + g5y, — N gls) ds.

The results are represented by Figs. 1 and 2 and correspond
to the following values of g, ¢ and r:

Fig. 1: g(s) = 6.086s, g(s) = 2.480s%'%, r=0.02657.
Fig. 2: g(s) = 1.823s, gq(s) = 3.305s%°, r=0.19981.
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9. CONCLUDING REMARKS

The writer has developed a general computer program
that permits the calculation of w,,, w, given by (47) and (48),
the various M . moments given by (54), and X»*_ givenby
(50). This computer program has been used to study the
vibrations of structures due to effects of turbulent wind; the
numerical and practical results obtained on this point have
been published in Ref. 1.

We have presented in this paper an approach which is
constructive from a numerical point of view for solving sto-
chastic problems to which Markovian methods do not apply.
This method is general and can be used for other kinds of
stochastic problems.
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Factorization of operators I. Miura transformations
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The method of factorization of operators, which has been used to derive the Miura transformation
of the KdV equation, is here extended to some third-order scattering operators, and
transformations between several fifth-order nonlinear evolution equations are derived. Further

applications are discussed.

1. INTRODUCTION

It has been known for some time'-? that the Miura
transformation®

u=uv, —v* (1.1

(where v, = [3"/3x"]v), which relates solutions of the
Korteweg—de Vries (KdV) and modified Korteweg—de Vries
(MKdV) equations

u, = u; +6uu,

(1.2)

v, = vy — 607,

may be derived by factorizing the scattering operator for the
KdV equation. From this factorization one may also derive
Wadati’s* scattering problem for the MKdV equation, as
will be shown below.

In this paper we use this approach to investigate two
fifth-order nonlinear evolution equations, deriving Miura
transformations between them and a single “modified”
equation, and a Lax pair of operators for the modified
equation.

The Hamiltonian structures of these equations are
shown to be related by the Miura transformation, and this
approach permits a verification of the validity of the Miura
transformation which is simpler than the direct method.

Of course, the original development of the inverse scat-
tering transform proceeded via a linearization of the Ricatti
equation (1.1) to give the Schrodinger operator.” We show
here, however, that it is not always possible to proceed in this
manner, the relationship between Miura transformations
and scattering operators being more complicated in general.

2. THE SCHRODINGER OPERATOR

To illustrate the method of factorization we consider
the operator

L=& +u, @1
where

g=a, =2

ox

We require that this should be equal to

L'=@—-v)d +v). 2.2)
An elementary computation gives

u=uv,—v% 2.3)

which is the transformation discovered by Miura.?
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A. Hamiltonian structures

To derive the transformed equation, we consider the
Hamiltonian structure of the KdV equation.® The equation
possesses infinite sets, both of conserved quantities and of
Poisson brackets

(F,G}, =f OF 119G 4y, (2.4

- Ou Su

where the skew adjoint operator
I, = (32 +4u +2u,j )"a @.5)

is the “Poisson operator”. The conserved quantities are in
involution with respect to any one of the I7,,.

The KdV equation may be generated by the
Hamiltonian

H= f Lu’dx (2.6)
and the Poisson operator /7,
u, =11, —511- = u; + 6uu,. 2.7
bu
Now v satisfies some Hamiltonian equation
o =11, %%, @8)
v

where the Poisson operator /7, and the Hamiltonian K are to
be determined. The natural construction for X is to express
the Hamiltonian H in terms of v

Kvl=H[v, —v*]= 'ro J0} + vh) dx. .9

Now, quite generally, a Miura transformation of the form

u = F[v] (2.10)
implies
u, =F'[v]y,
= F'{vlil, 8K
v
OH
=F'[wI,F' [wD' s rro1—
ou
—1, SH (2.11)

Su’
where the operator F'[v] is the usual Fréchet derivative of
F[v].
For all the systems discussed in this paper, it is a re-
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markable fact that there exist differential operators 11, and
1T, which are related in this fashion, for if we take /7, as — J,
then the Poisson operator /7, must be

”u = (a —21))( - a)(a_2u)T|u=u. —

= [63 +4(v1 - vZ)a +2(v2 —2901) ] ,u: v, — U2
(2.12)
which is just the operator /7.

The relationship between the factorizations (2.2) and
(2.12), of the scattering operator and the Poisson operator
respectively, possibly deserves further investigation. Equa-
tion (2.8) now becomes

v, = vy —6V%,. (2.13)

B. The eigenvalue problem

The operator (2.2) gives rise to the second eigenvalue
problem

@—v)@ +vyw=_%. (02 14),
¥\ (4 +6(v, — v")3 + 3(v, — 2vv)
I (¢) - ( 0 4P —6(v,

where the matrix on the right may clearly be rewritten as a
matrix of polynomials in &, v, and its derivatives, which is
often more convenient for applications.

3. SOME THIRD ORDER OPERATORS

Two fifth order nonlinear evolution equations which
are of some interest are

U, = Us + Suuy + Suu, + 5u’u,, (3.1a)
w, = ws + 10ww; + 25w,w, + 20ww,. (3.1b)

The first of these is due to Sawada and Kotera’ and Gibbon®
while the second is due to Kupershmidt.® They both have
Lax representations

L =I[LG], (3.22)
M, = [MK], (3.2b)
where
L=3%+ud,
(3.3a)
G =93° +15ud> +15u,8% + (5u* +10u,)d
and
M=3%+2wd + w,,
(3.3b)

K=93°+30wd?* +45 w,3*
+ (20w? 435 w,)3 + (10w, +20 ww,).

We factorize the scattering operators L and M as follows:
L =(3@—v)d + v)d, (3.4a)
M= (3 +v)3(@—v), (3.4b)

where the choice of the same notation, v, for the new varia-

bles in the two cases will be justified below.

2509 J. Math. Phys., Vol. 21, No. 10, October 1980

This may be decomposed into the pair of first-order
equations

@ +uyp =59

(@ —v)p =3y
By introducing ¢, = ¢ + ¢ and . = ¥ — ¢, we would get

o) =G )G
¥ v =4/ \gs’
which is the Zakharov-Shabat eigenvalue problem, first in-
troduced in this context by Wadati.* The form (2.15), how-
ever, is more convenient for the purpose of this paper.

The time evolution of ¢ is clearly given by

¥, = (43 +6ud + 3u )y

(2.15)

(2.16)

= (48" + 6(v; — v})3 + 3(v, — 2w )Y, 2.17)

while that of ¢ is given by

¢, = [48° —6(v, + v*)d —3(v, +2m)) 1¢. (2.18)
Hence

y )¢)

’ 2.19

+ )3 + 3, +2w,) /) \¢ (2.19)
l The Miura transformations are seen to be

u=uv, —v’=Pv], (3.5a)

w= —v, —W=0[l (3.5b)

The Poisson operators for the systems (3.1a) and (3.1b) are
IT, = & +4ud +2u,, (3.62)
n, =3 +2wd +w,. (3.6b)
They generate Eqgs. (3.1a) and (3.1b) from the Hamiltonians

H, =f Yu? — 3ul) dx (3.7a)

Hy :f 8w — 3w?) dx. (3.7b)

Now the Poisson operators may be factorized, as in Sec. 2,
giving
I, =(@—-2v)(—d(—3— )
= (PP, (3.8a)
11, =(—3d—v)(— 33 ~v)=(QWILXQ" (3.8b)
It may be observed that the transformed Poisson operator

T, is the same in both cases. The Hamiltonians H; and H,
both transform into a single functional

H, =j — 030 + 5} +1501° + % dx. (3.9)

Hence the transformed equation is
v, =11, gli
v
=(— N — vy + 50,0, + Svv} + Sv*w, — vd)
=vs —5(vv3 + v + v +4ov, + vy — v'p,). (3.10)
That the factorizations (3.4a) and (3.4b) lead to a single evo-
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evolution equation in v justifies the notation adopted in
equations (3.4). The validity of the Miura transformations
may be verified by direct substitution, but such a calculation
is much more cumbersome than the method used here.

A. The eigenvalue problem
The system of three first-order equations

@—v)=_Ly,
dy = &9, (3.11)
@ +v)y=_9,
may, by elimination, be reduced to any one of
@ +v)d (@~ v)p=¢3,
@ —v)@ +v)dy=¢3y, 3.12)

3@ —v)@ + v =,
which are, respectively, the eigenvalue problems of the Ku-
pershmidt operator M, the Gibbon operator L, and the oper-
ator (— L)

The existence of only a single fifth-order isospectral
flow, (3.10), for the operators (3.4a) and (3.4b), is thus seen
to be a consequence of these being merely different scalar
representations of the single system (3.11).

The time evolution of the column vector (¢,y,¥) " is
given by

[/ K ©0 0 (]

dlyl=10 G 0 xl

v, 0 0 -—-GY\w
where G and K are given by (3.3a) and (3.3b), respectively,
but expressed in terms of v by means of Egs. (3.5a) and
(3.5b).

The integrability condition for Egs. (3.11) and (3.13) is
just Eq. (3.10), as may be verified directly.

(3.13)
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4. CONCLUSIONS

The equations considered in Sec. 3 do not, at first sight,
seem to be connected. The factorization method, however,
brings out the relationship between them quite simply, and
can further be used to derive a Backlund transformation!?
between Egs. (3.1a) and (3.1b).

Using these methods, ! we have also studied the general
scalar third-order differential operator

B=3*4+ud +w, 4.1)

for which the Boussinesq equation'? is an isospectral flow.
Further generalizations, including the case when the
scattering operator is of higher order, are being considered.
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A singular integral equation in two degrees of freedom is defined. Its structure is similar to Bars—
Durgut equation for baryons in two dimensions. It admits polynomial eigenfunctions and its
spectrum can be studied exactly. A comparison with numerical data available for the baryon
equation shows strong similarities. The asymptotic behavior of the eigenvalues for high quantum
numbers is studied in the semiclassical approximation and it is found to be in good agreement with
the exact spectrum. A peculiar feature of this model is the presence of a transition from a region of
periodic classical orbits with constant frequency (straight Regge trajectories in the spectrum) to a
regime of aperiodic orbits (nearly parabolic trajectories).

INTRODUCTION

A singular integral equation for the bound states of
three quarks (baryons) in two space-time dimensions was
introduced by Bars' in the context of the quantum string
theory and later derived by Durgut? as a planar approxima-
tion of QCD. Webber® gave a numerical solution of this
equation in the special case of vanishing quark masses.

The object of the present paper is to introduce a modi-
fied equation which admits polynomial eigenfunctions and
whose spectrum can be studied exactly. The interest of such
an equation is twofold. First of all, this soluble model can be
taken as a rough approximation of the Bars-Durgut equa-
tion: it is plausible that this latter can be studied more easily
in the basis where our modified operator is diagonal. Our
operator may also provide a “reference’ operator in terms of
which one could prove that the Bars—Durgut operator has a
compact inverse, hence a purely discrete spectrum, as was
done by Federbush and Tromba* for *t Hooft’s meson equa-
tion. Secondly, our model has some mathematical interest of
its own: it gives an example of a pseudodifferential operator
whose classical analogue (principal symbol) exhibits a tran-
sition from a regime of periodic orbits with constant frequen-
cy to another regime of aperiodic orbits. Our analysis shows
that the asymptotic spectrum is similarly characterized by
two regimes, one with straight Regge trajectories and one
with parabolic trajectories. Both regimes can be understood
in terms of a semiclassical approximation, but a detailed de-
scription fo the boundary layer between the two regions
seems to be beyond the reach of the semiclassical
approximation.

The paper is organized as follows. In Sec. 1 the modified
integral equation is introduced and it is proved that it admits
a basis of polynomial eigenfunctions. It is then shown that
the equation is equivalent to the eigenvalue equation for the
operator }|M,| + }|M,| + }|M,|, where M, are the compo-
nents of the standard (orbital) angular momentum operator
acting on a suitable subset of harmonic polynomials. This
fact provides a simple group-theoretical method to calculate
the spectrum, which turns out to be qualitatively very close
to that of the Bars—Durgut equation (Sec. 2). The asymptotic
behavior of eigenvalues has been explored numerically (we
computed the first 2556 eigenvalues); this is discussed in Sec.
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3A. The semiclassical approximation is derived in Sec. 3B
and compared with the exact spectrum. Details about the
calculation of the action variables are given in the Appendix.

All the numerical work was done by my colleague and
friend Mario Casartelli on the CDC7600 of CINECA (Bolo-
gna). A relevant portion of this paper has been made possible
by his generous collaboration.

1.THE MODEL
A. The modified Bars-Durgut equation

The Bars—-Durgut equation describing three-quark
bound states can be written as follows:

(ﬂ+ %+ %—)rﬁ(x,yz)

' _L(i)zfﬁ"tﬁ(@,l—w—u) dos

2 \ 9x o —Xx
_L(_a_) el —o—x)
2\dy/xJo w—y
SL(2) f Ttizemme,
2\9z/, )b w—2z
=u’¢ (x, 2), 0))

where x, y, z are confined to the triangle x>0, y>0, z>0,

x 4+ y + z = 1; (3/9x), means partial derivative at z con-
stant; f denotes Cauchy principal parts; u? is the eigenvalue
(squared baryon mass in units 8g°/37). ¢ (x,y,z) must vanish
on the boundary (except for a, = @, = a; = —1) and its
norm is defined by

617 = fdxdydzstc+y+2-D|6 CpDI% @

We shall study the following modified equation

SYxp.2) = (s + Y(x.p.2), €))
where

S=8,+5+5, )

S1¥)x.p:2)
1 —x
V(L) f sl e,
s ay x JO o —y
(4a)
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(S:1)(x,.2)

= — i‘\/;(i) T ¢(1*‘0—.V»y,0)) da)
T 0z /7, Jo

w—2Z
(4b)
S59)(x.p,2)
__ IO [Tl —e—zz)
- T \/xy( ox )ZJE o —Xx e,
(4¢)

with the same conventions as above, except for the new L~
norm

Il = 1 dx dydz

— S(x+y+z—-1)|¢x, 2,

27 ) oo ” (x+y+ ) ¥(x.p.2) |
(5)

(The eigenvalue is denoted by s + 3 in order to have s = 0 as

the ground state). It is easily shown that S is Hermitian and

positive definite (as a quadratic form) in the domain Dy

which is the (Friedrich) extension of

Dy = {¢|¢ = (xpz)"/* X polynomial}.
In fact, by writing ¥ = (xyz)"o(x,p,2), we find

(¢’S3¢)
= [|#1* + 4—1”-'[)1 dz\/;f *zdw\/w(l —w—2)

1
0
Jd —z , ‘\/—’_1_—'—_)- 1
X \ do' Vo'(l —e' —z p
X[ ow,] —w —2) — o', —o' —272) ]2
o —o

>[4, (6)
and analogous relations are valid for .S, and S,. Since S'is
bounded from below, a self-adjoint extension of § exists
(Friedrich’s extension). The following theorem essentially
says that we do not have to worry too much about function-
al-analytic details.

Theorem 1: S admits a basis of eigenfunctions of the
form ¥(x,p,z) = (xyz)"/*P(x,p,z), with P a homogeneous
polynomial.

Proof: we shall make use of the well-known identity

1 (' dy

TJo y—Xx

(1 -1

Pl

= =8 (e o

k=0
which can be easily proven by contour deformation in the
complex y—plane. Now we shall prove that
(xyz) =28 (xyz)'/*P (x,p,2) is a polynomial of degree not ex-
ceeding the degree of P. To do this it is sufficient to consider
the special case P = x°y’z° and to calculate the action of Sj,
the other two terms being obtained by permutation of varia-
bles. We have

S,(xp2)' x bz
C V(L) e e
T ox /. b w—x

X(l _w_z)b+l/22,c+l/2

2512 J. Math. Phys., Vol. 21, No. 10, October 1880

- -~ LV —z)a+b+1(i)
T ox J;
1 1,2
d§ [5(1 g)]rl é—a(l _§)b, (8)

o &—x(1—2)
where we have defined @ = (1 — 2)£. By Eq. (7), the integral
in Eq. (8) is given by a polynomial of degreea + b + 1 in the
variable x(1 — z) ~'. The factor (1 — z)* ¥ *! reducesittoa
homogeneous polynomial of degree a + b 4 1 in x and
(1 — z). The derivative with respect to x gives a homogen-
eous polynomial of degree a + b and the final result is a ho-
mogeneous polynomial of degree a + b + ¢ times (xyz)'>.
Since S is Hermitian it follows that it is diagonalizable in
each subspace, {(xyz)'*P,(x,,z)}, with P, homogeneous of
degree n (n =0,1,2,...).

B. Connection with orbital angular momentum

The eigenvalue problem for S'is now reduced to an alge-
braic one. The degree n is a “good quantum number,” while
it is only an “approximate” one for the Bars—-Durgut equa-
tion, as found by Webber.? However we have to take into
account the fact that x, y and z are not independent, which
establishes an equivalence relation P~ Q if P-Q vanishes for
x +y +z = 1. In Ref. 3 the choice was made to eliminate
one variable as a function of the others, but this destroys the
manifest cyclic symmetry of the triangle. We shall instead
make a change of variables which will uncover a simpler
geometrical description of S and will provide a straightfor-
ward method for its diagonalization.

Let us map the triangle x + y + z = 1 onto an octant of
the unit sphere by introducing new variables x,, x,, x; as
follows:

x = x,? = (sinf cosg )?

0<oir
y = x,° = (sind sing ) ®
O<p<ir.
Z = X3 = cos’0
The norm of ¢ is given by
1 f dx dy 2
2 Xy, ,1 —X—
9P = 57 | T g | ot =5 =)
2 T/ 2 7/2
= —f sind d6 de |¥(6,9))% (10)
mT Jo (o]

which means that ¥ is normalized with respect to the ordi-
nary Lebesgue measure on the first octant.
Let us calculate the action of S; in the new variables;

since (3/dx), = — (sin2¢ sin’0) ~' 3 /dp, we have
S:¥)0.¢)
14
=~ e
¢ ¥(n,1 — 7 — cos?d,cos?6) d
7
o 7 — sin%6 cos’p
1 4
27 dp
X:F __M_z_ d (cos’"), an
(]

cos’g’ — cos’p

X
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having defined % = sin’6 cos’p. By introducing § = cos2g,
£ = cos2¢’, Eq. (11) is finally reduced to the form

(S;¥)6.9)

— _(1 2)1/2 a

-1
_-_L—W 64c0s” &) 4r /7, (12)
—1 —
with ¥ vanishing at £ = i 1. Eg. (12) is well known to ad-
mit the Chebyshev polynomials of the II kind as eigenfunc-
tions.> ¢ It follows that S, satisfies the eigenvalue equation

S5[4 (8) sin(2(n + D@ )] = (n + D[A (0) sin(2(n + D )],
(13)
with arbitary A (6 ). We can then identify S; with the pseudo-
differential operator 4|3 /d@| = i[ — (8 /9p)’]'”* with van-
ishing boundary conditions at ¢ = 0 and @ = }7. Since
— i /3¢ is the angular momentum operator

M, = +i(x,d/dx, — x, 3/x,), it is obvious by symmetry
that we shall find:

Theorem 2: The singular integral operator S is unitarily
equivalent to the pseudodifferential operator
{|M,| + §|M,| + §|M;| acting on the unit sphere with van-
ishing boundary conditions for x,x,x; = 0.

Now, by Theorem ! we know that the eigenfunctions of
S are of the form

¥ (x) = x 0% P (x] x5 %3). (14

It is then convenient to consider the operator S defined on
the whole unit sphere, provided that we restrict its domain to
the linear manifold % C L,(S *) spanned by polynomials of
this kind. Let us observe that & is not invariant under rota-
tions, but it is invariant under M2 = M3 + M3 + M3
which commutes with S. We can then find a common orth-
onormal basis by requiring ¥ to be harmonic. We now recog-
nize that the “good quantum number” # can be interpreted

TABLE 1. O, multiplicities in & C %

n 1 u(sii) u(4l|z) w(MZ)
G 3 1 0 8]
1 5 a 0 1
2 7 1 0 1
3 g 1 1 4
4 11 1 0 2
5 13 1 1 2

S|+ 12) = w(S|1y + 1

(Al Z+ 12) = w42y + 1

(M| 2+ 12) = u(M|2) + 2
2513 J. Math. Phys., Vol. 21, No. 10, October 1980

in terms of angular momentum. The subspace of harmonic
polynomials of the type given in Eq. (14) with Pa polynomial
of degree n corresponds to M > = I (I + 1) with / = 2n +3.
We shall see later that the Bars-Durgut Hamiltonian can
also be expressed in terms of angular momentum operators,
but it contains also the coordinates x;, and it does not com-
mute with M 2.

2. GROUP THEORETICAL CALCULATION OF THE
SPECTRUM

A good deal of information about the spectrum can be
obtained by symmetry arguments. The operator § = 12| M, |
breaks rotational invariance, but it has nonetheless some
symmetry; precisely the full rotation group O(3) is reduced
to the discrete symmetry O, of the octahedron. It follows
that each subspace 2 of total angular momentumn / must
be reduced with respect to O, and only the representations
contained in & [i.e., compatible with Eq. (14)] retained.
This is an elementary problem in group theory (see Ref. 7)
which was solved by Bethe fifty years ago and applied to the
splitting of atomic levels in a cubic crystal. First of all we
notice that only the representations 4,,,, 4,, and E, (in
chemists’ notation) are compatible with Eq. (14). In fact, the
reflections o, (x— — x), o,( y— — y) and 05(z— — z) are re-
presented by minus the identity in %, which rules out all
other representations. The dimension 2/ + 1 of 2/ is re-
duced to {(/ — 1) (recall that only odd values of / are allowed
in #). Actually O, is “too big” for S, the maximal symmetry
group being in fact the permutation group in three objects.
What we gain in considering O, is that the reduction from
0(3) to O,, can be readily found in the literature. The multi-
plicities u(-|/) of 4,,,, A,, and E, can now be found by stan-
dard methods (see Table I). These are actually the same mul-
tiplicities found by Webber for the Bars—Durgut equation, if
we identify 4,,=4, 4, =S, E,=M, with notations of Ref.
3 (which we shall adopt from now on).

Now we can calculate the first few eigenvalues of .S,
with almost no more effort. In fact, let ¥ = Zq, Y belong
to the representation S or 4 and suppose that the representa-
tion has multiplicity one in 2, By Schur’s lemma ¥ is an
eigenfunction of S and the eigenvalue s + 3 is calculated as
follows:

_wsy) 1 (M|
= ) 22 (%, %)
_3@IM| )
2 (%)

23 K lal/3 a5

If¥,, ¥,belongtoMand u(M |I) = 1, ¥, and ¥, are degen-
erate eigenfunctions and the eigenvalue can be found by tak-
ing half the trace of S. In this way we find the first few eigen-
values as reported in Table II. The basis functions were taken
from Bradley and Cracknell.® The case # = 4 already needs
some deeper analysis, because M occurs twice.

The spectrum calculated so far is already sufficient to
allow a comparison with Webber’s numerical results [see
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TABLE II. The low energy spectrum of S obtained through the reduction O (3)/0, .

n [/ s a bﬂ
0 3 0 S 13,1>
1 5 3/2 M |s,1> 5 |s5,2>
2 7 22/8 s cosa [7,1> + sina |7,3>
25/8 M -sina |7,1> + cosa |[7.,3> ; |7,2>
3 8 67/16 M cosB |9,2> + sinB |9,4> ; cosy ‘9,1> + siny |9,3>
76/16 A -sinB |9,2> + cosg |3,4>
78/16 s -siny |8,1> + cosy |8.,3>
4 11 894/128 S o |11,1> + o] 11,3> « t{11,5>
736/128 M
837/128 M
i l7.,k> =V1 (Y;K- Y}2k] ; cosa = Y13/28 ; cosB = V7724 ; cosy = V13716
o =V/B1/384 ; 1= /133/384 ; p= V/170/364 ;

a: symmetry type; b:eigenfunctions.

Figs. 1(a) and 1(b) which contain data from Ref. 3; eigenval-
ues with n>5 are taken from Table III of next section]. We
notice that the spectrum can be interpreted in terms of
“Regge trajectories” which connect eigenvalues belonging
to the same O, representation; only even or odd values of n
belong to a given trajectory. From this point of view the
structure of the spectrum is very similar to that of the Bars—
Durgut equation. We believe that our model should be an
even better approximation for the baryon equation with no
potential term (@, = 0), but we do not have explicit results in
this direction. The only qualitative difference is given by a
lower spreading of multiplets in our model, which means
that our operator breaks O(3) invariance to a lesser extent; as
a consequence there is no crossing of levels 45 < 34. Let us
observe that the Bars—-Durgut equation can also be studied
on the sphere S 2. In terms of angular momentum operators it
is given by
(i’;— e, @ )¢ (5 1x0%)
X X3

X3
+ (xyxpx3) ~ 12 2 X ’Mi |(x1x2x3)*‘/2¢ =p’d. (16)

An approximate solution of this equation starting on this
representation is now being tried. Results (if any) will be
reported elsewhere.

3. THE ASYMPTOTIC SPECTRUM
A. Numerical calculation of the spectrum
To calculate higher eigenvalues group theory is not suf-
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ficient any more, because of multiplicities higher than one.
We shall then resort to a numerical calculation which is
based on the following preliminaries:

(i) an orthonormal basis in #Z is given by

Y= vl —Y' ), I=2n+3, l<k<n+l;
2
17
(ii) M ? are represented by the matrices
&4 i',,M§@1)=45,,.5kk.k2 (18a)

& MY W)= 1661 111 i+ - kQk+1)]

X[HI+1)— (k+1D2k+1) ]

+ (k——k )+ 3 +1) —4k* 18 b - (18b)
(M ? has the same diagonal as M ] and opposite off-diagonal
terms). We omit the proofs of (i) and (ii), which are elemen-
tary. The problem is now reduced to a purely algebraic one,
which can be easily solved numerically. This was doneon a
computer up to n = 70.° For lack of space we report only the
eigenvalues for n< 12 in Table 3 and a typical example for
high n in Table 4. The numerical calculation seems to be very
accurate; no instabilities arise even for n = 70. A simple
check is given by comparing the average computed eigenval-
ue with the exact average: ({ZM,) = 3(|M;]|)

= 3(n +2)/2. The numerical value agrees with this to all
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FIG. 1(a) Low energy spectrum of Bars—Durgut equation (from Ref. 3). (b) Low energy spectrum of S.

significant figures (see Table IV). Going to lower eigenvalues this is no longer true and the
In columns A and B of Table 1V the eigenvalues are writ-  spectrum is more difficult to understand. We notice that the
ten in units of §4/3. This shows that the highest eigenvalues  symmetry type of the eigenstates changes periodically as S-
are almost equally spaced with a gap §1/3. This is easy to M-M-A-S-M-M-A-S--.-. Neighbor 4-§ states tend to become
understand: these states are very sharply peaked along the degenerate when the eigenvalue is high enough (for a given
direction (1,1,1) in M space, which implies that .S cannot be n) while for low eigenvalues there is a tendency to form al-
distinguished from }v/3|M-fi| [where / = 3 ~'/*(1,1,1)]. most degenerate S-M or M-A triplets. To have an idea of the
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TABLE III. The eigenvalues of S up to #n = 12,

n l ] n 7 s

0 3 0 5 9 21  11.9312383 M

. 1 s y 12.2011545 A

12.9439258 g

2 7 2.75 3 13.4827015 M

3.125 M 14.3238705 M

. 4 187s " 15.1858694 A

2. | 15.1874338 S

4.875 s 10 23 13.1211911 %

4 11 5.421875 S 13.3231967 M

. . 14.4466523 W

S 5390825 15.1358032 A

15.2581500 S

5 13 6.8182335 16.0539443 M

7.2656250 A 16.9186345 N
7.5703125 S

6 3627997 11 25  14.4186363 N

14.8282278 A

5§ 15 8.0375448 g 15.6208142 5

8.3242959 1 16.0926378 M

9.1849613 N 16.9283504 M

9.9843750 A 17.7814478 A

9.9995646 S 17.7883491 S

7 17 9.3996024 M 18.6508560 M

9.7480463 A 12 27  15.5978308 S

10.26468484 S 15.7630009 M

10.8708908 M 17.0840932 M

11.7231592 N 17.6908938 A

8 19  10.6027029 S 17.9085842 3

10.8464670 M 18.6546207

11.8036483 M 13.5169432

12.5664062 A 20.3826171 A

12.6211130 s 20.3827723 3
13.4547730 M

structure of the whole spectrum see Fig. 2: a 45° oblique axis
has been chosen in order to be able to draw the spectrum up
ton = 50.

The general tendency of eigenvalues for growing # is to
arrange themselves into a regular lattice on the right of the
diagram, with a lattice spacing 11/3. In the other region (on
the left) there is a tendency to form degenerate trajectories S-
M-M-A which are approximately parabolic. Any given
Regge trajectory starts as a straight line with a slope 4v/3/g
(referred to orthogonal axes) but is bound to merge with
other trajectories and become parabolic. It should also be
noticed that distinct trajectoreis never intersect. This asymp-
totic structure will be (almost completely) understood by the
semiclassical approximation. We should stress that the as-
ymptotic spectrum of the Bars—Durgut equation is probably
totally different; we expect straight trajectories (for a; = 0)

2516 J. Math. Phys., Vol. 21, No. 10, October 1980

with a slope [(v/2)7%] ~* (7 ~2 is the slope for the meson
trajectory).

B. The semiclassical approximation

The classical analogue of our singular integral equation
is most simply found from its expression in terms of angular
momentum operators. We have to interpret M, as classical
functions on the phase space 7'*S ?, i.e., the phase space of a
point particle constrained to the surface of the unit sphere in
R*. We ignore for the moment the presence of boundaries;
this will be taken into account later by suitably identifying
points on the sphere. The relevant classical dynamical varia-
bles are the position x, the momentum p and the angular
momentum M related by the following equations

E. Onofri 2516



TABLE 1V. Sample eigenvalues for high n.

n = 50 n = 61 A B
538,2640887 S
59.27888388 M
63.5473144 M 60.3789627
63.6870082 A 60.3334048
66.5811683 S 64.8005563
66.6648279 M 64.8383140
68.7574642 M 67.818305¢0
68.9475348 A 67.8001087 -
70.2235470 S 653.9568926 84.55
70.5743412 M 70.1251827 84.96
71.5703533 M 71.6247572 86.106
72.2536107 A 72.0087148 86.885 86.413
72.468398872 S 72.6911082 87.138 87 .401
73.2167248 M 73.2356125 88.007 88.028
74.0781501 M 74.0977334 88.002 83.025
74.9382183 A 74.91886671 89.986 869.873
74.9460458 S 74.39733688 S80.004 90.0386
75.8083787 M 75.8093200 91.00007 51.001
76.6743484 M 76.6745518 82.00001 892.0002
77.5403366 A 77.5399159 892.98937 92.9985
77.54033918 S 77.5408850 93.00003 83.0008
78.4063882 M 78.4063842 94.0000003 94.,000007
79.2724134 M 79.2724143 g5.0000000 95.000001
80.1384387 A 80.1384366 95.999888¢9 95.,9939998
80.1384388 5 80.1384411 96.0000000 896.000003
81.0044642 M 81.0044642 S7.0000000 97.0000000
81.87048396 M 81.8704896 98.0000000 98.0000000
82.7365150 A 82.7365150 99.0000000 99.0000000
82.7365150 S 82.7365150 99.0000000 99.,00080000
83.6025404 M 83.6025404 100.0000000 4100.0000000
84.4685658 M 84.4685658 101.00008080G0 101.0000000
85.3345912 A 85.3345912 102.0000000 102 .0000008
85.3345912 S 85.3345812 102.0000000 102 .0000000
86.2006166 M 86.20061686 103.0000000 103.0000000
M 87.0666420 104.0000000
A 87.9326674 105.0000000
S 87.9326674 105.0000000
A: (s+3)/w , n=50 , w = 1V/3
B: (s+3)/w , n=51
xx =1 If we fix M, the point in phase space is identified up to an
px=0 angle (see Fig. 3).
M =xAp, (19) The Hamiltonian is given by H, = 12| M, | and there s
o a constant of the motion M > = ZM 2, The motion must then
which imply take place in the intersection of the two surfaces H, = E,
p=MAx M ? = ]?%, where the numerical values of E are confined to the
pp = M:M. (20) range }J/<E<L(v/'3)l. The energy surface has the shape of an
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FIG. 2. The spectrum of S up to n = 50.

octahedron in M space and its intersection 2, with the
sphere M ? = /2 can be of two kinds (see Fig. 4):

(1) § < E <3(v'2)I: 2, has six components, each con-

nected component being a cusped loop around the coordi-
nate axis;

Q) UV'2 < E <}lv/3: 3, has eight components, each
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FIG. 3. Classical variables on the unit sphere.

connected component being a circle surrounding one of the
directions (+ 1, + 1, 4+ 1).

The two regions in phase space corresponding to (1)
and (2) have rather different dynamical properties. In region
(1) the components of M change sign during the motion,
while in region (2) they do not. As a consequence in region
(2) the Hamiltonian coincides with the component of M
along one of the directions ( + 1, + 1, + 1). The Hamilton-
ian flow in this region is then given by a uniform rotation
along a fixed axis with constant angular velocity & = 1v/3.
The action along a trajectory is easily calculated:

x=leAx (¢, =sgnM))
@n
T T E
§p-dx=f p-)‘(dt:%J- eMdt =2r—,
(] (4]

@

which gives a quantization condition E = mao’

(m =Ll —1,] —2,...). This estimate should work for
(2/3)"*l < m<l. In the region where this formula applies we
expect degeneracy of energy levels (with same m but differ-
ent/). Thisis in very good agreement with the observed spec-
trum: it corresponds to the region of straight Regge trajec-
tories. The part of the spectrum characterized by parabolic
trajectories will now be shown to be related to the other
region in classical phase space (1). Here the orbits cannot be
calculated so simply, because the components M, change
sign; actually we only need to calculate the action variables
and this can be done explicitly (see Appendix). The result
(taking into account the fact that x is confined to the first

2519 J. Math. Phys., Vol. 21, No. 10, October 1980

octant) is the following:

4E _ E— (%12 . E2)l/2
#\/'3' E+3(£12 _E2)1/2

2, (E+1DIE- Q2 —EY)"]

7 I+ UE—E>+ G+ E)Q2—EH?
22

Bohr-Sommerfeld quantization gives then / = integer and
JAE]) =m + v (m = 0,1,2,---). For very high / we find
E,, =} +1Qmm+wW'"+8,,, 23)
which is in excellent agreement with the observed spectrum
if v and the additive constant S3,, are chosen appropriately.
This quantization condition should work in the range
1l < E <312, but it is not clear where exactly it breaks
down. While classically there is a sharp transition from re-
gion (1) to (2), we do not know exactly where and how the
transition takes place in the spectrum. Apparently thereis a
smooth transition from one region to the other which is trig-
gered by the A4-S trajectories which at a certain point bifur-
cate. This is displayed in Fig. 5. Strictly speaking, of course,
A-S states are never degenerate, and it seems to be a difficult
problem to identify the transition point and to understand
this picture theoretically. Another problem is to find the
theoretical value of the constants entering in Eq. (23): v (the
“Maslov index””) seems to be very close to 5/(2). Finally,
the semiclassical approximation gives a good description of
the average Regge trajectory, but it seems to be unable to
give the splitting between S-M and M-A trajectories. Hope-

1

J,=

tan —

FIG. 4. The intersection of the energy surface with the surface M2 = /2 as
seen from the direction (1,1,1): 1) E~Iv/3/2, )1 /v 2<E <1372, 3)
E=1/V3, ) U<E<I/V2.
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FIG. 5. The transition from straight to parabolic Regge trajectories.
fully the general W.K.B. expansion developed by Voros'’ Some tedious but straightforward algebra leads to
will enable one to fill some of the gaps left open in this paper. 4E
It is hoped that our example will stimulate some progressin ~ J; = = O0y(E,1)
this field. 7V 3
AV3 (2 2p—(G—2p")" cos
APPENDIX ~ f PG % — i (A3
7 Jo 3 [p+G—20")"cosy]

We want to calculate the action variables J,(E,/ ) for the
tori S5, = {H, = E, M* =7} in the region }/ < E <}/ V2.
We identify two independent cycles on the torus X ; in this
way: the first cycle 7, is defined by keeping M fixed and
rotating x and angle 27. It is obvious that

J = L pdx =1 (A1)
2T Jy,
The second cycle ; is defined by varying M along the
cusped loop around M, keeping x on the (1-2)-plane; actual-
ly 7, is not a fundamental cycle, butit holds y5 = ¥, ' v3, 7,
and ¥, being a basis of fundamental 1—cycles. This implies
that

J,= _1_§ p-dx = %(Jl + 1 § p~dx>. (A2)
27 V2 2r ¥i

To calculate J,., let M = (! sinf3 cosa, I sinf sina, [ cosf3);

since we have x, = Oon 75, we find x = (sina, — cosa,0) and
p=MAx = (! cosf cosa, ] cosf8 sina, — I sinf). The loop
¥} is composed of four arcs, each one giving the same contri-
bution to the action. The integral is calculated by inserting

M(@) = R (A,0 YM(0), M(0) = (0, / sinf3,, / cosf3,), R (7,0 ) de-

noting the rotation matrix of an angle & around the unit
vector A = 3 ~'*(1,1,1). x and p are given explicitly as a
function of @ and we have to integrate from 6 = 0 to

0 = 0,(E,!) which is the smallest 8 for which M,(6,) = 0:

0u(E1) = 2tan " [V/35inBy/(2c088, — sinp) ] (A3)
B, =sin—' (V2E /I) — /4, (A%)

2520 J. Math. Phys., Vol. 21, No. 10, October 1980

The integration can be performed in closed form to yield the

result [Eq. (22)].
Note added in proof: The asymptotic behavior of the

eigenvalues in the region of parabolic Regge trajectories can
be calculated by applying the Holstein-Primakov represen-
tation of M, . It turns out that Eq. (23) is good for m»0 with
v=3/4andfB,, = (4m +3) 7/12 —1/4. Alsoit is probable
that the corrected Bohr-Sommerfeld quantization of J, in
Eq.(22)is givenby J, =/ + 1. Details will be given in a paper
in preparation.
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Variational principles for particles and fields in Heisenberg matrix mechanics
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For many years we have advocated a form of quantum mechanics based on the application of sum
rule methods (completeness) to the equations of motion and to the commutation relations, i.e., to
Heisenberg matrix mechanics. Sporadically we have discussed or alluded to a variational
foundation for this method. In this paper we present a series of variational principles applicable to
a range of systems from one-dimensional quantum mechanics to quantum fields. The common
thread is that the stationary quantity is the trace of the Hamiltonian over Hilbert space (or over a
subspace of interest in an approximation) expressed as a functional of matrix elements of the
elementary operators of the theory. These parameters are constrained by the kinematical relations
of the theory introduced by the method of Lagrange multipliers. For the field theories, variational
principles in which matrix elements of the density operators are chosen as fundamental are also
developed. A qualitative discussion of applications is presented.

I. INTRODUCTION

A special scheme of calculation of value in a wide class
of problems in quantum mechanics and the many-body
problem emerges from Heisenberg’s matrix mechanics when
matrix elements of products of elementary operators appear-
ing in equations of motion and in commutation relations are
evaluated by physically chosen approximations to the com-
pleteness relation (sum over intermediate states). This meth-
od, first introduced for the study of nuclear collective mo-
tion, has been applied in recent years to problems in particle
quantum mechanics®>* and solitons in quantum field
theory.”®

Almost from the start of this development, we have
been aware that the formulation possessed a variational con-
tent, and we attempted some time ago to pin down this con-
tent within the nuclear framework.” More recently, we have
alluded to this aspect on a number of different occasions®--°
and even utilized it as a theoretical tool.® In this paper we
give a more systematic and thorough account of this proper-
ty than we have hitherto attempted.'°

The unifying aspect in this approach is the construction
of a stationary expression in which the variational param-
eters are matrix elements (ultimately between energy eigen-
states) of the elementary operators of the theory. In particle
quantum mechanics these are the x’s and p’s, in field theory
the particle creation and annihilation operators, though ulti-
mately we show how composite operators may also be uti-
lized. For each case surveyed, we demonstrate that the ap-
propriate stationary expression is the trace of the
Hamiltonian over the space of states studied, subject to con-
straints which remind us that the variations of the x’s and p’s
or their equivalents are restricted by their commutation rela-
tions. The structure of the variational principle suggests that
the natural setting for this approach is indeed that class of
problems where the need is to characterize the properties of a

"'Present address: Dept. of Physics, Brown University, Providence, Rhode
Island 02912.

"'"Present address: Theoretical Physics Branch, Chalk River Nuclear Labo-
ratories, Chalk River, Ontario, KOJIJO, Canada.
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special band of states selected from a much larger space (as
opposed to a single state).

The inclusion of constraints in the variational treat-
ment also suggests that these may be recovered from the
variational principles as a bonus by carrying out suitably
chosen special variations. This turns out to be the case with
carefully stated restrictions. In consequence a complete the-
ory can be extracted from the variational principle.

In the following sections we treat in sequence one-di-
mensional quantum mechanics (Sec. II), many-particle
quantum mechanics (Sec. III), nonrelativistic field theory
for bosons (Sec. IV), and nonrelativistic field theory for fer-
mions (Sec. V). Only parts of Secs. II and V have been given
previously. The variational principles for the density opera-
tors in Secs. IV and V are new results which generalize
known (though not widely known) results from Hartree—
Fock theory.

In Sec. VI we comment on the classical limit, on appli-
cations past and (possibly) future, and on further theoretical
possibilities.

. QUANTUM MECHANICS—ONE DEGREE OF
FREEDOM

We focus attention initially on the system described by
the Hamiltonian

H=1p*+ V), 2.1)
with equations of motion

[x,H]=ip, (2.2)

ip,H] = dV /dx=V", 2.3)

derived by utilization of the commutation relation (% = 1)
(x.pl=1i 2.4)
In practice,® we have been concerned particularly with
the matrix elements of (2.2)—(2.4) in the representation in
which H is diagonal with eigenvalues E,, namely,
(En - Em )'xmn = lpmn?

(En - Em)ipmn = (V’)mrn (2'5)
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and

[xp).. =ib,,. (2.6)
We have shown how the energy differences and the matrix
elementsx,,,, p,., canbeobtained from Eqgs. (2.5) and (2.6).

The eigenvalues themselves can be found by the direct evalu-
ation of the expectation values

B, = Hyp = (alH 1) = 3 Hpun 2+ |V G|n),
i Q.7

using sum rules as illustrated here for the kinetic energy.

A natural question is whether Eqs. (2.5) possess any of
the attributes associated with a variational formulation. We
wish to treat the matrix elements of x and p as variablesin the
variational statement §E, = 0. There are, however, two ob-
stacles to such an endeavor: (i) The matrix elements are not
all independent. (ii) The same matrix elements appear in
different energy functionals. Thus p,,,. occurs both in H,,
and in H,... For which is it to be a variational parameter?

A solution to the second problem posed is to form an
average of the stationary functionals. In this paper, we shall
study only the most symmetrical possible average, namely,
the trace. (See Sec. VI for some further comment.) Thus we
require

83 H,, =8TtH=0. 2.9

A solution to the first problem is to impose all the possible
kinematical constraints, namely,

6 ‘[x’p]nn' =0. (2.9)
Multiplying (2.9) by a Lagrange multiplier matrix ( — HA,,,
(A is Hermitian), we add the result to (2.8) and are thus lead
to a master variational principle

STe{H — iA [x,p]}

= §Tr{H — ip[A,x]}

=8Tr{H + ix[A,p]} =0. (2.10)
The several forms are equivalent because of the assumed
cyclic invariance of the trace. (This is certainly unobjection-
able in practice where the trace is taken over a finite dimen-
sional vector space.)

Carrying out the unconstrained variation (2.10) with
respect to the matrix elements x,,.,, and p,,.,, , keeping A fixed,
and using the explicit form (2.1) of H, we obtain the
equations

p'ln' = - i[x’A ]rm” (2-1 1)

(Vl)rm’ =l[p’A ]nn" (212)
Because of the invariance of the trace with respect to choice
of basis, the representation |#) is, at this point, arbitrary.
The most convenient immediate choice is the one in which
the Hermitian operator A is diagonal. By comparing with
the known equations of motion, we then identify A as the
Hamiltonian. Thus we may write (2.10) as

STr{H —px} = —86TrL =0, (2.13)
where L is the Lagrange operator. The result is a quantum
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Hamilton’s principle, with unconstrained variation of the
coordinates and momenta, which has been derived from a
Rayleigh-Ritz principle with constraints.

The structure of the variational expression as a trace
suggests an additional inquiry, utilizing the first form of
(2.10).° We carry out an infinitesimal change of basis, result-
ing in alterations of commensurate size in the matrix ele-
mentsofx,pandof A ( = H ). The variational principle (2.10)
implies, however, that in this change of basis only the contri-
bution from explicit variation of A contributes. Thus we con-
clude

Tr{éA [x,p]} = 0. 2.19)

The matrix elements 84, are, however, themselves not all
independent. Let us for the moment suppose that the trace
refers to an N-dimensional (finite) vector space. Then we
know that there are ¥ independent polynomials in the eigen-
values of A which are invariant under a unitary transforma-
tion. We may, for convenience, choose these as

TrA?, p = 1,...,N and impose these invariance conditions

by subtracting from (2.14) the expression
N

N
0=6Tr $ ~4, ,A7=Tr 3 4,_, 4764,
p:1P p=1
@.15)

where the A, _, are numerical Lagrange multipliers. We de-
duce that

N1
[X,P] = Z /lpA P,
p=0

Passing to the limit N— o0, we conclude that the commuta-
tor is diagonal in the representation in which A is diagonal,
i.e, it is a function of A.

If matters appear to be getting complicated, we can re-
store simplicity by asking the right question. What addition-
al statements, if any, must be adjoined to the variational
principle, with A ==H so that the full dynamical scheme
(2.2)+2.4) is obtained? It suffices to require that the commu-
tator [x,p] be a kinematical quantity. Thus the only function
of H it can be is then the constant function, i.e., a multiple of
the unit operator. The correct multiple, the imaginary unit,
is chosen by studying the equations of motion for the free
particle, e.g.,

(x4p7) = ip = § plx,p) + 4x.p] p. 217
The desired conclusion depends, however on having estab-
lished that the commutator is a c-number.

We finally note a simple alternative to the argument
following (2.14). If we make the unitary transformation al-
luded to above starting from the representation in which
A = H is diagonal, then the additional constraints are sim-
ply 6H,, =0, i.e., the eigenvalues are unchanged. The re-
maining variations—all off-diagonal elements—may be con-
sidered independent and thus we conclude, as in (2.16) that
the commutator has only nonvanishing diagonal elements.

(2.16)

lli. QUANTUM MECHANICS—MANY-PARTICLE
PROBLEM

As a first generalization of the results of the preceding
section, we study n particles described by the Hamiltonian
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(.1

P 1 _
H= Z ’{nga’(lxi x 1),

i=1

where we consider motion on the line only to simplify nota-
tion. The equations of motion

[x,H ] =ip;, (3.2)
[ip,,H = .2.‘7" Vi(lx: — %), 3.3)
follow from (2. 1;; land the commutation relations
[x.x1=[p:p0;1=0, (34
[xp; 1 =106, (3.5)

We turn to the variational formulation. The first step is
to establish a stationary expression with identified Lagrange
multipliers. We choose to study the variations of the func-
tional, F, given by the expression

]“izAij[anj]ﬁ

=y

The constraints (3.4) have been omitted for reasons ex-
plained below. Carrying through the required variations uti-
lizing a consistent operator notation, we have,

F=Tr{H—iY A [xp; (3.6)

5F pPi ,

=0= ——i[A,x]—i [A'i’x‘]’ 3.7
5, m; ¢ ; ”
——0"‘ 23 "(Ixi“xj|)+ [Ai’pi]+iz [Aij’pj]'
Ox; J#i JE

(3.8)
We can exhibit three different solutions to (3.7) and
(3.8) which satisfy the requirement that they reproduce (3.2)
and (3.3):

@A, =0, A, =A,=H, (39
(i) A; =0, 4, =P + ¥ Vy(x — (3.10)
J#
Gi) A, = 22, A, =V,(|x, —x,)). G.11)
2m

In addition, any Lagrange multipliers associated with Eq.
(3.4) are zero for these solutions.

Further investigation indicates that (3.11) must be dis-
regarded, since the associated terms in F, Eq. (3.6), vanish,
as one verifies using the cyclic invariance of the trace.

Let us focus on solution (ii). To the now definite func-
tional we adjoin the assumption that the fundamental com-
mutators are kinematic quantities and that only the commu-
tators [x;,p; ] are nonvanishing. The argument leading to
(2.16) can then be generalized simply by placing a subscript /
on each quantity involved. The only (temporary) doubt con-
cerning the permissibility of this step is the fact that the var-
ious A; do not commute and thus their commutators repre-
sent additional kinematical constraints. But since we are
carrying out a unitary change of basis, these additional con-
straints are autornatically satisfied.

Continuing the argument, we insist that the commuta-
tors in question must be c-numbers, and we fix the scale from
simple examples such as the free-particle case.

If we choose solution (i), we can only prove, by similar

2523 J. Math. Phys., Vol. 21, No. 10, October 1980

reasoning, that 3, [x;,p; ] is a c-number. For identical parti-
cles, an additional requirement of permutation symmetry
will allow the same final conclusions.

IV. NONRELATIVISTIC FIELD THEORY. BOSONS

Let #'(x), ¥(x) be boson creation and annihilation op-
erators satisfying the commutation relations

[¥(x),¢'(»)] = 5(x — y). 4.1
As Hamiltonian we consider the structure
H= f R )
1 [V e OO, @)
where the functions 4 and ¥V are real and satisfy
V(xx' ') = V'xpy') = Vxx'lyy), 4.3)
h(xy)=h(p|x), V(py'|xx") = V (xx' ") (4.4)
We have
[Y().H ] = f h (YY)
+ f PO Gex [y WY WD, 4.5)

In analogy with (3.6), we seek a variational principle in
the form

8F /54 (x) = 8F /89(x) = 0, (4.6)
where Fis of the structure
F=Tr{H + J AGRIEDF M) @7

Equations (4.6) become, for instance,

5F _
S = W 1+ [taepomna  @s

where by the first term we mean the right-hand side of (4.5).
The only general solution we have been able to find to this
equation is :

A (x]y) = 6(x — p)H, 4.9)
analogous to the one-dimensional problem, and this pro-
vides a suitable variational principle.

In the formulation just given the variables are the ma-
trix elements of the single-particle creation and annihilation
operators. We shall also uncover an alternative formulation

in which the variables are the matrix elements of the density
operators

px|y) = ¢ (p)(x).

We rewrite the Hamiltonian in the form

(4.10)

H= fh "(x[Pp(ylx) + 4 f V(xx'[yy)p(y' |xp(pix),

“4.11)
where

h'(x|y)=h(x|y)—1 f V(xex'|yx'y dx'. “.12)

The density operators satisfy the commutation relations

Abraham Kiein, Ching Teh Li, and Moyez Vassaniji 2523



e(y1x)p(¥'|x)] = p(¥'|X)6(x" — y) — p(y|xI(x — y").
(4.13)

We are thereby enabled to derive the equations of motion

(o ylx).H | = f H(Yope®) — p(y|DF e

— )yl =0, (@.14)

where
FH(y|x) =h'(y|x) + v(y|x), (4.15)
o plx) = f V e |y (0. @.16)

We now seek a variational principle which yields (4.14).
The form of this principle is not as obvious as the forms
utilized previously in this paper have become. For one thing,
Eq. (4.13)is not the appropriate kinematical restriction since
it holds equally for bosons and for fermions and thus fails to
distinguish the two. By rearranging the expression

PPN Y(Y) =0 4.17)
with the help of the commutation relations, we find, howev-
er, that

x|y — p(x' [P)p(x|y)
+px(PS(x ~ y') — p(x'(p)(x — y') = 0.
Setting x = y and integrating, we obtain the equation

(4.18)

Np(plx) — fp(ylz) dz p(zx) + N8(y — x) — p(}x) = 0,

4.19)
where N is the number operator
N= f UT)Y(x) dx. (4.20)
We write (4.19) in operator form as
p*+p~Np—~N=0, 4.21)

and this will prove to be the constraint sought.
We are now prepared to establish the stationary proper-
ty of the functional

F=Tr{H-Q[p’+p—Np—N]—pN}, (422)

where we have introduced two Lagrange multiplier opera-
tors £2, which is also a matrix in the space of x, and i, which
does not carry any free spatial coordinates. The condition
which we wish to verify (with suitable choice of {2 and ) is

5F /8p =0. (4.23)

With attention to the several kinds of product involved in
our definitions, (4.23) yields [with 5% defined by (4.15)]

X =0p +p + 02— ON—tr(2)1 —tr2 1+ ul, (4.24)
where tr is a trace only in the space of x and

(x|1]y) = 8(x — p). (4.25)
From (4.24) we form the commutator with p and find
[p#)= ~2(p*+p—Np)+(p* +p — Np)2

+ [N te2,0] + [trf2,0] — [0, 4.26)

or utilizing (4.21),
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(0] = [N2] — [p, N tr2] — [p,tr2] + [p]. (4.27)

This last equation must agree with (4.14). This can be
achieved if we require

[N2]=0, (4.28)
H=Nt, (4.29)
p = trfl. (4.30)

Since, in practice, we determine p from the solution of
(4.14) and (4.21), the Lagrange multiplier £2 here serves only
as an intermediary quantity which, in principle, is deter-
mined by (4.24).

The further question of the extent to which the kinema-
tical constraints can be reconstructed from the variational
principle will not be pursued, since the considerations are
analogous to those given in previous sections.

V. NONRELATIVISTIC FIELD THEORY. FERMIONS

Now let ¢'(x), ¥(x) be fermion creation and annihila-
tion operators satisfying the anticommutation relations

{#) P (M)} = 8(x — p). .1
As Hamiltonian we choose the form (4.2) with the properties
(4.4), except that (4.3) is replaced by

V') = —VX'xpy)= —Vx'yy). (52
The equations of motion are of the form (4.5),

(Y H ] = f A GeH)
+ f POV G by WO ). (5.3)

At this point the natural impulse is to imitate Eq. (4.7),
multiplying the Lagrange multiplier A ( y|x) by the anticom-
mutator. The maneuver fails, however, if pursued heedless-
ly, to produce a viable variational principle, for a reason
which will illuminate the way to a solution of the difficulty.
To understand the source of the problem, we must make a
distinction between systems composed of an even number of
fermions which, as composites, have bosonic properties and
systems with an odd number of fermions, which retain fully
their fermionic character. We denote states of the former by
|n), and states of the latter by |i) or | j), according to con-
text. Thus we write

(Y G = 3 (1D GeoIn)
=3 ¢ [y (xn), (5.4)

and
(| (p)n’) = > (n{p)) Gl (p)n’)

== Z)(j(xn)xj(yn’). (5.5)

In the boson variational principle of the previous section, we
identified the amplitudes ¢, and y; before variation, which
should be correct to order N ! for a boson system, but is
qualitatively wrong for a system of fermions. One need only
think of the Hartree-Fock limit to see this. Here
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|n) = |n’) = | Slater determinant of occupied orbitals).
Then ¢,(x) are the orbitals of the occupied single-particle
states, y;(x) the orbitals of the unoccupied single-particle
states. These must be varied independently subject to the
constraints which follow from (5.1), namely,

(n|{¥(x),¥"(»)}|n")
=6(x—y)5,.

= Y ¢1(ymd(xn) + 3 x,(em)x [ (ym')
=p(xn’|yn) + r(xn’|yn). (5.6)

(Notice the peculiar association of indices in the definition of

7).

We now propose the following functional as the basis
for a variational principle,

F=Tr{lh'(p—r+ D)+ W (p—7+Np—7+1)

- (p+1} (5.7

which is indeed equivalent to what was proposed initially in
this section except that we have symmetrized the terms of
the Hamiltonian by means of (5.6).

Variation of (5.7) with respect to ¢ [(xn) and y,( yn)
respectively yields the equations

fﬁ”(xn lyn"yp;(yn") = f (n'|A (x|p)|n)d,(yn"), (5.8)

- J-X;(xn’)a"/(xn lyn') = fX}(X”')(”IM xy)|n),
(5.9)

where
Hxnlyn’) = h'(x|p),e + f V (xx' |yl x'n).

(5.10)

For (5.8) and (5.9) to be correct, they must agree with the
matrix elements of (5.3) and its Hermitian conjugate. These
equations are

f HGxnlyn)p (yn') = E, — ENbxn),  (5.11)

— [ xFnm) = &, - Eyiom),

where £, and E, are the energies of the states |n) and |7},
respectively, or comparing with (5.8) and (5.9),

J-(H'IA NI (yn) =(E, — E)p,(yn),  (5.13)

(5.12)

[remriaabin = &, —Epjom. .19

These equations provide a determination of A. But
more important for our purposes they allow us to simplify
the variational principle. By combining (5.13) and (5.14)
after the formation of suitable bilinear expressions we obtain
for the combination that appears in (5.7),

Tr{A (p + 1)}

= ZZf [E.|#;(en)|* — E; |$,(xn)|?] (5.15)
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+ ; E J [E,|y,cm)|? — E|y,n)*}.  (5.15)

The required identity of the two sides of (5.15) permits us to
start from a revised and simplified variational principle in
which E;, E;, and E, play the role of Lagrange multipliers.

We now ask: What are the constraints for which these
serve as multipliers, constraints which are equivalent to the
totality of constraints otherwise and originally expressed by
(5.6)? According to (5.15) the energy E,, e.g., is associated
with 2 condition

5% f dx |6,(em)|? = 0.

This is the condition that the “wave function,” eigenvalue
labeled by i and components labeled by (x#), should have a
fixed norm in the variation. Similarly for E;

62J‘dx ly,(xm)|> = 0.

One should not be beguiled into setting the norms equal to
unity, however, since this value is correct only in the extreme
Hartree-Fock limit. Otherwise the values must be deter-
mined from (5.6) or in the case of (5.16) from the nonlinear
equation for p given below in Eq. (5.22).

The remaining constraints implicit in (5.15), for which
E, serves as Lagrange multiplier, can be understood in part
as conservation of particles,

N |y = 3 [ dx 18, Gn)l

However, the sign of the other term involving E, is more
difficult (in our opinion) to understand on a priori grounds.
Thus a symmetrization of the condition (5.18), using (5.16)
would have led to the opposite sign.

At this juncture, we are ready to notice that it is possible
to construct a variational principle for p(xn|x'n") or its ingre-
dients ¢, (x'n") alone. A form which upon variation yields the
correct equations of motion is

(5.16)

.17

(5.18)

G=Te(k'p+4Vpp) = 3 [ B, — E)gm)l”.
’ (5.19)

The main point, of course, is that the “Hamiltonian” &#°
which determines p is a functional only of p itself and thus, in
analogy with Hartree—Fock theory, we might think it possi-
ble to determine p first and r afterwards. There is one re-
maining objection to the theoretical feasibility of this pro-
gram, namely, we need a condition for the normalization of; P
which is independent of 7, so that we can dispense with (5.6).
Such a condition is provided below in Eq. (5.22), which is the
analog for fermions of Eq. (4.21) for bosons.

Our previous remarks should be clearer once we show
that a variational principle analogous to (4.22) for bosons
can be formulated. Indeed all we require is an analog of
(4.21). Starting from the expression

PN {PEPX)Y(y) =0,

we derive

PP 1Y) + pix' |x)p(x]y")

(5.20)
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=p'|P)8(x — ) + px|)(x' — y). (5.21)
Setting x = y and integrating we find
pP—p+Np—N=0, (5.22)
which is the constraint sought.
We therefore study the functional
F=Tr{H-2(p°—p+Np—~N)—uN}. (523
The condition 6F /8p = 0 yields
K =0p+pR—0 +2 +r2)N1 + (tr2)1
+ ul, (5.24)

or utilizing (5.22) and the assumption that £2 commutes with
N, we have

[pH]=[ptrQN] + [pr2] + [ p,u]. (5.25)
This is the correct equation of motion if

H= — Ntr02, (5.26)

p= —trfd. (5.27)

Finally we consider the important question of the ex-
tent to which (5.22) determines the norm of the amplitudes
&, (xn). From the equation of motion (5.11) we can conclude
in the standard way [because ¥ (xn|yn’) — E, 5,6 (x — )
is an Hermitian operator] that

> f dx ¢ [(xn)p, (xn) = 8,,.N",, (5.28)

where. 4", is a normalization condition to be determined. On
the other hand, Eq. (5.22) when written out is

f dx'’S ¢ L (), (en")b Ly (x'm)
— 3 61 (m; )

= N[5 =6 = 3 610smpGan)|- (5.29)

By forming obvious scalar products so as to utilize (5.28),
and introducing the definition

Pu (b= [ dx ¢ Yxms, Gom), (5.30)
we find a result that can be written in the form
NN
=N (/V P "/V? )+ Ve ,3
- z Py (0’ |n")Py; (n|n )Py (n" |n). (5.31)

non,n" i

In the Hartree~Fock limit when there is no sum on 7 values,
the product of P’s becomes.#; and we obtain the usual nor-
malization condition .#"; = 1. In many cases of interest it
should be possible to solve (5.31) by iteration starting from
this extreme value.

This argument also shows that the variational principle
based on (5.19) provides a complete scheme of calculation—
without our having to consider at the same time the y ampli-
tudes. This constitutes a considerable simplification.
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VI. DISCUSSION

The purpose of this exposition has been to state and
prove a number of variational principles associated with
Heisenberg matrix mechanics. Our discussion has been pur-
posely monolithic, but we have thereby failed to touch sever-
al issues of some importance, which we will survey in our
final remarks. For these remarks let us initially refer to the
specific model of one-dimensional quantum mechanics.

The variational principle given for this simple case in-
volved the trace of the Hamiltonian H. The variation then
yielded the Heisenberg equations of motion. In practice one
solves a set of nonlinear algebraic equations® derived as ap-
proximations to the equations of motion and the commuta-
tion relations. We can prove a theorem, but will not do so
here, that in this scheme H is diagonal in the same subspace
of Hilbert space used to derive the approximate scheme. Be-
cause the equations expressing the commutation relations
were part of the computation scheme, we have thereby also
found a representation of the algebra—to the same
approximation.

It is the theorem quoted above about the diagonaliza-
tion of the Hamiltonian which selects the trace as the favored
average for formation of a variational principle. According
to the Rayleigh-Ritz principle, however,

5 (n|H |n) =0, 6.1)

any weighted average should be stationary and a suitably
constrained weighted average should, upon variation, yielda
valid set of equations. If these equations are adjoined to the
matrix elements of the commutation relations so that a suffi-
cient number of equations is available to determine the ma-
trix elements of x, of p, and of the Lagrange multipliers that
appear in the scheme, we determine thereby a basis in a sub-
space, but one in which H is not, in general, diagonal. On the
other hand the matrix of H can be computed by sum rule
methods and the diagonalization carried out as an indepen-
dent second step. In the past, we have, in fact, stumbled onto
such formulations and applied them to the study of various
nuclear models.'!-'? One may even think of circumstances
which call for the use of a weighted average, e.g., a situation
where one favors accurate knowledge about one or more
states over others in the subspace considered.

Until now, the variational principles have not been used
directly, except for theoretical development. We can envi-
sion future applications in which trial values (with param-
eters) of the matrix elements of the fundamental operators
are entered directly into the variational principles.

We mention finally two other aspects of the problem for
further theoretical study. The first is the study of the classi-
cal limit where the following results emerge rather easily:
The variational principles involving canonical variables
(commutation relations!) go over into Hamilton’s principle.
The principles involving the density matrix go over first into
a Hartree or Hartree—Fock formulation and eventually into
a classical density matrix formulation.

To explain the second aspect, we start by reducing the
complexity of the field-theory problem by introducing a
*“shell model,” that is, by expanding in a complete set £, (x),
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Yx)= > a.f.(x), 6.2)

and retaining only a finite number of terms. At this juncture
the al a_, play the role played previously by p(x|y) and there
is nothing new to be said. However in a further simplifica-
tion, we sometimes form closed Lie algebras from
combinations

S @ (j)apas=J;, i= 1., (6.3)
a.f

and approximate H as a polynomial in the J; (not the angular
momentum in general). One may at this point ask for a vari-
ational principle. In so far as one now drops the definition
(6.3) and defines the J; by their commutation relations

[Ji’Jj] =f;'jk‘]k’ 6.9

with structure constants f;; , and the representation by the
values of the Casimir invariants, one finds new and challeng-
ing forms of the variational principle.

We plan to develop these remarks in future work.
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By adding to the force between an electric and a magnetic point charge a central force arising from
a specially chosen potential, one can construct a system known to have the same SO (3,1) and/or
SO (4) dynamical symmetry algebra as the Kepler system. We derive projective changes of

variables under which the classical orbits of any such system are put in one-to-one correspondence
with SO (3,1)- and/or SO (4)-invariant sets of curves on similarly invariant surfaces. This extends
results hitherto established only for the Kepler system. This is surprising in that there is a sense in
which the phase space of such a magnetic system is a truncation of the Kepler phase space and so
one might have expected such global properties not to generalize. Our transformations apparently
do not permit transcription of the corresponding Schrodinger equation into a manifestly SO (3,1)-
and/or SO (4)-symmetric form, in contrast to the pure Kepler case. Such magnetic systems play
roles in the theory of quantum fields in Taub-NUT space-times, and in the theory of quantum-
mechanical fluctuations about extended magnetic monopoles in supersymmetric gauge theories.

In passing, we use the properties of the magnetic systems to formulate a very short and direct
proof that the classical orbits of the Kepler system are conic sections.

1. INTRODUCTION

According to a general theorem' that can easily be veri-
fied by direct calculation, if the 3-vector r satisfies the equa-
tion of motion

mi = "';" - V[V(r)+ 2"5; ] (1.1)
then the related vector R, defined by

R=[r +¢rL/L*1(1 —¢°/L*» "}, (1.2)
satisfies the equation

mR= —VV(R), (1.3)

and both orbits have the same energy (which we shall call £).
The vector in (1.2) is simultaneously the conserved angular
momentum for both systems (1.1) and (1.3),

L,=mrXi — gf = mRXR=L, (1.9

and L is its length, just as » and R are the lengths of r and R
respectively. The symbol 7 stands for r/r.

From this one might be tempted to conclude that sys-
tems (1.1) and (1.3) are really the same system expressed in
two different coordinate schemes, but this is naive for two
reasons:

First, one notices that, by virtue of (1.4), L>|q| because

Imece — g#ll? = mexE| + ¢4 (1.5)
Thus there are no orbits of system (1.1) that correspond un-
der transformation (1.2) to those orbits of system (1.3) satis-
fying [mRXR]|| <|q|.

Second, one observes that the transformation (1.2) is
formally singular when L = |g|. This is an indirect reflection

“Laboratoire propre du CNRS associé a I'Ecole Normale Supérieure et a
I'Université de Paris-Sud.
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of a basis mismatch between the two systerfts. If L is fixed at
|g|, then, for fixed L and E, there is only one solution of (1.1),
whereas there are in most cases infinitely many such orbits of
(1.3) (any one is obtained from any other by rotation about
L). Thus the singularity in (1.2) indicates that when L = |g|
the correspondence between orbits of (1.1) and (1.3) is not
one-to-one but one-to-many.

In summary, the transformation (1.2) determines a one-
to-one correspondence between the phase space of system
(1.1) and a set formed from the phase space of system (1.3) by
excision of the set m||R X R|| < |¢| and by the performance of
certain topological identifications at the boundary

m||RXR|| = |g|. (Incidently, a similar phenomenon has re-
cently been observed in a set of dynamical systems of fields.
See Ref. 2.)

We raise this issue because the quantum mechanical
version of a system of type (1.1) with a high degree of dyna-
mical symmetry has recently turned up in two distinct set-
tings in quantum field theory. (We shall describe them in
detail at the end of this section.) The potential involved in
either case is of the general form

1 ( mk q>2 g
viy—= (mk L 9Y _ , 1.6
@ 2m( q * r 2mr? (1.6)

where & is a constant. It is clear that with the potential given
by (1.6), system (1.3) has the Kepler form, and therefore has
a conserved Runge-Lenz vector, as well as a conserved ener-
gy and angular momentum. Through transformation (1.2)
this property carries over to system (1.1) as well. The expres-
sion for the Runge-Lenz vector of system (1.3) in terms of
the coordinate r is

M=mRXL + kR
=(1—¢*/L?7"*[M, + (kg/LPL, ],

(1.7)
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where the conserved vector M, is defined by
M, =miXL, + k7. (1.8)

One can check®¢ directly that, just as in the pure Kepler
case, either classically (using Poisson commutation) or
quantum-mechanically (using operator commutation, pro-
vided the magnetic monopole coupling g is quantized appro-
priately), the components of L, and (m/2|€])"/* M, form the
Lie algebra of O (3,1) for € > 0 and of O (4) for € <0, where
the conserved quantity € is defined by

2

e=E — ’_"k_Eim||i-“2+ _1_(2+ ﬂ’f)z
29 2 2m \r q

1 ( mk )2

2m\ ¢ /
(Theimportance of € is that, unlike E, it has a smooth limit as
g — 0.) In the quantum-mechanical case, for any energy ei-
genvalue of the Hamiltonian the corresponding eigenstates

fill out complete representations of this O (3,1) or O (4).

Henceforth, as we shall always be referringto L, and M, we

shall omit the subscript “‘g.” The momentum canonically
conjugate to r is

p=r + qA(r), (1.10)

where the necessarily singular vector potential A is defined
up to Abelian gauge transformation by

VXA =r1/r. (1.11)

We shall use the name “g—Kepler” to indicate systems
of the kind shown in (1.1) with potential given by (1.6), and
“Kepler” or “pure Kepler” or “g = 0” to indicate the corre-
sponding systems of the kind shown in Eq. (1.3). The results
in the present paper extend to the g—Kepler systems some
statements about the geometrical significance of the O (3,1)
and O (4) symmetry algebras that had been previously for-
mulated only in the pure Kepler case.’

In the classical version of the pure Kepler case, for € <0
(when the sign of k permits) there are known to be two sepa-
rate projections from spheres in four-dimensional Euclidean
space—one (stereographic) to three-dimensional velocity
space and one (vertical) to three-dimensional position
space—that establish one-to-one correspondences between
physical orbits and great circles on the spheres.® Of course
any two great circles on the same sphere can be transformed
into one another by O (4) rotations. For € > 0 there are analo-
gous correspondences between the set of physical orbits and
O (3,1)-invariant sets of paths on mass-hyperboloids in four-
dimensional Minkowski space.

Our main results, detailed in the next section, are the
generalizations of these projections to the g-Kepler systems.
The appropriate generalizations of the vertical projections
turn out to be straightforward. The generalizations of the
stereographic projections are not. In the pure Kepler case
the center of the well-known projection is located on the
sphere or hyperboloid being projected; when g is nonzero the
center of the projection turns out to be located off the sphere
or hyperboloid. An important consequence is the following
distinction: when ¢ = O the projections into velocity space
(understood to include a point at infinity) are onto and one-
to-one, whereas when ¢ 5£0 there are regions of velocity

(1.9)
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space excluded from the ranges, and the projections are two-
to-one in large regions of the domain.

The existence of these maps, an open question until now
(and conjectured against in Ref. 4), is somewhat surprising
to us. We had expected that the spheres and hyperboloids of
the pure Kepler system would suffer some sort of damage on
account of the excisions and topological identifications im-
plicit in the passage (1.2) to the g-Kepler systems. Evidently
this is not so, at least classically.

The quantum-mechanical situation is different. In the
pure Kepler case, under the stereographic projections dis-
cussed above, the momentum-space Schrodinger eigenvalue
equation is known to transform into an equation manifestly
covariant under the O (4) or O (3,1) symmetry group of the
associated sphere or hyperboloid.” For several reasons there
appears, in contrast, to be no such quantum-mechanical role
for the stereographic projections of the general g-Kepler
system. First, because when g is nonzero the three compo-
nents of kinetic momentum, to which the projections refer,
do not commute as operators and therefore cannot be used as
Fourier transformation variables. Second, because when g is
nonzero the projections are, as noted above, neither one-to-
one nor onto, so that even if one could sensibly define a wave-
function on physical velocity space one could not thereby
transfer it to the appropriate sphere or hyperboloid without
conspicuous loss of information. We shall return to this issue
in the third section.

As mentioned earlier, the quantum-mechanical version
of the g-Kepler system,

B = L7~ ighy(v ~ igh) + E;n-(m?h Nl
(1.12)

has appeared in two distinct settings of current interest in
quantum field theory.

Most recently Page® observed that Eq. (1.12) describes
the components of angular frequency g in the Green’s func-
tion of a scalar quantum field propagating through the self-
dual Taub—NUT spacetime, provided one makes the identi-
fications 2m==1 and k «q.

Equation (1.12) also corresponds to an equation that
determines (up to boundary conditions'®) the spectrum of
small quantum-mechanical fluctuations about a particular
singular solution to the Bogomolny monopole equations in a
supersymmetric gauge theory.!' The appropriate eigenvalue
equation determining (up to boundary conditions) the spec-
trum of fluctuations about the general solution is

—D,D,P+¢[S,[S,P]] =P, (1.13)
where P is a fluctuating pseudoscalar field, S is the vacuum
expectation of a scalar field, @ is the angular frequency of the
fluctuation, and g is a coupling constant. Both P and § take
valuesin the Lie algebra of the gauge group, and the action of
the covariant derivative is defined by

D,P=3,P—ig[« P, (1.14)
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where .« |, itself an element of the Lie algebra, is the expecta-
tion of the gauge field. Bogomolny’s equation for S and the
o ; is

DS = ey Fy, (1.15)
where F'is the non-Abelian field strength determined by 7.
To obtain (1.12) as a special, albeit singular, case of (1.13)-
(1.15), let T"be an arbitrary element of the Lie algebra, let
{1, 1 be the set of solutions to the eigenvalue equation

[Tt]=4s (1.16)
and define the functions i, by

P= Ztaglf,,. .17
Then, with o7 ; defined as in (1.11), the fields

A= ;T, S=—(1/r+ const)T (1.18)

solve (1.15); and when (1.18) is substituted into (1.13) the
functions ¢, satisfy (1.12), with the identifications 2m==1,
g=gA., k =2q" X const and E =w". [In this context the fa-
miliar quantization condition ¢ = n/2 with n integral, for
every value of the index @, amounts to the condition that .7’ ;
and S as given by (1.18) can be gauge transformed into a
nonabelian spherically symmetric configuration having no
string singularity.]

A natural guestion to ask at this point is whether the
high dynamical symmetry of Eq. (1.13) is present only for
the substitution (1.18) (which has a gauge-invariant singu-
larity at the origin), or whether at least part of the dynamical
symmetry might be active under more general conditions—
for example assuming only (1.15) and rotational symmetry.
In particular, does Eq. (1.13) exhibit any dynamical symme-
try when one substitutes for .« and S any of the explicit
nonsingular spherically symmetric solutions to (1.15) de-
rived in Refs. 12-14? At present this remains speculative.

It may be useful to note in passing that at large distance
the nonsingular Prasad-Sommerfield'? solution to (1.15)
turns out to approach a gauge transform of (1.18) with a
negative constant, corresponding to an attractive Kepler
term in (1.12). Thus one expects that in such a background
the fluctuation equation (1.13) should have infinitely many
bound states, with a high degree of near-degeneracy corre-
sponding to the SO (4) multiplets of Eq. (1.12).

We now turn to a detailed description of the projections
that make explicit the dynamical symmetry of the classical
g—Kepler systems. As an amusing tangent, we formulate at
the end of Sec. 2 a very brief and direct proof that every
classical orbit of every g—Kepler system is a conic section.
The paper will conclude with the third section, in which we
discuss the quantum-mechanical situation in more depth.

2. PROJECTIONS OF THE CLASSICAL g-KEPLER
SYSTEMS THAT MAKE THE DYNAMICAL SYMMETRIES
MANIFEST

The algebra that follows generalizes the calculations of
Ref. 8. We imagine in what follows that the physical position
and velocity vectors move in three linear dimensions of a
four-dimensional linear space. The generic 4-vector will be
called u, represented in coordinates as (1,u). We define the
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inner product of two such vectors u and u’ to be

u-u'=ugyul — (sgn e)u-u’,

@1
where € is defined in Eq. (1.9). Thus we imagine bounded
motion (€ < 0) to take place in a four-dimensional Euclidean
space, and unbounded motion (€ > 0) to take place in a four-
dimensional Minkowski space. The case € = 0 is exceptional
in this framework and must be treated as a common limit of
the other two cases. Note that € can be less than zero only if k
is negative.

Before we proceed with the discussion of the projec-
tions, let us derive a useful identity relating M2, L2, and €.
According to the definition (1.7),

M2=2L? —(vLy2 + 2K Laxv) + k2
r
— L2~ (VLY + KL 4R + k2
mr

%, %
mr mr

— U2L 2 __ qZ(;.v)Z + + k2

H4

2.2)

where v denotes velocity (). At the same time, it follows
from definition (1.4) that

2 L 2
Fv)? = v? g _ = 2.3
¢ + mrr  mr 23
Upon substituting (2.3) into (2.2), one obtains
M= — )% 4 k2, @.4)
m
which is the desired identity.
Now let us define
1/2
uv_=_(( 2el ) (1 - 2—61) 2—€5v) (2.5)
m k k
u,=(—rvV 2lelm 2er — M). (2.6)
These four-vectors satisfy the norm identities
wi=u,u, = 4|e|Eg*/m*k >, X))
u = (2¢°E /m)( — sgn €). 2.8)

Equation (2.7) is an immediate consequence of the defini-
tions of € and E. To prove (2.8), one first expands the left-
hand side:

ut =M? —4erM + 46 — 2em(rv)’, 2.9

and then one substitutes (2.4) into the first term, (2.3) into
the last term, and one transforms the second term using the
identity

rrM=L(rXv)+ kr = L Le(L. 4 gf) + kr
m

~Lar_ i @10
m

Note that for € > 0, u, is timelike while «, is spacelike. For
any value of ¢ it is easy to see that u,.u, = 0.

u, and u, also satisfy
O=u,p=u,p=u,n=u,n, .11

where
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MXL ( m )1/2)
=1, ——[ — (2.12)
P ( L? —q* \ 2|€
and
n=(0,k L + ¢M). 2.13)
The first equality in (2.11) is proved by expanding
172 of
wp (L)1 2 v |
m k k L*—gq
2.19)
and then observing that
v-(MXL) = (v-L?) — ’L? — kL-(rXv)
— PR L~ 2 g
mr
= —1—(26 - i)(L ¢, 2.15)
m r

where the last equality in (2.15) follows from an application
of (2.3). The second equality in (2.11) is proved by expanding

Up="V 2mle| [ —(@v)—rMXL/(L’*—g))],

(2.16)
and then observing that
r{MXL) = L«(rXM) = L:[rX(vXL)]
= ~ L(L(r-v) + vgr)
= — (L= POrv. 2.17)

The third equality in (2.11) follows immediately from the
identity

kL + gM = (kmr — gL) XV, (2.18)
while the last equality in (2.11) reflects the decomposition
(kL + gM)-(2er — M)

= —2¢ekqr +2eqrr-M — kML — gM?, (2.19)
into which one should substitute the right-hand sides of Eq.
(2.4) and (2.10), as well as that of the simple relation

LM = — kq. (2.20)

The 4-vectors (0,v), 4, and ((2|€|/m)"/%,0) (=d ) are co-
linear, so that by virtue of (2.7) and (2.11) we can say that,
for fixed energy, each orbit in velocity space is a stereograph-
ic projection, through a fixed center, of the intersection of a
fixed sphere or two-sheeted hyperboloid with some two-di-
mensional plane through the origin. In addition, by virtue of
the structure of u,, for fixed energy the corresponding orbit

V)

FIG. 1. Stereographic projection (in cross section) of a sphere into a plane
through a point (d) located above the sphere. Both points a and b project
onto the point (0,v).
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FIG. 2. Stereographic projection of a positive-mass hyperboloid into a plane
through a point located below the upper sheet and above the plane. Both
points a and b project onto (0,v). The dashed lines indicate asymptotes.

in position space is a vertical projection of the intersection of
a fixed sphere or spacelike (one-sheeted) hyperboloid with
the same two-dimensional plane through the origin. The
sheet of the double-lobed hyperboloid, for € > 0, corresponds
to the sign of u, . This must be a constant of the motion, so
that it can be determined from the coordinates of the orbit at
large times. Since the motion is unbounded when € is posi-
tive, u, , at large time is approximately equal to

[ — (2)€|/m)'*-(2e/k )r], from which one learns that the up-
per sheet of the hyperboloid is the appropriate one for k <0
(attractive Kepler coupling), while the lower sheet corre-
sponds to & > O (repulsive coupling).

Note that, for g0, the distance from d, the center of
projection, to the origin is greater than the radius of the
sphere for € < 0 and less than the mass of the hyperboloid for
€> 0. This situation is illustrated in Figs. 1 and 2. One sees
that there is an outer boundary to the set of velocities that
can be reached by such a projection, corresponding to the
intersections with the subspace u, = 0 of lines through d that
are tangent to the sphere for € <0 and tangent to the upper
sheet of the hyperboloid for € > 0. This is easy to understand
physically; infinitely large velocities are possible only when
the potential is unbounded below, and this is not the case
here. One also sees from the figures that any velocity inside
the boundary corresponds under the projection to two points
on the sphere or hyperboloid, although when (for € > 0) v is
within an inner boundary formed by the intersections with
uy = 0 of lines through d asymptotic to the hyperboloid, the
two points are on different sheets.

The parameter p satisfies

Il = m M?L?— (ML)’
Pl = 2ef] L’-¢
__m (2€L2/m+k2)
2l \ L*—¢* /’
When € <0, L? can be as small as ¢° (radial motion) and as

@21
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large as ( — mk 2/2¢€) (circular motion), so that according to
(2.21) 0<||p||< . This means that the intersection of the
sphere with each plane through the origin corresponds, un-
der either the stereographic projection (2.15) or the vertical
projection (2.6), to a physical orbit and vice-versa. Such
curves (the great circles) on the sphere comprise a manifestly
SO (4), invariant set. When € > 0, L * can be as small as ¢*
(vanishing impact parameter) and as large as infinity (infi-
nite impact parameter), so that in this case 1 < ||p||< «. De-
spite the gap between ||p|| = O and ||p|| = 1, this describes an
SO (3,1)-invariant set, all planes that are orthogonal only to
spacelike vectors. The intersections of these planes with ei-
ther a spacelike or a timelike hyperboloid comprise an

SO (3,1)-invariant set of curves.

Actually our parametrization of these planes using p
and n is singular when L ? = ¢ both because in this limit ||p|
becomes infinite, as just noted, and because the direction of n
becomes indeterminate. The situation is not helped by re-
placing p with p/||p|| because the direction of M XL is also
ill-defined in this limit. The vector with a well-defined direc-
tion is (M )X L)X n, which satisfies

(MXL)Xn = Lk L-M + gM?) — M(kL * + gL-M)
~@ - Er—km)
m

=(L*—- gL 2.22)
When L ? = ¢, one should replace (2.11) by
0=u,X1=u, XL (2.23)

This completes our explanation of the projections. Be-
fore turning to the concluding discussion, we want to point
out one more amusing consequence of the basic definitions
(1.4) and (1.8), of the conserved vectors L and M. As is well
know, it follows from (1.4) that any orbit of this system must
lie on a fixed cone because

(2.24)

On the other hand the orbit must also lie in a plane because
according to (2.18) we must have

FL= —gq.

(2.25)

Passing to the limit ¢ = 0, we have, as far as we know, the
fastest and the most direct proof that the orbits of the Kepler
system are conic sections.

ven = 0.

3. CONCLUDING REMARKS—THE MANIFEST
SYMMETRY OF THE QUANTIZED SYSTEM

As observed in the Introduction, our stereographic pro-
jections of velocity space onto surfaces of manifest SO (4) or
SO (3,1) symmetry appear not to have obvious quantum-
mechanical counterparts, in part because of limitations built
into the definitions of the projections and in part because of
the difficulties in adapting velocity space, literally interpret-
ed, to the needs of Fourier superposition in the presence of
nonzero magnetic charge. (And this in spite of the fact that
degenerate eigenstates of the system are known to fill out
complete representations of O (3,1) or O (4), as the case may
be.>®) It may thus be productive to contemplate quantum-
mechanical alternatives to either ‘‘velocity space” or to
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*“functions on a surface of manifest SO (4) or SO (3,1) sym-
metry.” We discuss a number of such possibilities in this
section.

1. When g is zero, “Fourier components” means eigen-
states of the free wave operator, which is also the Kepler
wave operator with vanishing k. Thus the natural Fourier
basis when ¢ is nonzero might turn out to be the eigenstates
of the g—Kepler wave operator with vanishing k, whose
properties are derived in Ref. 3. This is suggested by trans-
formation (1.2) which establishes a classical correspondence
between orbits of the free particle and orbits of the g-Kepler
particle with £ = 0.

2. According to Hurst,'® in an appropriate gauge the
action of the angular part of the g—Kepler wave operator on
functions of the two-sphere is equivalent to the action of the
group-invariant Laplacian on functions /', of SO (3)
satisfying

[, (g ) =€"F (), 3.1
where g is an arbitrary element of SO (3), £ is an arbitrary
real number and L, generates rotations about the z-axis. Per-
haps, by analogy, the correct generalizations of the functions
on S ? (or its Minkowski-space analogue) into which the mo-
mentum-space Kepler wave functions transform under the
stereographic projections of Ref. 7 are functions on SO (4)
[or SO (3,1)] satisfying an equivalence relation similar to
3.1).

3. It may turn out that the dynamical symmetry of the
quantized g—Kepler system is manifest only when the wave
equations for several values of ¢ are considered at once. Two
facts prepare us for this idea. First, as mentioned in the In-
troduction, when an array of ¢’s corresponds to the eigenval-
ues of some generator of a nonabelian Lie group, one can
remove the Dirac string singularities from the Schrédinger
equations of the array by application of an appropriate local
nonabelian gauge transformation. Second, when ¢ is zero
and € > 0, one projects the momentum space wavefunction
onto a function defined on both sheets of the hyperboloid,’
even though the classical projection involves only one sheet
at a time—upper for k <0, lower for k> 0. Thus, in a sense,
even for ¢ = 0 the quantum-mechanical dynamical symme-
try is manifest only when elements of more than one system
are considered simultaneously.

4. Finally, there is the possibility that there is some nat-
ural way to extend the naive projections to the velocities that
are classically excluded and also to resolve the two-to-one
ambiguities, but we have no concrete proposals along such
lines.
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The principal bundle of orthogonal frames over M, is explicitly constructed from certain pairs of

O(3,3) spinors that transform as (associated) twistors under the action of the covering group of
the Poincaré group. In particular, flat space—time is constructed from these associated twistors,
and is thus shown to be an object derivable from geometric structures more basic than the vectors
of M,. Associated twistors describe massive elementary particles. The position in M, of such a
particle can be explicitly defined in terms of the components of these twistors. The usual
momentum and angular momentum variables which coordinatize the classical phase space of this
elementary relativistic system of nonzero mass and arbitrary spin may also be realized in terms of
this pair of associated twistors. This realization is not equivalent to descriptions of massive
particles using twistors which have previously appeared in the literature.

1. INTRODUCTION

It can be argued that the continuum concept of space
and time initially arose not so much out of physical consider-
ations as from mathematical convenience. In fact, R. Pen-
rose and M. A. H. MacCallum' have suggested that the con-
tinuum model of space-time arises solely from its
mathematical utility. They go on to say, ... We take the view
that to encompass quantum theory and general relativity
satisfactorily one needs to do more than simply apply some
suitable quantization technique to solutions of Einstein’s
equations. One should rather be thinking of quantizing spa-
cetime itself. This should not be conceived as simply replac-
ing the continuum by a discrete set of points (though this has
been attempted) but rather as seeking a way of treating
points as “smeared out” just as quantum theory smears out
particles.” To this end Penrose introduced twistors into
quantum theory, and he and his co-workers developed the
twistor formalism into an intriguing, albeit as yet incom-
plete, physical theory.

An enunciated goal of twistor physics is to derive
space—-time from combinatorial principles applied to the
group SU(2,2). It is widely believed that a necessary step
towards the goals of eliminating the continuum from phys-
ical theories and the quantization of space—time is some such
construction of M, utilizing concepts more basic than space
and time. In this paper we show that, not only M,, but the
principal fiber bundle of orthogonal frames over M, may be
constructed from certain geometrical objects that transform
as twistors under the action of the universal covering group
of the Poincaré group. These twistors are intimately related
to the real-valued spinors ¢ that transform under a real

eight-dimensional irreducible representation of O(3,3).

[For brevity, we shall simply write “twistor” for the more
precise “twistor with respect to the action of the universal
covering group of the Poincaré group.” Also, throughout

this paper “spinor” means a real eight-component O,(3,3)
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spinor.] This construction is realized as follows. The set of all

0,(3,3) spinors can be made into a real eight-dimensional
vector space, which we denote as S;. Nondegenerate spinors
in S; (see Ref. 3) characterize some of the properties of mas-
sive elementary particles. Every such spinor may be classi-
fied according to the type of intrinsic electromagnetic dipole
moment possessed (in a rest frame) by the elementary parti-
cle that it describes. We shall formulate the construction of
the principal orthogonal frame bundle over M, in terms of
the spinors that describe pure magnetic dipole particles
(such as electrons), although many other choices are possi-
ble. Let W be the seven-dimensional subset of S; in which
these spinors lie (for a characterization of this set see Ref. 3).
Consider S; X Sg. There exists a submanifold ¥ of S X S
which is diffeomorphic to W X M,. A point in ¥ can be la-
beled by an ordered pair of spinors (¥,,1,) which are subject
to four locally independent linear constraints and one other
condition. This point determines an element of W X M,
which in turn defines, by the canonical projection

W X M,—M,: (¥,x)—x, the coordinates of a point peM,,
{with respect to some fixed but unspecified coordinate sys-
tem), and by the canonical projection W X M,— W a nonde-
generate spinor Yye W C S;. In Ref. 3 it is shown how one
constructs an orthogonal tetrad ¢” ,, form a nondegenerate
spinor $€S;. Hence the mapping W X M ,—W: (¢,x) >y de-
termines a tetrad comprising a basis of the tangent space at p,
T,(M,). The set of points in ¥ which give rise to x( p) gener-
ates the set of orthogonal frames over peM,. Moreover, the
composite map V—M, is onto, so that this construction can
be carried out for all peM,, thereby realizing the principal
bundle of orthogonal frames over M.

The organization of this paper is as follows. In Sec. 2 the
submanifold V' C.Sg X Sy is implicitly defined, and the diffeo-
morphism between ¥ and W X M, is constructed; explicit
formulas for the space-time coordinates x* and the orthogo-
nal tetrad e, in terms of the pair (¢,,1,)eV are given. In
Sec. 3 the interpretation of (¥,,1,)eV as a pair of twistors
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associated to a point in W X M, is discussed. It is shown that
this pair of twistors contains all of the information needed to
specify the position, momentum, and angular momentum
(spin + orbital) of a free massive particle moving through
M,

We shall follow the notation of Ref. 3; a short summary
of the notation and conventions of Ref. 3 is given in the
Appendix.

2.5, xS, DV=WxM,
Let¢,,¥,€Sgand put ¢, = (£),i = 1,2;4, and £, arereal
four-component spinors, and £; (~ denotes transpose)

transforms inversely to A; under SO(3,3) (see Ref. 3). De-
fine V = {(¥,,¥,)€S55 X Sg: Egs. (1)~(3) hold}, where Eqs.
(1), (2), and (3) are given by

A (/11,51;/12,§2)§2 =0, (1)

A (gz’iz;gl’/ll)/ll =0, @)
and

52/11 =0; 527’%1?&0- €)]

Here A is the real 4 X4 matrix defined by

AR EAnE) = [VEEY Y], + [A]

+ PAdy — AP, C))
with [a,b ], =ab + ba. y* and ¥’ are real 4 X 4 skew-sym-
metric matrices (see Appendix) which verify [1/*,}°] _

= Je and cyclic permutations thereof, where € = y*y°. Both

Eq. (1) and Eq. (2) are SO(3,1) invariant, and the set of Egs.

(1) and (2) are O(3,1) invariant. Equations (1) and (2) are to
be interpreted as follows: One assigns nonzero values to 4,
and &, consistent with Eq. (3), and then solves the resulting
set of linear equations for 4, and &,. Of these eight equations,
only four are independent for a particular choice of A, and
&»; this is shown below. Hence Visan 8 48 —~4 —1 =11
dimensional manifold, which is also the dimension of the
principal bundle of orthogonal frames over M,.

The motivation behind Egs. (1)—(3) is as follows. Define

A A '
- ()-()
Equation (3) ensures that YW (see Ref. 3). Equations (1)
and (2) are equivalent to

= (e—riret)
= e _ypy o)’ ©)
ﬂ' a.
go— ( +rgx 1/“§), )
where the x are four real functions of (¢,,1,)eV defined by
x% = 2§2;/5/1 (&27°€k, + ArerAy). ¥

We use the suggestive notation x“ for these functions because
there exists a homogeneous transformation of ¢, and ¢,

which “translates” x* (see Sec. 3), and hence the x* may be
defined to be the position in M, of the particle described by
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(,,¢,)eV. Equations (6) and (7) are straightforward conse-
quences of substituting Egs. (65)—(68) of the Appendix into
Eqs. (1) and (2), and using Egs. (5) and (8), along with the
fact that £,°4, = £,°4, = £ 11;/1,, a result which follows
upon multiplying Eq. (1) with £,%° and Eq. (2) by 4,7°.
Equations (5) and (8) define the diffeomorphism

VW X M,, while Egs. (6) and (7) define the inverse map-
ping W X M,—V. The diffeomorphism defined by Eqgs. (6)
and (7) is implicit in Egs. (1) and (2) and the definitions of
Eqgs. (5) and (8); this is the reason for defining V' via Egs. (1)~
3).

It is obvious that the mapping defined by Eqgs. (6) and
(7) is a bijection W X M,—V, so that ¥ must have the same
dimension as W X M,, i.e., V is eleven-dimensional. There-
fore, as mentioned previously, of the eight constraints im-
posed by Eqgs. (1) and (2), only four are independent for any
given values of 4, and &,; otherwise V cannot be an eleven-
dimensional manifold, which manifestly it is.

The nondegenerate spinor 3 of Eq. (5) determines an
orthogonal tetrad e* ,,,, two linearly independent null vec-
tors n* and /%, a spin tensor #2°%, and a scalar N. These are
defined according to

e, =1 YA = — 1My, ©

"oy = VA = — WOM Y, (10)

2= — S = — WOM Y, a1

N=yA= — oMy, 12)

= —Arri, (13)

[“= _§~r,7,4§, (14)

e =Yn" =1 = —Wrrery, (15)
and

ey =Y+ 1)Y= — WIr*rey. (16)
The e°,, satisfy

¢ weoa =N N (17)
where

Ny = diag(l,1,1, —1). (18)

These relationships are derived in Ref. 3; the matrices "4,
M %, and 12 are defined in Ref. 3, and also briefly discussed
in the Appendix of this paper.

To summarize: From the pair of spinors (¢,,1,)V we
have extracted the coordinates x“( p) of a point peM, [de-
fined by Eq. (8)], and erected an orthogonal tetrad e°(,,, at
this point. By varying ¢ while keeping x fixed, we generate
the set of orthogonal frames over peM,. Lastly, x* may be
freely varied to give the orthogonal frame bundle over M,

3. TWISTORS

The transformation properties of ¥ under O(3,1) are

discussed in Ref. 3. As an example, for a SO(3,1) transfor-
mation, ¥ 1—¢’ = exp{iw.zM “ |, where w,; = — wg,
are six real parameters. We now endow ¢, and %, with an-
other transformation property which enables us to define a
left action on ¥ by the universal covering group of the Poin-
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caré group. This additional transformation operation is
translation. Define a real 4 X 4 matrix b by

be = €b, (19)
and

b= — b (20)
Then b may be uniquely written as

b=b,7", @1
where the b, are four real parameters given by

b* = 1try”b. (22)
Let

Te)= (y:b (1)) ’ @3)
and

ro=(5 7ol 5

()

Under the translation operation on ¥, we define ¢, and ¢, to
transform according as

A
bt =10 = (, ), 09)
and
A, — by'E,
buroi = 7000, = (2775, @)

One easily verifies that translations commute with one an-
other, and that they have the correct commutation relations

with the generators M *# of SO(3,1) . Under this translation
operation the x” transform as
, 1 ~
o Pl e( &+ v'bA
Erh, Eéz?"’ (& +7'b1)
+@,— §2b7/4)€7’a/11]

o _1___ £
=X 2527/5/11 bﬁng[}ﬂ’?’ﬂ]+/1|

=x"—b" Q7

This corresponds to one’s intuitive notion of a translation in
space—time, and reinforces the interpretation of the func-
tions defined in Eq. (8) as space-time coordinates.

In order to distinguish the two types of translation
transformation laws given by Egs. (25) and (26), wecall T ()
the representation of the translation generated by b, T*(b)
the conjugate representation, and say that ¢, transforms as a
twistor under translation, whereas 1, transforms as a conju-
gate twistor under translation; of course both #, and ¥,

transform in the same way under O(3,1) . One additional bit
of terminology: We say that (,,1,)eV are the associated
twistors of the element (¥,x)e W X M, defined by Egs. (5) and
(8).

The associated twistors (¥,,3,)eV provide a classical
description of the kinematics of a free massive magnetic di-
pole particle, such as an electron. The particle’s position 7 in
space-time, four velocity v*, momentum p°, spin, and angu-
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lar momentum J *# are completely determined by (,,1,)eV
and a parameter m with dimensions of mass. They are de-
fined by

¥ =fim'x% (28)

v*=|N|"'e%,, (see Ref. 3), (29)
where

v 0= —1; (30

P =me’y,, 31
where

PP = —m’N% (32)

spin tensor = #iZ * (see Ref. 3), 33)
where

3908 =0, 34
and

13 52 =N?% 35)
and

JP = #2P 4 P — P

= (= WM Y, + POM P, (36)

J “? is invariant under the gauge transformation
X®>x* = x* + sv® s€R. This may also be written as
x'“ = x*(s) = x*(0) + sv°, which is usually regarded as the
equation of the trajectory of the particle moving in M,. With
this interpretation of the allowed gauge transformation, we
see that (¢,,4,)eV provides a complete classical description
of the interaction-free ““dynamics” of a massive magnetic
dipole particle moving in M,.

An unselved problem is to define equations of motion
for ¥, and ¥, which (i) preserve Egs. (1)—(3), and give
£,7°A, = constant along a trajectory; (ii) yield ¥* « e%,, as
an identity; (iii) admit nontrivial interactions; and (iv) quan-
tize this dynamical scheme. By quantization we mean, loose-
ly speaking, the construction of a representation of the gen-
erators of the dynamical symmetry group of the equations of
motion in terms of Hermitian operators on an appropriate
Hilbert space, assuming that such a symmetry group exists.
(For a closed and isolated system, the equations of motion
must admit the covering group of the Poincaré group as a
dynamical symmetry group.*) Once a quantum theory has
been formulated, Eq. (8) takes on new meaning, namely, that
the observable “space—time” is the expectation value of a
quantum mechanical operator, which is in accordance with
one of the axioms of quantum mechanics.

APPENDIX

Let ¢ denote a real column matrix with eight rows (row
indices are suppressed) which coordinatizes the real eight-

dimensional vector space S;5. O(3,3) acts on S; on the left as
a group of automorphisms that preserves a certain bilinear
form; ¢ transforms as a spinor under a real 8 X 8 irreducible

representation of O(3,3). Write

o= (7). 37)
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where A and £ are real four-component spinors. & (~ denotes

transpose) transforms inversely to A under SO(3,3).
Let 7~ be a real 4 X 4 irreducible (Majorana) representa-
tion of the Dirac matrices, where

P+ Py =2, B = 1,2,34, (33
and

8.p = diag(1,1,1, —1). 39)

Define

Y= — Zl'—éaﬁyvya?ﬁruyv

= —v'rrrs 0y

=17, @b
and

S = —4ly] . “2
Then

= = )

7€ = €/~ @9

St = — 5, 43)

Se = _ S, (46)
and

[S.1- =87 — 8~ “n

Let I"“,A,B,- = 1,...,6, be six real matrices which gen-
erate an irreducible representation of the Clifford algebra C:

rré+rer4=g*, (43)
where
g5 = diag(1,1,1, -1, —1, —1). (49)
Define
r’= éeABCDEFF"I“BI‘CI‘DI“EFF, (50)
then
r‘r’+r’r+=o, (51)
and
r?=1. (52)
A particular representation of the I" matrices is
re=(°, "), 53
—ey 0
rs= ( 0 ”af), (54)
—ey 0
0 —€
(5 ) .
—e 0 (55)
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and
1 0

)

The generators of 50_(3,_5 are

M= —\[r4rf]_; (57
in this representation the M °* are given by

Mb (3:3 _%aﬁ). (58)
The M 45 verify

[MAE I, )_ =6:T"%— 83T, (59)

[MABMRS]  — g'RMBS _ gAS)BR _ gBRpg4S

+ g%M R, (60)

The skew-symmetric metric spinor of rank two, {2, may
be defined by

0 =0r+ (61)
then

r'o=—-or’, (62)
and

M50 = — QM “5, (63)
In the above representation {2 may be chosen to be

0 -1
2= ( 1 0 ) . (64)

In Ref. 3 the equivalent of

— VYAV = A+ EA—VEPA+ YEAY  (65)
is proven; see Eq. (42) of Ref. 3. [To derive this identity,
contract Eq. (42) with 4,£, and add to the resulting expres-
sion — p**4&y, ! = A£.] The transpose of Eq. (65) is

— VYV Y. =EA + AE+ VEYA+ P AEY. (66)
From Eqs. (65) and (66) trivially follow the identities

— Y VEEY = V'EE — ety (67)

and

— Ay, =AY + PAde. (68)

'R. Penrose and M. A. H. MacCallum, Phys. Rep. 6, 241 (1973).

% denotes a real column matrix with eight rows; row indices are sup-
pressed. Greek indices run from 1 to 4; upper case Latin indices run from 1
to 6. The metric tensor on M, has components g, = diag(1,1,1, —1)ina
Cartesian coordinate system. € 5.,z s the completely antisymmetric
Levi—Civita tensor density of weight —1 in six dimensions; €,53456 = +1.
€.puv = €qpuv50- A index in parenthesis is a vector label. We put ¢ = 1.

3P. L. Nash, J. Math. Phys. 21, 1024 (1980).

*P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949).
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Asymptotic behavior of gravitational fields in a type Il coordinate system
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With the aid of Penrose’s conformal technique the asymptotic behavior of the components of the
metric tensor, the Weyl tensor, the Ricci tensor and the spin-coefficients is calculated for a large
class of space-times that includes the NUT (Newman—Unti-Tamburino) solution as well as all
asymptotically flat space-times. The calculations are done in a coordinate system associated not
with null hypersurfaces but with an asymptotically shearfree twisting null congruence. For
vacuum the results presented here reduce to those of Aronson and Newman to the order given in

their paper.

1. INTRODUCTION

Almost a decade ago Aronson and Newman' investi-
gated the asymptotic behavior of the Newman—Penrose
(NP) vacuum quantities,” i.e. of the metric coefficients, the
spin-coefficients and the Weyl tensor, for empty “asymptoti-
cally flat” space-times in what they called a type II coordi-
nate system. This coordinate system is based on a twisting
asymptotically shearfree null geodesic congruence in con-
trast to the more common type I coordinate system which is
based on null hypersurfaces. The asymptotic behavior in
type Il coordinates was derived, for the vacuum case, from
the known behavior® in type I coordinates by an asymptotic
coordinate transformation.

In this paper we shall generalize their results by remov-
ing the restriction that the space-time be vacuum near infin-
ity. Using Penrose’s conformal approach* we shall derive the
asymptotic behavior of the NP quantities for this general
case to higher order than obtained in Ref. 1, exhibiting ex-
plicitly the behavior of the metric. Penrose’s conformal ap-
proach has been employed previously to obtain the asymp-
totic behavior in a type I coordinate system,’ thus
generalizing results of Newman and Unti,* and also in ob-
taining “reduced equations” for exact solutions subject to
special assumptions.®’

There are several advantages in using this conformal
approach where an unphysical space-time M (with bound-
ary # ) is introduced whose interior is conformally related to
the physical space-time M. The notion of the behavior of NP
quantities at infinity becomes more meaningful. The coordi-
nate system and the tetrad are chosen at .# right from the
outset; they do not have to be changed during the solving
process as in the regular Newman-Penrose procedure.® All
“integration constants” are given directly in terms of quanti-
ties defined on .#". No integrations are involved, only differ-
entiations, and even these can be avoided to a large extent by
making power series expansions and comparing coefficients.
The conformal factor gives an extra degree of freedom which
can be used to simplify the equations to be solved.

The asymptotic behavior of the Ricci tensor compo-
nents need not be postulated separately. It follows from oth-
er more basic postulates on the space-times under investiga-
tion. One of these is that the space-time be asymptotically
simple, but not quite in the sense of Penrose.* Penrose’s re-
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quirement that every null geodesic have two end points on .#
is removed. Our basic assumptions are the following:

1) The space-time is asymptotically simple in the weak-
ened sense just described;

2) the conformal boundary consists in part of a null
hypersurface .#* with local topology S 2 X R, V {2 is a (non-
zero) null vector on .# ¥,

3) the unphysical Weyl tensor vanishes on .#*;

4) the transformed Ricci tensor f!\ab is finite and smooth
on.#*,

These requirements are weaker than those of asymptotic
flatness. They guarantee the proper local asymptotic behav-
ior, i.e., the proper “fall-off”’ properties, but the global be-
havior of the space-time in the asymptotic region may be
completely different from that of Minkowski space. For in-
stance, the NUT (Newman-Unti~Tamburino) solution® of
Einstein’s equation is included in the space-times under
consideration.®

The notation used is essentially the same as in Refs. 5, 6,
and 7. Careted quantities refer to the unphysical space-time
M and those without carets refer to the physical space-time
M. Superscripts on a careted variable denote the appropriate
coefficient in the expansion of that variable in powers of the
conformal factor £2; similarly, superscripts on an uncareted
variable refer to the expansion of that variable in powers of
r!. A dot denotes differentiation with respect to & or u. Re
stands for real part, Im for imaginary part.

2. CHOICE OF FRAME AND COORDINATE SYSTEM

In Ref. 5 we showed in detall how to pick the conformal
factor {2 and the tetrad { & °m", ﬁ",ﬁ"} on the boundary ™

in such a way that, on .#*, we have A, = — V_ 2 and
pP=P=[0==0,
&= —B°=15mpP, 2.1)

2= —3°=AMnP,

where P is an arbitrary real function on #. (Actually, this
was done only for AP = = 0, but the generalization is 1mmed1-
ate.) The geodesics of M arriving at points on .# * from the ke
-directions were shown to be hypersurface orthogonal. Thus
k = V dwiththed = constant hypersurfaces cutting £~ in
2-surfaces with coordinates X°,£*. Each geodesic could
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therefore be labelled by the #,% and £* coordinates of its
intersection with .#*. The coordinate system {#,02,%°,%*} is
the type I coordinate system (for M ) referred to in the Intro-
duction and its analogue for the physical space-time M is the
one most commonly used when discussing asymptotic

" properties.

We obtain a natural frame in the interior of M by propa-
gating parallelly the tetrad chosen on .#* into the interior
along each geodesic. The spin- coeﬁicmnts K,ﬂ'}\é‘ then v vanish
identically. The metric components £, U, and Xiare
defined by

A d .
—f2  §=
f&.()
J a J
A=+ Z 4 2
an ai ax’
On /" they take on the values
f‘o~ =0°=%°_g
£ = z§“°—P(ﬁ*“‘)

The freedom left in the choice of tetrad, conformal factor
and coordinate system is that of the Newman-Unti group.
Requiring 3P /du = 0, as we did in Ref. 5, reduces this free-
dom to that of the Bondi-Metzner-Sachs group.

A type II coordinate system is introduced in a similar
fashion. But first we must make a null rotation about 7, at
each point of #* so that in the new frame the shear & vanish-
es. Since the transformation formulas for tetrad changes are
readily available in the literature,’>7 they will not be listed
here again. For the shear & the required formula is

& =6+ bf + 268 + b*(ji +27) + b — bAb — b .
Let — L be a value of the parameter b for which &’ vanishes.
Using Eq. (2.1) we have

0=6+8L + L8P+ L*A"InP,
all quantities being evaluated on #™*. We also have the
relations
D'=D-I8—L5 +LIA, &=5-L4 A'=A4.
Since it is the primed frame that is to be used exclusively
from now on we shall, for convenience, drop all primes in the
following. Some of the remaining spin-coefficients are given
(in the new frame) by

a - 0
_+ i
bt o

(=34).

A= =0, %= —29°= :ﬁlw,
a4 2.2)
— P @pr, &= —F°={Pmp
aii
and by
P =8°L — L&IP. 2.3)

To obtain a type II coordinate system {ﬁ,.(/)\,x“,f‘} we
take a point on the geodesic leaving a point S on .#* for the
interior of M in the (new) & °-direction and label it by the
coordinates (i7,%°,£*) of S. Again, the conformal factor
serves as a fourth coordinate. The geodesic congruence just
defined is no longer hypersurface orthogonal in general; in-
stead, it is asymptotically shearfree. The tetrad we have at S
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is parallelly propagated along the geodesic through S, thus
providing a tetrad at each point of M and making the spin-
coefficients &,7,€ vanish identically throughout M.

In a manner similar to what was done in the type I case
the metric components are defined by

A 9 .
D =f_’ b= g _,.,_

ag a ox 2.4)
A=0L 4 2L (=134,

st X ¢ )

where £! = 4. Since D, 8 and A are known on & (in terms of
type I quantities) it is readily seen that

fo= 1, a=bo=F®=%%*=0,

gooy, foe g, §o= _go=p )
Again,f)\ 20) = 0 on .#* implies that £ =0 and hence

f=—14+f202+ 30+ 02Y). (2.6)

Furthermore, choosing the conformal factor such that
Rep = 0, Eq. (4.2a) of Ref. 2 implies that Dp 0. Therefore,
from Eq. (2.3) we see that the twist X (4,%°,£*) is given in
terms of P and L by

— =2 =ImB°L — LBnP). @7

In summary, for a type II coordinate system and associ-
ated tetrad and conformal factor the following conditions
hold. Equation (2.7) and the equations

K=#7=€é=0
hold identically in M. The remaining spin-coefficients and
the metric variables take, on .#*, the values given by Eqgs.
(2.2) and (2.5) and by 6° = 0. Furthg\rmore, by assumption,
the components of the Weyl tensor ¥,,5c, vanish on ./,
whereas those of the tracefree Ricci tensor @, and the Ricci
scalar A remain finite there.

3. BEHAVIOR NEAR

The procedure for finding the (careted) NP quantities
for the unphysical space-time M is essentially the same as for
the type I case.” However, instead of evaluating {2-deriva-
tives of various expressions at .#* we find it easier to expand
each variable in powers of 2, substitute into the careted NP
equations and compare coefficients. The equations we need
here are the metric equations, the radial and nonradial
“Ricci identities” [Egs. (4.2) of Ref. 2] and the transforma-
tion equations for the Ricci tensor.® The Bianchi identities
are not required since they are essentially compatibility con-
ditions on the “Ricci identities.” Only the metric equations
will be exhibited here since they are different for each coordi-
nate system. The other equations will not be listed again due
to their length and ready accessibility in the literature.

From the commutator relations,? applied to the coordi-
nates, we easily determine the radial metric equations to be

D§ —pE' —af =0,

_FE =
Do — 6f pa)+(a+ﬁ)f a'w 0,
pU— Af~7'w—7'a)+(7/+y)f 0,

@.1)
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and the nonradial ones to be

‘5 — S (p—pX (B a)§ +@-B)i=o,

bo — 66+ (fi — #)f+(p P
+(B-&d+@—-B=0, (3.2)

B8R+ G—a—PR '+ (p—7+DE+IE =0,

A% — 6U—vf+(7'—a ﬁ)U
+/Ia)+(# 7+7)w 0.

In lowest order we find, from the nonradial Ricci identi-
ties, expressions for the components of the Ricci tensor > 4B
and A at #* in terms of the spin-coefficients and their (non-
radial) derivatives,

DY =32 P =if°S — 245,

B, = 5% + £05° — 7,

$A?2=25°:, D9, =277, (3.3)
24° = Re[5°7° — #°7° —24°7] ,

B9, = —A°+8%° 4+ 5%° 44",

as well as the two identities

5% —a° +28%° — PP =0,
Im[5°/ —26°7°) 443" = 3.

| To first and second order we find

GV =0, PV = —iZF -8, @V = —iZ —BY, = —iZ&,

PO = 80 PR LA =B, AV = —@Y, A= —2i5p° 2A°,

PO =2 B, fU =0 =0, fW=iZfr, TV= 20,

X — _ p0FD _ -oéam (p(l)

BW =P 44589, —47°32, 83‘; —§°0Y, —28°FY, + iz, ,

P =732 _33 +Re[3l1/(” 55”04??0+(a 279831,

B =8%A° — DY) +iZPY, —27°63, ,

PP =A°— 9, —27%)° 2?05070

AV =533 —37°27 + Re[(@ )09, —18°89, —}TP],

PO TP = _4i50°, +211m[6°¢‘1’0 +238°99, 1,

PP = —28°°° + §°BY, —48°PY, +88°6°4°, G4
PP =5 256 1+ 28° =3 )P -2 8%,

V= Y, PV = PO §3PY 4137,

G = — O +HZPY, + TP 48, BV = PO+,

PP =Re| — WP 29737+ 33 + 1B | +Im[5°PS, + S, +2Za’F +1°P%, |,
A =3P +15°F, + a°PY, ,

A =iZ (@ — A% +47°32 + 15909, — (&° + F)PY, — P9 — 33,
0‘2’=5°($?.—A°)—%¢?0+%°( O $O) +iZBY +27°B%, +2iZ1°7°,

JO =4St —0®), & =18%, £O= - 13¥%",

TP =P% —A°, XO=(i/DEP8°S — (/)5S .

Without having to go to second order in the nonradial equations we also obtain

= B, 0= 9 1B 18P,

55— B 1T 1 ]ODY,

EO = _ys@WER L BE,

£ = YSEN(— @R + 4T —HTOR) + PP — 3PP,

fo= —j0, (3.5)
5P =P 11800 Y + 43PY, — 4732,

g =24 _353 +2y°22+Re[!I/(2‘)—2$°$?0],

FO= _1Re[£°(°5? — P@Y — iZ8Y —28M)],

PR=3F=0, FF= YL,

The transformation equations for the Ricci tensor determine the following asymptotic behavior for the components of

the physical Ricci tensor,
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Boo= LN + PR+ 029,
Dy =PHN+0(2°), Pp=PHN+0°), (3.6)
O, =00 +0(2%), 2,=2302°+002Y,
D, =PN +0?, A=A0231+0RY).
In addition, from lowest order, we find that
PP =D +124 >, 3.7
PPV= 347, oY= —15°¢.
In the next highest order these transformation equations give expressions for @ @ and A which, when substituted into the
second-order nonradial Ricci identities, yield the following relations between the “initial data™:

PO =800 1 5 —4 PP 16T 4309
_ %8‘05045(4) —050¢(4) + ¢(4)¢oz ,
PO _3PPP 46T 1209 464,
o 27 +25°)W(l) +6 }/OW(') 2A‘3’+127/0A‘3’+<P(222), 3.8
¢‘5’—Re[ 5°° @ + (2a° +47—'0)6°¢&)+12A “
670D G + PEOEA° -2 89))].

4. ASYMPTOTIC BEHAVIOR IN PHYSICAL SPACE-TIME

Before we can discuss the asymptotic behavior of the NP variables in the physical space-time M we must introduce a
suitable coordinate system in M. This is done as for the type I case. The conformal factor {2 is replaced as a coordinate by an
affine parameter r along each null geodesic. The remaining coordinates x!( = ), x* and x* remain the same. Thus,

_x‘;\i = xi, n=n0n (r,xf), (l = 1’3’4) ’
ad ~d

where the function £2 (7,x") is yet to be found. The spin-frame {o*,.* } associated with {64, } as in Ref. 5 does not correspond
to a convenient tetrad since the spin-coefficient 7 does not vanish. Therefore, we rotate the tetrad at each point about & ¢ with
parameter c given by

czco_a/—)\ﬂ)ﬂ %—(3)‘02_*_0(‘03).

Although ¢° is arbitrary a convenient choice is ¢® = 7° since this will simplify several of the spin-coefficients. As in the type I
case we find quite readily that

D=r"'"—f3 1 i 400, 4.1

and with the aid of the transformation formulas in the Appendix of Ref. 7 the asymptotic expansions of all variables are now
quite easily worked out in powers of # ~'. The final results are

Go=r= DY 1+ BP 1 r | 8P _ 228D 4 098] +0¢—),

V=rPP10070), H=r PO+ 007Y,

U=r2 PP +007Y), U=r'TP+0¢ Y,

EN=Er +iZrT 4 r (ORI +r @ISR + 10 — i)

+g!!'é"§_'°r“‘+0(r‘5),

— B 4 (PP + 800 R 2232 + Z6°T) 1 0¢ ),

X X’°+r“Re[3§’°(W“) 16°0% + 7 <P(4))]+0(r“‘)

U=2r + (A° = 9 + 25— r1qPP +109 —24) 1 0¢2),

k=€e=7=0,

p=—r ' +iZr 2+ C =D r N (SOR — i3 — 1P+ 0(r ),

o= —JPPr PP (= PP+ PO 0 9T+ 0(7),

r=r (= PO +18°0E — PSR + 0,

a=@ -7 "' ~iZr?) (4.2)
+r PR + (18 — )PP + ZAP —a)]+0(¢Y),

. 0
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B= =&~ +iZr ) 4 r (PO BT 4FOE + 07,

y=—P+reA —FO) + 00,

=" ISP AC — DO, PP 423 —iZ) — r TP 424 )+ 0¢ 7Y,

A= —108r 2+ 0(¢ Y,

v= 28+ —r TP+ 0¢Y),

Py =P+ O+ OGO,

Gy = (—18°PL+ L +00 ™),

P, =DPPr=*4+0@¢"%), &,=-=3A%r34+0¢Y,

D,=PU 100 ), Pp=0Pr2+0¢ %), A=A >4+0¢Y),
whered® = — L (3/8) + P[(0/9%°) + i(6/0%*)]and 3,8°,7°,7°. °.X °,A°,83, 0%, Im¥P D, and ¥ ParegiveninEgs. (2.2),
(2.5), (2.7), (3.3) and (3.5) in terms of functions defined on .#*. The functions (on .#*) P,.L,¥ {),w P, ¥ g”,w‘,”,Re@ 1RA 28
@ ). A Pare part of the initial data and are subject only to equations obtained from Egs. (3.7) and (3.8) by replacing there @ §?
by@$p — PR, PPy @) — (PR + P6°P P, and @) by & —2 PP Y. These changes are necessitated by the
null rotation about & “ made at the beginning of this section.

In the vacuum case these expansions agree with those of Aronson and Newman' to the orders given there, up to changes

in notation and a few minor misprints. If we expand the special solution derived in Ref. 6 in powers of » ~! we again get

agreement with the results of this paper. Moreover, these results can easily be, and have been, checked by direct substitution
into the NP equations.
The contravariant components of the metric can now be obtained from

gab =k©n® _ mGm®)
where
k*=(0,100), n*=X.UX’X"), m'=(E" 0§°£Y),
whence the covariant components are found to be
8:=1+00""), 8,=00"°), 8s+igu=L/P+0(r "),
gn= —4r + AP, — A — PP 4 r TP+ TP 44+ 0¢ D),

g3+ ig= —rP —25‘7—(LP)+2LP PO, — A° — 07 4 iP (3 — 37
u

+ro P LR+ TP 44 138O —18°0 P + 170 5)] +0¢ D), .3)
€3+ 8u=P Ref — P — rQLP® +4LD") + 04 — 32 42 LL (P9, — A° — 779

+2 if(go},‘—z%")+r"[§¢§,§’+§f(2!/(/\(,” +220W — §°DW) + LLQYP —44 M} +0¢7,

€53 — Baa +2igse = P " —2LLr +2 LYP, — A° — 7% +2iL (§°3 — 37%)
+r"[%((’\g‘)+L2((I’\§”+6’\(2”—4/1‘3’)+L(§!/(’\(11)—§50¢g8+§1"0¢&‘@))] J+0(¢2).
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Space-times with geodesic, shearfree, twistfree, nonexpanding rays
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The Kundt class of metrics containing geodesic rays with vanishing divergence, shear and curl is
obtained for more general Ricci tensors using the standard Newman-Penrose formalism. These
solutions are then rederived using Penrose’s conformal technique, thereby clarifying their

asymptotic behavior.

1. INTRODUCTION

Two decades ago Kundt' obtained a class of space-
times containing geodesic rays whose shear, twist and diver-
gence all vanish. The solutions were restricted by the condi-
tion that the Ricci tensor be proportional to /,/, , where the
vector 1, is tangent to the ray congruence.

In this paper we generalize these metrics. We require
that the Weyl tensor be algebraically special and that the
Ricci scalar vanish, but do not, a priori, impose any further
conditions on the Ricci tensor. Using the well-known New-
man-Penrose® (NP) formalism we find, in Sec. 2, the spin-
coefficients, the metric coefficients, the metric, and the tet-
rad components (relative to a suitable tetrad) of the Weyl
and Ricci tensors for such space-times for which the repeat-
ed principal null vector of the Weyl tensor is, at each point,
tangential to a congruence of shearfree, twistfree, nonex-
panding null geodesics subject to one additional requirement
(r = 0) to be discussed later. The Kundt solutions, which
include the plane wave vacuum solutions, are a special case,
as shown in Sec. 3.

The solutions found in this paper are, as usual, implicit.
We derive the reduced gravitational field equations which
together with the equations governing the source must still
be solved before an explicit solution is obtained. In general,
such equations, although few in number, are difficult to
solve. Only in rare cases has this been done (cf. the explicit
Robinson-Trautman? type solution found by Foster and
Newman).*

In Sec. 4 we rederive our solutions with the aid of Pen-
rose’s conformal technique.’® This technique has been used
successfully on previous occasions for solving (both approxi-
mately near infinity and exactly) for space-times with ex-
panding rays.”® To find solutions we transform to an unphy-
sical space-time M by rescaling the metric, solve the NP
equations there and then transform back to the physical
space-time M. The advantages of this method are as follows.
The asymptotic behavior of the solution is built in from the
start. At the very outset the coordinate system and the tetrad
are chosen at “infinity” and need not be changed during the
solving process as in the regular NP procedure. All “integra-
tion constants” have an obvious meaning, usually at “infin-
ity.” Further, the conformal factor {2 gives an extra degree of
freedom which can be used to simplify the equations to be
solved.

Our notation is basically the same as in Ref. 7. Careted
quantities refer to the rescaled space-time M; those without
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carets refer to the physical space-time M. A zero superscript
on a quantity means that this quantity is independent of the
radial coordinate (r or £2 ). Ordinary differentiation is denot-
ed by a comma, but a dot is also used to denote differenti-
ation with respect to the coordinate u. Complex conjugation
is denoted by a bar, symmetrization by round brackets
around indices. Tensor indices are denoted by small Latin
letters and usually run form 1 to 4 (except for i and j which
run from 3 to 4 only). The usual symbols>'® are used for the
NP quantities. Parameters a, ¢, ¢, and 6 refer, respectively,
to boosts (referred to in the following as “‘rescalings’) in the
k-n plane of a standard null tetrad { k ¢, m*,/m°n"} , tospatial
rotations in the m-m plane, to null rotations about k ¢, and to
changes of the conformal factor. The transformation laws of
the NP variables for tetrad and conformal changes are found
in Refs. 7 and 9, the NP equations are found in Refs. 2 and
10. Because of their length these formulas and equations will
not be repeated here.

2. NP PROCEDURE

In this section we derive the desired metric by employ-
ing the regular NP procedure,>'" using a step-by-step ap-
proach to construct a special coordinate system with an asso-
ciated tetrad in which to present this solution. At each step
we reconsider the freedom we have in the choice of such a
frame and use it to simplify some quantity, thereby further
restricting this freedom.

Asin Ref. 11, we begin by introducing a family of null
hypersurfaces ¥ = constant, and by choosing coordinates (4,
r, x*, x*) as well as a null tetrad [k ¢, m®,m°n°} , such that

g2=1, g11 =g"=0, (=349 .1
dx*®

k,=u,, k° ,
' dr

(2.2)

where r is an affine parameter associated with the null geode-
sics of the hypersurfaces. To satisfy the orthonormality con-
ditions, k, n* = — m, m“ = 1 with all other inner products
vanishing, the vectors 7 and n (i.e.  and A ) must have the
form

d , 8 ,
b=0—-+£'— (i=34
5t (=39
2.3)
a a )
A =—+4 U —+ X' >
du ar ax'
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where the “metric variables” w, £/, U, X ‘ are arbitrary func-
tions of the coordinates.

With the aid of the transformation laws mentioned at
the end of Sec. 1 we find that conditions (2.1)-(2.3) are left
invariant by a combined coordinate and tetrad change given
by
W=y), F=v"r+ R x), X =x'x) (.j=34)
a>=y, ¢ andc arbitrary,

where , R, and x” are arbitrary functions of their arguments

(with 7 > 0) and the parameters a, ¢, and ¢ were defined at

the end of Sec. 1. For such a transformation the tetrad vec-

tors and the metric variables change as follows:

k'=yk, m =cyk+e*m,

n' = céyk + ce*m + e m +y'n,

o=+ o+ R, E), £ = e”"’?—,é“ , 29
xl

U'=cE7'/+ce2"“’(7'/“‘a)+R',-§’)
+E (B RED
+7 '"R+XR)—ryy+y U,
. Y. » Y, )
Xr =ce2|¢ l__._ +Ce——2ujz "'f
J Ix' § ax'
. Ox" '
+ fl(X'—,+ —).
4 ax’ du

From Eq. (2.2) and the fact that the vector k ® is tangent
to a null geodesic we find that the spin-coefficients must obey

T=a+p.

Parallel propagation of the tetrad along the null geodesics
leads to the further restrictions

K=€+€=0, p=p,

T=€=0
on the spin-coefficients and
Dc=D¢ =0

on the tetrad freedom. Thus, the parameters ¢ and c for
spatial rotations in the m-7 plane and null rotations about £
must be independent of the radial coordinate r.

So far the proceedings have been quite general except
that we have arranged for the rays under discussion to be
hypersurface orthogonal. Now we make the following
assumptions:

(i) the rays are shearfree (0 = 0, and hence ¥, = 0),

(ii) the rays are non-expanding (o + g = 0, and hence
p=0),

(iii) the space-time is algebraically special (¥, = 0),

(iv) the Ricci scalar vanishes (A = 0).

(There will be one additional assumption (r = 0) made be-

low.) Due to the generality of the Ricci tensor the Goldberg—
Sachs theorem? is not applicable and conditions (i) and (iii)
are independent. All four conditions are invariant under the
coordinate-tetrad freedom described above. In summary, we

have, so far, the following simplifications:
K=0=p=€=7=A=¥=¥,=0, r=a+p.

The equations we need here are the radial and nonradial
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“Ricci identities” (Eqgs. 4.2 of Ref. 2) and the metric equa-
tions (Egs. 6.10 of Ref. 11). The Bianchi identities are not
required since they are essentially compatibility conditions
on the “Ricci identities”. It is now a straightforward matter
to solve these equations. We find, for instance that

a=a’ B=B° =7 A=A"+4rdY,
= p® 4+ nEPr% —2a°1%, (2.5
0= —7% E'=E° Pyu=0.

Before exhibiting the complete solution let us simplify
further with the aid of our coordinate-tetrad freedom and
one additional assumption. By means of the coordinate
change

w=u r=r =55,
where$ = — x> 4 ix*, wemake& > + i€ * vanishatr = Oand

hence, according to Eq. (2.5), everywhere. The coordinate
freedom now has the additional restriction that

§'=g5"ws).
In the new coordinate system we define

Pux’, x)=£(= —i£*)
so that

62— p(Li2) - w Lo

x’ x> Ix* o

By means of a spatial rotation the variable P can be made
real, restricting our coordinate-tetrad freedom further by the
requirement that

i %i = real .

Under a coordinate change
rF=r+R@ux) ¢'=¢
accompanied by a null rotation about &, the variables w and
p transform as
o' =C+ w+ PVR,
u' =2cB+p + Pve,

where ¢ = ¢(u, x°, x*), R = R (u, x°, x*). Since ® and y are
given by Eq. (2.5) we see quite readily that ¢ and R may be
chosen such that 1° and @° vanish. Our coordinate-tetrad
freedom is now given by

W=y, r=y'r+R@LE, ='W,
accompanied by tetrad changes with parameters restricted
by

u'=u,

a’=yWw), Dc=Dp=0, &** ‘Zi; = real ,

y+e#(PVR +y ' °R)=0,
€**(2cB° +2icPV$ + PVc) — R(EP 7 —2a°7%) =0.
Our final assumption, 7° = 0, is invariant under this

freedom and is, therefore, a geometrical condition. The solu-
tion of the NP equations now becomes

K=0‘=p=’r=#=€='ﬂ'=0,

A=A°% a=a° B=-a, y=7"+K°,
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v= —PVU° + rPV(#° + ¥°) + PPVK®,

a)=0, é—i:é—io’ XizX'O,

U=U'—rP+)—rPK° ¥,=¥ =¥,=0,

W, = 1PV(y° 4 ¥°) — IPVA® + 24 %° + rPVK°,

W, =[ —VPVU®)—A°+A1°¢" =3y +1X°VA°
+3XOVAUIVPHG + 1) + K°VX°)

(2.6)

+ PV(P?VKO),
Poo = Py =Py, =A =0,
and _
d511 =K0’¢12 = %PV(')/O + 7})) + %PVlo —ZCZOIO —+ rPVKO,

2.7

D), = — P?VVU* - A°0° + rP2VV(° + ¥°) + PPVK®,
where

aozivl), §30___P= _ié—w’ K0=PVVP—|VP|2,

A°= — VX% °— =Y VX°—VXO),

X= —X*+ix*

The variables P, X °, ° + #°,and U ° areindependent of
the radial coordinate r and subject only to
P= —}P(VX° 4+ VX% +XVP+1X°VP. (2.9)
Equations (2.7) and (2.9) are the reduced equations which
must be solved for P, X°, ¥° + 77, and U° before Eq. (2.6)
represents an explicit solution.

The contravariant components of the metric tensor are
obtained, as usual from the relation

g = k“n® — mem®
here k* = (0,1,0,0), n“ = (1,U, X3, X*), m® = (0,0,P,iP). By
inverting the matrix (g*®) we find the metric to be
ds* = {2U + P ~2[(X ) + (X))} du? —2 du dr
—P2X¥dx*du — P 72X dx*du
_+_ %P -2 [(dx3)2 + (dx4)2] ,

(2.8)

(2.10)
or, equivalently,
ds =2Udu* —2dudr+\P~* d{ —X°du|?,
where U = U°® — n(#° + %) — K °. It is now apparent the
variable P defines the metric of the 2-surface u = constant,

r = const. and that K °is proportional to the Gaussian curva-
ture of this 2-surface.

3. KUNDT’S METRIC AS A SPECIAL CASE

It is not difficult to see that the vanishing of the tetrad
component @,, of the Ricci tensor is the necessary and suffi-
cient condition to enable us to make the variable Pa constant
(say 2 ~'/?) by means of the remaining freedom. If, in addi-
tion @, vanishes then the reduced equations become

VX°4+VX°=0, &R ))
VGO + ¥ - 4VX%) =0, (32)
Py = — VU — 17X 2, (3.3)

The reason gvhy <P22_ contains no longer the term linear in r,
namely 1rVV(° + ), is that by Eq. (3.2) we have
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vV(P + %) = VVVX,
where the left side is obviously real and the right side pure
imaginary according to Eq. (3.1).

We intend to show that with the above specialization
our solution reduces to that given by Eq. (3.9) of Kundt’s
paper.! If we let E = ¥° + y° and F = }iVX ° then, by Egs.
(3.1)and (3.2), Fisrealand V(E + iF) = 0. Thus E + iFis
independent of — £, i.e. of x> — ix*, and is, therefore, analyt-
ic in x*> 4 ix*. The Cauchy-Riemann equations now show
that E and F are harmonic in x* and x* and that there exists a
real function b °(u, x>, x*) such that

E=1b% and F= —1b5.
Note that X ? is also determined by b ° according to
a;\; ® s,

Therefore, we take the real variables b °(x, x3, x*) and
U°®u, x*, x*) as our undetermined variables, subject, howev-
er,to Eq. (3.3)and to 6%, + %, =0.

To get agreement with Kundt’s solution we must first
perform the following change of coordinates (which will, of
course, violate some of our conditions):

u=u, r=r+RWS, £ (=¢'.
With R chosen so that VR = X ° + b°, the metric and Eq.
(3.3) become, respectively,
ds’ =Hdu? —2du' dr' + |d¢' + b°du'|?,

X u
where
H=A o _b,OJr' ’
and the variable 4 °, defined by
dR —
A°=2U°— 2=+ X°X°— b R,

ou’'
is independent of 7 and replaces U° as undetermined
variable.

A further change given by #— — ' and x> — x* now
yields Kundt’s solution except for an unexplained difference
in the numerical coefficients of (b ;)* and (b ).

4. CONFORMAL APPROACH

In this section we employ Penrose’s conformal meth-
od>*® to rederive the metric found in Sec. 2. The advantages
of this technique have been discussed in Sec. 1 and in pre-
vious papers.”®

It is well known'? that in Minkowski space null geode-
sics lying in parallel null hyperplanes all end up on one and
the same generator N of (conformal future null infinity)

J *, with all the geodesics of a particular null hyperplane
reaching the same point .S of N. These null hyperplanes are
actually null cones whose vertices lie on NV and for which N
is, in fact, one of the generators.

With this in mind consider a space-time which has as
(part of ) its conformal boundary a line ¥ on which the con-
formal factor {2 vanishes and on which V_{2 #0. At a point
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S on N consider the null “cone” generated by all the possible
null geodesics arriving at S from the interior of the rescaled
space-time M. Each such null geodesic has a tangent vector
k © defined up to a proportionality factor which depends on
the geodesic. Corresponding to each geodesic choose at §
another null vector 7 ¢ satisfying the conditions #, ke=1
and

V. 2|00 =K%, — A, (4.1

for some function K ° also depending on the geodesic. (In
general, the null vector 7 ¢ depends on the geodesic. Only
when N is null will 72 “ be the same for all null geodesics
arriving at S; it will then equal — V, 2 and point along N
just as in the Minkowski case. ) Arb/l\'trarily choose a complex
null vector 7 “ such that { £ ¢, 7%, m°, A%} form a null tetrad.
This gives us many null tetrads at S, one for each geodesic
arriving there. Propagate these tetrads parallelly into the in-
terior of M along their respective geodesics. For each point
in the interior (at least near N ) we now have precisely one
tetrad defined there. The spin-coefficients «, € ,7 vanish
identically.

Let us now consider the freedom in the choice of tetrad
and conformal factor. We can, at a point P,

(i) rescale the tetrad with parameter a depending on the
geodesic on which P lies, provided this is accompanied by a
conformal rescaling 2’ = 602 with 6 = a%

(ii) make spatial rotations with parameter ¢ depending
on the geodesic;

(iii) conformally rescale with parameter 8, where 6—1
as .()-—»9, provided this is accompanied by a null rotation
about k¢ with parameter ¢ satisfying the restrictions

ﬁc + 3\6 =0,

¢c—0 as 20

Since léa is clearly hypersurface orthogonal it must be
proportional to V,, u for some function « which labels the

hypersurfaces. We can use freedom (i) above to make &,
equal to this gradient so that
k,=9,u
“4.2)
p=p, F=a+h
Freedom (i) is now restricted by

u'=yw), 6=y,
but freedom (ii) and (iii) remain unaffected.

A hypersurface f2 = const #0 cuts a u = const hyper-
surface in a 2-surface on which we select two coordinates x
and y subject to 8 = 0, where { = — x + iy. Propagate
these along the geodesics to obtain a coordinate system

) = (4,92, x,y).

The freedom in the choice of the coordinate S is

(iv) &' =L '( ¢, &u) restricted by 8 = 0.

From Eq. (4.2) it follows that

b\u =k "/V\a u=0,

bu = r/n\“/V"\,, u=0,

A .
Au=7aV,u=1,
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and from Eq. (4.1) that for any of the tetrads at S,
DR=kV, 0= -1,
80 =mV, 2 =0,
AR =4V, 0=K"

Also clearly,
D# = 0.
Hence we have
o a a A~ 8 2 8
D=2, b=0L+ &2,
/20 Yt
o a ~ - d
A= —4+ U—+ X* ,
8u+ 8{2+ Ix'

with f—> — 1,50, UK °as 20, thus defining the metric
variables f, @, £, U, and X",

Note that on the 2-surface used to define the coordi-
nates x and y, the relation

£'= —if
holds since 35“ = Q. Further, the coordinate freedom (iv)
may now be written

(V&' =4 8).

Having set up our coordinate system and tetrad in a
fairly general manner we now state our major assumptions.
We assume that the null geodesics considered above are not
only hypersurface orthogonal but also shearfree and expan-
sionfree and correspond to a repeated principal null direc-
tion of the Weyl tensor, i.e.

G="¥,=¥ =0,

p=—Ffo"
(Two more assumptions will be stated shortly.) The last
equation follows from the assumption made that p vanish
and the transformation law’ for p under a conformal rescal-
ing. The above conditions are invariant under freedom (i)~
(iv) in the choice of frame (i.e. of coordinate system, tetrad
and conformal factor). With the aid of freedom (iii) we can
arrange that

p=0"" f=-1,
thereby restricting freedom (iii) by
6=(1+R2) ",

where R = R (u,x, y) is arbitrary.
The condition

7=0
is invariant under the remaining freedom. We shall assume it
to hold as well as the vanishing of the Ricci scalar, i.e.,
A=0.
Applying the commutator? relations to the coordinates
the metric equations result. Two of these, namely
NS s
Do =2 "'w,
INaA 1 A~
Dé— i — .0 — gl
are easily solved. Taking into account that & must approach

zero as 2 does, we find

o =0,

(4.3)
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é‘-\i =0 ! é-io .
Let us define a function

P(u,x,p) =§30(= - i§40)’

so that
A, d
i— =0"'pPV,
] %'
where
_ 9 _98 ;9
i)y ox ay

We arrange for P to be real by means of freedom (ii).
To summarize, with respect to the frame we have con-
structed, the following hold:

K=€é=7F= =6’=6=/W\0=$19
ﬁ_ﬂ—l, 8=-/: f‘=—1, él% =0 "' PV,
U—-K°® as 02-0.

Let us list once more the remaining freedom in the
choice of coordinate system, tetrad, and conformal factor.
We can

(i) change the u-coordinate by 4’ = y(u) provided we
also change the conformal factor by 2’ = 6 (#)f2 with 8 = y
and rescale the tetrad with a®> = 6;

(ii) change the x and y coordinatesby § ' = § '(u, §') pro-
vided we also make a spatial rotation with parameter
& (u, x, y) subject to

2 % _ real;

29

(iii) make a conformal change 2’ = 612 accompanied

by a null rotation about £ * with

@=(1+R2)"', ¢=—N2(1+RN) 'PVR,
where R (u,%°) is arbitrary.
The remaining metric equations

A A

DU=y+7,

2 (4.4)

bX'— A =2+ (B—rv+ 1€,

8'—8'=(B—a)é'+@—-B)¢'
together with the Ricci identities [Egs. (4.2) of Ref. 2] and
the transformation equation for the Ricci scalar [the last of
Eqgs. (1.5) of Ref. 7] can now be solved in a straightforward
manner. It turns out that ' — £ ~'U is independent of 2
and can be made to vanish with the aid of freedom (iii),
which now becomes further constrained by

VVR =0.

The results of this calculation are

n N n a ~ ~ o~
K=0=F=é=f=a=¥,
Py Pl Pay Pay
=V, =V, =@=®, =0,
-3
p=02"" &= —B=0N""a°
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A=1° p=U0-9,
B=-U2+y"+7+027 K"
$=0""PVK°+ PV +¥") — 2PVU°,
f=—l, §i=”—1§,10’ XA'i=XA'ID,

. Z @.5)

U= —-U2*+ (P +/)2+K°,

&, =0 2PVK° + 2 ' 1PV +1°)

—JPVA° +24%"],

Po e

=2 VPWVK) + 0 VPV + )] -24 K°
—V@PVUY+A°° =397 — A° 4+ 4X°VA°
+1X°VAS,

A= —407'0"+ P+ U",

Dy, = —-Q_lio’ éll = —’W’l(7’0+1_’°),
D, = PVU° + 2~ '4PVL° — IPV(}° + V") —2a°1 ),
P, =0 “PVVK® + 02 ~'[PVVGP + %) — K°

+1X°VK®

+ JX°VK ]

+[—PVVU -y =9

+1XVG + 90

+ XV + ) —A°4°)

+2U°—4X°VU°

— 3 X°VUY),
where the variablesa®, £ °, K%, 1 °,7° - #°, X aredefined as
in Eq. (2.8). The variables P, X °, ° + 9° and U again have
to satisfy Eq. (2.9) but are otherwise left arbitrary.

The metric is easily obtained in standard fashion from

the metric coefficients. The result is
di? = [20 — 4P 20 ((X P + (X *)?)] du? —2 du d2

+ P XP0%dudx® + P XY 2% dudx®

— 1P 2 27 [(dx’)* + (dx*)?] . (4.6)

The meaning of the function P now becomes clear. It is

the metric of a ¥ = constant, {2 = constant 2-surface. If K'°
vanishes we can, as in Sec. 2, use the remaining freedom to
set P equal to a constant.

Let us now convert back to the physical space-time M.
We first introduce coordinates

>

(xa) = (u,r, x, »,
where 7 is an affine parameter for the geodesics, determined
as follows:

92 _po-0bo= -0,
ar
hence 2 = r ' by a suitable choice of origin.

The transformation formulas for the spin-coefficients
and the tetrad components of the Ricci and Weyl tensors are
given in Ref. 7 by, respectively, Egs. (A5), (1.5), and (1.6).
For the metric coefficients the required transformation laws
are

é—i:‘géi, Xf=X"vi, =20 -1f“-—1 (a;_sai%-gi),
X
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v-g-j- (0- S2- 120,

du ox!
After some calculation we find the solution given by Egs.
(2.6)—(2.10) of Sec. 2. Since §,, = 2 ’g,, the metric (2.10)

can be obtained more directly from Eq. (4.6).

5. CONCLUSION

To summarize, we have generalized a class of metrics
first discovered by Kundt many years ago. These metrics
describe a class of space-times containing geodesic rays
whose divergence, shear, and curl all vanish. By assumption,
the Ricci scalar vanishes, but the Ricci tensor is otherwise as
arbitrary as the field equations allow. Since the Goldberg-
Sachs theorem is no longer applicable we made the further
simplifying assumption that the rays in question correspond
to repeated principal null directions of the Weyl tensor.
Therefore, our solutions are all algebraically special.

These solutions were derived in two ways, first by using
the standard Newman—Penrose formalism, second by using
a conformal approach. The advantages of the conformal
method were discussed in Sec. 1. Both methods have the
advantage that they yield not only the metric but also, at the
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same time, the components of the Weyl and Ricci tensors
(relative to a specially constructed tetrad).
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Lattice Green’s functions for cubic lattices
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The Green’s functions for a cubic lattice given by
G(E) = 1/ (55585 (dxdydz)/[E — o (x.y,2)],
where

() o(x,y,2) = (a,cosx + a,cosy)(1 + cosz) + ascosz,

(ii) w(x,y,z) = a,cosx (1 + cosy + €0sz 4 COSYCOSzZ) + @,CO8Y + A;CO8Z + A;COSY COSZ

are evaluated exactly and expressed as products of two ,F,’s each of which represents a complete
elliptic integral of the first kind. The expressions for the Green’s functions manifest the expected

symmetries.

I. INTRODUCTION

On account of their application in several physical
problems, many authors have considered the analytic evalu-
ation of the Lattice Green’s functions for different types of
cubic lattices.!® Hioe, in a recent paper,’ has summarized
the various cases that have been considered in the past. He
has also evaluated the special Green’s function

_dxdydz
G(Ea, a,,a,)= — J J. 1
G(Ea,,a,,a,) = f F— w(x’y’z) ¢))
where
w(x.p,2) = (a, cosx + a, cosy)(l + cosz) + a; cosz 2
and

E>2a, +2a, +a,.

Hioe has expressed his answer as a product of two com-
plete elliptic integrals. However, the obvious invariance of
the Green’s function under the transformations involving

change of sign of a;, and/or a, and interchange ofa, and a, is
not manifest in this expression. In the present paper, we at-
tempt this problem in a very simple and straightforward
manner which immediately results in an expression for the
Green’s function in terms of an F, function of Appell. The
parameters of this Appell function are such that it factorizes
into two , F, ’s each of which can also be written as a com-
plete elliptic integral, though, the first factorization looks
better. In addition, since our procedure retains the above—
mentioned symmetries at every stage, our final answer mani-
festly exhibits the desired symmetries.

We have also given a simple analytic expression for the
Lattice Green’s function corresponding to
o(x.p,2) = a, cosx(l 4 cosy + cosz + cosy ¢osz)

+ a, cosy + a; cosz + a,; cosy cosz, 3
which is a generalization of the case previously considered
by Glasser® (His case is obtained by taking a, = a, = a,

J =a, =1).

il. COMPUTATION OF THE LATTICE GREEN’S FUNCTION CONSIDERED BY HIOE

We perform the z-integration in Eq. (1) using®

i dz T
= , lal>1b], 4
| o5 = a5 >0 @
which results in
G(E;alyazya3)=if J dx dy
mJo Jo [(E+a,E—a; — 2a, cosx — 2a, cosp)]'?
1  (1/Dn+m{ 28 Y[ 2a,
- § U2 ) : )
(E?—a3)"? wiZo nlm! —a, —a,
X—I—J- f cos"x cos™ y dx dy. )
o Jo
Since
—l—f cos tlxdx =0,
T Jo
and
L, 1/2),
— | cos*"xdx =
T fo n! ™
where
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W (@), =I'(n+a)/I"(n), : ®

and
(ii) n is a nonnegative integer, Eq. (6) becomes

G(Ea,,a,,a;)= ! i (72920 + 2m1/2), (/D) (28, )2” 3 9
(E*—a})" nito (2n)i(2m)inim! —a, —ay) ©
Applying the duplication formula®
_ana @I [z 4+ (1/2)]
re)=2 e (10)
to the above equation, we arrive at'®
G (Eqa,,a,,a;)
_ 1 i A/Hn+m@B/AHn+m _ ( 2a, N 2a, P
(E*—ad)"? nito ninlm!m! " \E—a, —a, an
B 1 20, V¥ ( 2a, \
- T F“(*’%”’“(E-a})’(g_a}))' 12
Now!!
Fia,b+c—a—1;bcu(l —v),v(1 —u))=,F (ab+c—a—1;cu),F(@ab+c—a—1;cv). (13)
The use of the above result transforms Eq. (12) to
1
G(E;al $a ,(13) = W 2F1 (},%,l,u)z_Fl (;},%;l,v), 14
where
y= [ [(E—a; +2a, +2a,(E—a; +2a, — 2a,)]'* — [(E—a; —2a, +2a,)(E—a; —2a, — 2‘12)]1/2 ]2
2E — a,) ’
V= [ [(E—a; +2a, 4+ 2a,)(E —a; +2a, —2a,)]'? — [(E — ay — 2a, + 2a,(E — a; — 2a, — 2a,)]""* ]2 (15
2AE —a,) '
Since

(i) u and v are invariant under change of sign of 4, and/or a,,

(ii) a, «»a, >u<v, and

(iii) the two , F,’s in Eq. (14) above have the same parameters, the analytic expression for the Green’s function
G (E;a, ,a,,a,) in Eq. (14) above obviously contains the symmetries mentioned in the introduction.

Noting that'?

PG4 =1+ Vz) ", F, (%,%;1;—2\—/1—), (16)
+\/;

we observe that each of the two , F,’s appearing in Eq. (14) can be expressed as a complete elliptic integral, though its
argument is not any simpler.
Our expression for the Lattice Green’s function and its derivation may be compared with the ones in Hioe’s work’.
Special cases:
(i)a, =a, =a; =1, then

. (\/(E+3) —\/(E—S))’

W (E-1
and
1 VE+3) —V(E-5 )Z)]Z
GELL)= —— [ZF, (%,%;1;( : 17
VE 1) 2V (E-1) w0
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In particular

GGLLY = — = ,F G31)]?
6
_ 1 [ rasn 1
e L TG/ (1/8)
1
- — L/ G/,
(i) 16V 67

1
G(2a, +2a, +a;;a,,a,,a,) =

(18)

(19

2[(“1 +a,)e, +a, +as)]1/

a a
—2F (14,%;1; 1 )21*"1 (é,%;l; : )
‘ a +a, a +a,

When a, —0, the first , F; —1, whereas the second one diverges. Thus G (2a, + 2a, + a5;a,,a,a; )« as a,—0. The above
result and the results in Egs. (17-19) are the same as previously obtained by Hioe.

ill. LATTICE GREEN’S FUNCTION FOR
GENERALIZATION OF A CASE CONSIDERED BY
GLASSER

In this section, we wish to compute

GEa e a) = 5 [ [ [ ELE-
E—o(xp2)’
where
w(x,p,2) = a, cosx(1 + cosy + cosz + cosy cosz)
+ a, cosy + a; cosz + a,; cosy cosz, 21
and
E>4a, +a, +a, + a,;. (22)

Performing the z-integration, we obtain

G(Ea,,a,,a;,a;;3)

=%J; J:dx dy[(E + ay — (a, — a,;) cosy)

X(E —a,

— 2a, cosx — cosp(a, + ay; + a, cosx))] ~'?2

23)

To do the y-integration, we take cos y as the new vari-
able and use'?

J dx
V(@ = x)b —x)c—x)x—d)
- 2 F@k), 4)
Via—c)b—d)
wherea>b>c>u>d and
N [—dXe—w) ]2
(i) y = sin c—do—n) (252)
b)c—d)]”
(i) k= [————( “ot_d)) (25b)

and

(iii) F (y,k ) is in general an incomplete elliptic integral.
In particular, the complete elliptic integral F (7/2,k ) is ex-
pressed as'

F(m/2,k) =1m, F, (L5 1;k2). (26)
Since in our problem
E+a E—a; —2a, cosx
a= """ p= 2 ! , Q27
ay —Q,, a, + a,; + 2a, cosx
2551 J. Math. Phys,, Vol. 21, No. 10, October 1980

' ande= —u= —d=1,wefindy=7/2and

G (Ea, ,a,,a;,a,;)
1
T[(E—a, +as +apXE+a, —a; + a23)11/2

X J dx ,F, (b4 1k 2), (28)
Q

where
k?=A + B cosx, 29)
and
() A = 4(Eay; + a,a;)

(E—a, +a; +ay)E+a, —a; +a,) ’
(30a)

4a,(E +a, +a; —ay)

(E—a, +a; +ay)E+a, —a; +ay3)
(30b)
The integral in Eq. (28) can now be evaluated by inte-
grating term by term the series expansion of the hypergeo-
metric function, using contour integration techniques. This
results in

G(Ea,,a,,a;,a,,)

(i) B=

1
[(E_ @ +ay+ayXE+a, —a; + (123)]1/2
On+mPn+m

Xn.mzco nintm!m! @.rdy,  6h
where
, =4 +A*—-BYH)) (32)
On using the definition of Appell’s F, function'® and
Bailey’s theorem,'" we arrive at
G(Ea,,a,,a;,a,3) 1

[(E—(12 +a;, +ajuNE +a, —a, 4“123)]1/2
XFA(%)%’I’I;A + 9A — )
1

[(E_ a +a; +apNE+a, —a; + ‘123)]1/2
XZF ('21’12'1191 u) F (2,2’ ,U), (33)

where

u(l—vy=4,, v(l—u)=4 (34
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or

u=1{1+*—BH" — [(1 —4) — B*]"*},(35)
and

v={1-U?—B?»"—[(1-4)]>— B} (35b)

Note that the expression for the Green’s function in Eq.
(33) above obviously possesses symmetry under (i) change of
sign of a,, (ii) interchange of a, ,a,.
Special cases:
(i) Whena, =a, =a,; = 1, we find
E+2—a,

u=v=141-(1-24)"1=

TEv2—a, f E+42-4,°
(E+2— 03)1/?—(E_6— a;)'?

2E+2—a)"?
and
1
[(E+a)E+2— as)]l/z

% [2F1 (%’%;1; (E+2—a)"?—(E—6— a3)1/2)]2 |
2AE+2— a3)1/2
(36)

G(E:l,l,a;,,1) =

In particular
G(E;1,1,1,1)

= Tb—‘:l:)— [2F1 (%,%;1; Ex 12)(:;2;1()%: 7)1/2)]2’
G7

which is exactly the expression obtained by Glasser.’
(ii)) When E—4a, +a, + a; + a,;,
(4a;, +a, +ay +ay)ay +a,a,
- ’
(2a, +a, + a3)(2a, +a; + ay3)
2a,(2a, +a, +ay)
B— .
(2a, +a, +ay)2a, +a; +ay)
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Thus
A + B—1, u—i[14+ (1 —-2B)"?], v—i[1 — (1 —2B)"?],
with

_ 2a,(2a, + a, + a;)

B Qa, +a, +a;)2a, +a, +a,;)

In particular, when a, = a, = a,; = 1 [case (i) above],
and E—6 + a;, A = B—1/2, u = v—1/2, and

1
43 + ay)'"”?

G (6 +a5;1,1,a,,1)—

o
43 + ay) (T (/9]
using Eq. (2.8(50)), p. 104, in Ref. (12).
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Let P (M,,G ) be a principal fiber bundle over the Minkowskian space-time M, with the structural
group G. The group G is supposed to be a compact and semisimple Lie group. Let 4 be a
connection formon P (M,,G Yand F = DA its curvature form. Let g; be the Cartan-Killing metric
on G, and g,,, the Minkowskian metric on M,. Let us define d7r : TP—TM,, the differential of the
canonical projection from P onto M,. Then we can define a scalar product for any two vectors
from P(M,,G):

gr(X.Y) =g (4 (X),A(Y)) + gu, (dm(X ),dm(Y)).

In this metric the horizontal and vertical subspaces of the connection 4 are orthogonal to each
other. Next, we construct the Clifford algebra corresponding to the metric g,. The metric g, can
be always diagonalized locally to give diag((3 + N) 4,1 — ), where N is the dimension of G. The
lowest faithful representation of this algebra, which we call C (3 + N,1) is of the dimension

K =2!"+972] This K-dimensional vector space is called the space of spinors over P (M,,G ). We
study the decomposition of these spinors into multiplets of Lorentz spinors. We also define the
generalized Dirac equation for such a spinor, construct an explicit representation in the case of
G = SU(2), and give the formulae for the mass splitting. Finally, the invariant interaction with

vector fields over P (M,,G) and scalar multiplets is discussed, together with the physical

implications of the coupled equations.

1. INTRODUCTION AND NOTATIONS

Since the appearance of the first papers'- introducing
fiber bundles as the most appropriate framework for describ-
ing the Yang—Mills field theory, this mathematical language
has been adopted by most physicists. The Yang-Mills field is
interpreted as the curvature form on the principal fiber bun-
dle over the space-time, the structural group being identified
with the gauge group. The gauge potential is the connection
form on this fiber bundle. Still, when it comes to define an
interaction between the gauge field and a spin-} field, or a
scalar multiplet, the fiber bundle structure somehow gets out
of view and the interaction is defined ad hoc, by analogy with
electrodynamics, the Klein—Gordon equation, minimal cou-
pling, and so on. In this paper we want to show that however
these analogies could be justified, it seems to be more logical
to push such an analogy to the end and work all the time
through with covariant objects over the fiber bundle, and the
equations invariant under the isomorphisms of the fiber bun-
dle manifold itself.

Let us first recall the usual notation. Let P (M,,G) be a
principal fiber bundle over the basis manifold M, (the Min-
kowskian space-time) and with the structural group G
which we suppose to be a compact, semisimple Lie group.
We design the structure constants of the group G by

Ci. = —C2, with ab,.- = 1,2,--,N = dimG.

Let us also define the invariant Cartan—Killing metric form
on G,

Gap = C(Czdcjb . (D
In the basis M, the metric is diagonal,
g; = diag(+ + + —). €))

2653 J. Math. Phys. 21(10), October 1980
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Let the Greek indices «,3,-- run from 1 to N +4; symboli-
cally we can write {a} = [/ or a}. Remembering that
P(M,,G) is locally trivial, which means that sufficiently
small open sets of P (M,,G ) are isomorphic to the Cartesian
products of open sets of M, and G, by choosing local maps in
P(M,,G), in M, and in G we can describe any point in
P(M,,G) as follows: Let peP (M,,G); then

S ) - (xE, )
local map isomorphism or
o local maps

where {x'} are the local coordinates of the point in M, onto
which p projects; this point fixes a whole fiber 7-'(x) in
P(M,,G). Thisfiber isisomorphicto G; | £ ¢} givesa pointin
G in some local map. The projection 7 acts on p in an obvious
way:

m(p)=x if p=(x¢§)
or in local coordinates

m({ p*P = {x] if {p*) =[x, £} @
A tangent vector on P (M,,G ) can be written as
X=X%9,=X0,+X3, 5)

with X @ being smooth functions of p, i.e., of both x" and £ °.
Similarly, any 1-form on P(M,,G) can be written as

w=w0,dp*=0,dx'+ 0, dE* (6)

with o, being smooth functions of p. The differential of the
projection operator, dr, acts locally as follows:

T,D X, X°dm X*={dn(X)}, dr(X)eTy., (7

where T, means the tangent space to P(M,,G ), and T, is
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the tangent space to M,. The tangent space to G is the Lie
algebra of group G and will be denoted by 7 ;.

A homomorphism of .7 ; into 7, can also be defined. It
acts as follows: If B is a vector in .« ;, then

B°—0;B®=[0(B)]%, o(B)ET, ®
is a vertical vector in T». The vertical vector fields on
P(M,,G)aredefined by theaction of Gon P (M,,G ), they are
just tangent to the orbits of G. The connection 4 on P (M,,G')
is a left-invariant Lie-algebra-valued 1-form on the fiber
bundle. In local coordinates it defines a mapping from 7',
into &7,

T,2X, X°—>A:X*=[4X)]°, AX)eA;. (9
Any vector X for which 4 (X') = 0 will be called a horizontal
vector. At any point of P (M,,G ) the 1-form A defines a hori-
zontal supspace T 5" C T .. Therefore we can define a unique
lift from T, into Tp,

T, 3V, Vio>riV'=(rn(V)]* V)T,. (10)
The obvious relations and definitions are satisfied then:
Xe T, : (rodm)(X) =hor X, the horizontal part of X,

Ve Ty, :(dmor)(V)=V, ie, dror=1d,, ,

11
Xe Tp : (voA )X ) =ver X, the vertical part of X, v
Be o ; : (4°0)B) =B, ie, Aco=1d, .
Moreover,
Todm + god =1d;, (12)
because obviously
X =hor X + ver X. (13)

Because P (M,,G ) is locally trivial, we can always choose the
local coordinates in which, with no loss in generality, we
shall have
ot =8, o,=0,
Af=6;, A]=A4}x), (14)
dm, =0, dm = 6} ,
and, because of hor X = X — ver X,
M= —A5 =8 (15)

We can finally introduce a unique metric on P (M,,G) in-
duced by the metrics on M, and G: Namely, we define for
any X,Ye T, a scalar product

8X,Y) =g5(4 (XA (Y)) + gu, (dm(X),dm(Y)). (16)

In other words, the scalar product of any two vectors tangent
to T, is the sum of the Lie algebra scalar product of their
vertical parts and of the Minkowskian scalar product of their
horizontal parts. By definition

g(hor X,ver Y) = g(ver X,hor Y) =0 an
so that
g(X,Y) = g(ver X,ver Y') + g(hor X,hor Y). (18)

The horizontal and vertical subspaces of T, are orthogonal
to each other. Keeping in mind (14) and (15) we see that in
local coordinates the unique form of our metric is
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gl:] +gabA A guabA )
gaﬁ_( ), (19)
o . ojji 4 b
gr (& T8 20
— A g AL

Now we have at our disposal the basic notions which will
serve to develop the geometry of our manifold.

2. GEOMETRICAL OBJECTS ON A FIBER BUNDLE

The fiber bundle P (M,,G ) endowed with the connection
form A4 ¢ and the metric tensor (19)—(20) is now a Rieman-
nian manifold. We define the Christoffel symbols as usual,

{Ba}/] = ig"&(aﬁgwj + aygﬁa - a&&w)- 21

In order to compute them explicitly we have to define d,4 ;.
We recall that 4 } is the 1-form of type ad, i.e., the group
elements act on A by left translation by means of the adjoint
representation. This means in turn that

3,4} +ChA;=0, 22)
which can be also interpreted as the vanishing of the covar-
iant derivative of A in the group space—here C';,. plays the
role of the affine connection coefficients. Being antisymme-
tric, this connection is just pure forsion tensor on the group.

Having (22) in mind, we easily compute the Christoffel
symbols

=0 L=l =
F¥
lbc] 0 lbc] % [b] b =84

{ } a] =86, ALF; + CoHd;,
Ljb
(23)
a a
= =1Jd.A° A“
[1]] [ji] YO +5,47)
+ 8 G A A + AT,
k
=[] =#ecars +aro
Here
Fei=)0,A!—3A)+ Ci Al (24)
and
4= 40,47 —FAY). (25)

F3 is the curvature 2-form of the connection form A4, identi-
fied with the Yang—Mills field tensor. Still, the connection
coefficients (23) are not fully gauge invariant. The reason is
that in the fibers—and therefore in the vertical subspaces—
we had the nonvanishing torsion tensor

S =Cq. (26)
This tensor should be also imbedded into 7T, to give
Sg, =SiALA507% . @n

If the torsion tensor in the basis space were non null, we
should also add the term

St dmiy dilr? (28)
From now on we put S}, = 0. The nonvanishing coefficients
of (27) are therefore
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St =Ch» Sty=—5j=CiAj
29
St=—S5=C;AM;.
The fully covariant connection coefficients are therefore

a a a
rg = [ﬁV} +S53, . (39)
The curvature can now be computed, as well as the Ricci
tensor and the scalar curvature. The scalar curvature of the
connection (30) is equal (up to a constant) to

R= — igﬁkgmg’abF;Fi/ €2))
which is exactly the gauge-invariant Lagrangian of the

Yang-Mills field. The invariant principle analogous to Ein-
stein’s one can be generalized onto the P (M,,G),

5[»53ﬁdN“p=o (32)
P

and it will reduce itself to the usual variational principle on
M, because g = det(g,,z) = (detg;)(detg,, ) so that (32) is
equivalent to

Véf\/ —gRd% =0, (33)

V being the volume of G.

Now we want to widen the theory in order to include
spinors. We propose to construct the spinors right on the
fiber bundle P (M,,G ) and then try to reduce them into the
Lorentz spinors (see, e.g., Refs. 4 and 5).

First let us construct the Clifford algebra correspond-
ing to the metric (19). It is enough to define the generators
corresponding to the locally diagonalized metric,

; §; 10
8op = (—-‘--—:--). (34)

These generators have to satisfy the following autocommu-
tation relations:

7;(17;/3 +}°’B;’a =2g°ab b (35)
or, more explicitly

;’a;’b + ;/b;/a = 2goab ’

V¥ + Y =28 (36)
YoV +¥¥a =0.
Defining
v =vp8" (7
we immediately get
7Y+ Py =24 €1

In order to now construct the Clifford algebra correspond-
ing to the metric (21) it is enough to define

7/i=7;i+7;aA?’
7a=[ _° (39)
ya _Va s
=7
’ﬁ‘{r’=fﬂ—Aﬁf‘. “0

Then obviously

Ya¥V8 + VoVa =28ap, VYV +V¥ =2 (41)
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The lowest-dimensional faithful representation of this Clif-
ford algebra is given by the

2[(n +1)/21 X 2l +1)/2) matrices. (42)

Here n = N +4, and [m] means the integer part of m. The
representation space of this algebra, which is a complex
21 +D721_dimensional space, is the space of spinors on
P(M,G).

3. INVARIANT EQUATIONS FOR SPINORS ON THE
BUNDLE

The fully invariant equation for the thus defined spinor
defined on our fiber bundle with connection is of course the
generalized Dirac equation

Vo + myy=0. 43)
(Note that if 7~ are real, in order to make this operator self-
adjoint we have to take iy*V ,.) The generalized Klein—Gor-
don equation is then obtained by

Vo —m)¥PVs +myp=0 44)
giving
YV Vp —m)p=0. 45)

V., means the covariant derivative with respect to the Chris-
toffel connection (23) or the full connection (30), if specified.
The equations (43)—(45) are not well defined unless we define
the action of V,, on a spinor. We propose the following
choice,

Vo =0,¢+ I'Vys¥. (46)
The Eq. (45) can be written as

[gaﬁva VB + iaaﬁRaBya 7’67/}/ - mZ]'l’ = 01 (47)
where

o = P =P, 9

and R_57” is the Riemann tensor. An analogous generaliza-
tion of Dirac’s equation has been proposed by Drechsler (see
Refs. 6 and 7). However in Drechsler’s papers the fiber is
isomorphic to a homogeneous space with constant curva-
ture, with the de Sitter symmetry group operating on it. The
noncompactness of the group is a cause of negative energy,
which must be ruled out somehow. In our approach we dis-
cuss only the fibers which are isomorphic to some compact
groups; moreover, we think that the generalized spinors
have to be defined on a principal fiber bundle, and not on an
associate fiber bundle, which would be equivalent to the
choice of some special representation. In other words, we
think that the gauge group is more fundamental than the
representations we choose afterwards.

For a scalar field on P (M,,G ) the Klein-Gordon equa-
tion (47) reduces to

[V, V; —m?lp=0 (49)
which, when calculated, gives just
(gO'jaiaj - m2)¢7 =0 m2)¢’ =0 (50)

if we assume d,¢ = 0, which seems to be natural.
The analog of the Dirac equation (43), when made ex-
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plicit, gives different results depending on whether we take
the covariant derivative with respect to the Christoffel con-
nection (23) or the full connection I"§, including the torsion
tensor (30).

In the first case (Christoffel connection) we get

[0 + 79, —~ VA3, +y'AECE 64 —my

=0. (51)
Here
Gap = (1/20)(Va¥y — Vs Va)- (52)

The second case (Christoffel symbols + torsion tensor) gives

[‘};’al + ;/aaa - };A ?aa

+ YA GIC Gy + V' Cod —mp=0 (53)
(WC pUt Cabc = goadc Zc)

The final result depends on how we define the deriva-

tive of our spinor ¥ along the fiber direction, d, 3. We face
two more or less natural choices: Either

d,0=0 (54)
or
3,9+ Copy 6y =0 (55)

(the last choice being equivalent to V4 = 0). Combining
(54)—(55) with (51) and (53) gives four different equations if
d, ¥ = 0, then (51) reduces to
[0, — A1gCle00) —m]d =0 (56)
and (53) gives

[V6, — 418CL60) + 1 Cane* —mp =0, (57)
whereas if 9,y + C,,.6°¢ = 0, we get

[V8, — ¥*Cupe6™ —mgp =0 (58)
instead of (51), and

[78, —mlp=0 (59)
instead of (53).

Thus the different choices of the geometric behavior of
1 acquire a clear physical meaning. For example, (59) is just
afree equation: All the interaction has been factorized out by
covariance. (58) gives the mass splitting (breaking of the
group symmetry), but no interaction with the gauge field.
Equation (56) gives the invariant interaction with the gauge
field without any mass-splitting term. In order to make Egs.
(56)—(59) “operative” we have to find out the eigenvalues of
0., Which will depend on the choice of representation.

4. THE CHOICE OF REPRESENTATION OF THE
CLIFFORD ALGEBRA

Let us remember that the spinors on the fiber bundle
defined above cannot have any direct physical meaning, be-
cause it is not an irreducible representation of the Lorentz
group. We can hope, however, that in some cases our Clif-
ford algebra can be decomposed into a product (or even a
direct sum) of some lower-dimensional Clifford algebras,
and the spinor can be decomposed into several Lorentz spin-
ors. Let us first give a particular example of such a situation.
Take the case when G = SU(2). The dimension of SU(2) is
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equal to 3; the Clifford algebra of the SU(2) group space
endowed with the Cartan—Killing metric is given by three
Pauli matrices o, (¢ = 1,2,3),

0,0y +0,0, =28, Id(2><2) . (60)

Id,, . ., means the unit (1 X n) matrix, ., = &,, . The Clif-
ford algebra of M, with Minkowskian metric is given by the
usual Dirac matrices

V¥ + V¥ =28 W, - (61)
So, from now on

Vo= vad =700} (62)
We want our representation to have the dimension

2[(n +1/2] 2{(N+4+1)/2 I — 2[(3 +4+1)/2 ] 24 =16

(63)

in which

70/1‘;/}' + 7’17’. = Zgu Id(l6><16) ’

Ya¥s T VoV = 280 W16 16) » (64)

Ya¥; + V¥ =0.
Such a representation is easy to obtain in terms of (4 X 4)
blocks. Our building blocks will be either (4 X 4) Dirac ma-
trices or (4 X 4) identity matrices.

The 16X 16 representation satisfying (64) is then given
by the following matrices:

7 0
0
. 0 V
7’;16><16) = ;/ 0 (65)
0
0 ¥
and

. & 10
Yaexiey = ("d"':.'_‘_"a'a") : (66)

Here 0, mean the 2 X 2 Pauli matrices in which the element-
numbers are replaced by the 4 X 4 identity matrices. We then
easily get

o, g, O
szbc bec = ( 0 o ) (67)
and
. - & 0
Vacabc }/b’}/c = ( O _ &2 ) ’ (68)
where
F=0 +o03+0%. (69)

We see, therefore, that our 16-dimensional column (spinor)
1 can be regarded upon as two couples of Dirac spinors:

P
n
Y= (70)
D
n,
on which the Lorentz transformation acts in a reducible
way, i.e., the same Lorentz transformation applies to all the
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four Dirac spinors p,, n,, p,, and n,. That is so because the
generators of the Lorentz transformations,

&, = (112002, — 7,7, (1)
are block-diagonal, as it is easy to see. The group action is
contragradient on p,, n,, and p,, n,—but the couples never
mix up under the group action.

Due to the term y";f there is a mass-shifting, because
the Dirac equation takes on the following form:

f s )]"’ 72)

Even in the absence of the Yang-Mills potential the masses
will be shifted: If we act on (71) from the left with the same
operator in which m is replaced by — m, we get

[O+m* + @)1 =0. (73)
In this formula the operator (¢%)° is diagonal, and its eigen-
values depend on the representation. In our case it is the
lowest-dimensional one, and we can put ¢ = s(s +1)¢,
with s = 1. In general, when the structural group is other
than SU(2), the eigenvalues of the operator C,,. ¥*¥”¥ can be
quite difficult to compute. Anyway, we cannot compare this
contribution to the mass term with any masses of known
physical objects, because the fiber-bundle spinor ¥ is not an
irreducible representation of the Lorentz group. The mass-
term correction can be rather thought of as a mean value
term for all the irreducible Lorentz components contained in
the fiber-bundle spinor . In order to obtain some meaning-
ful mass terms in the generalized Dirac equation (57) we
have to perform the following program: (a) to factorize out
the group dependence, (b) to decompose the fiber-bundle
spinor into a superposition of tlle Lorentz spinors, (c) to
integrate the Lagrangian $(3*V, + m)¥ over the group
space.

By (a) we mean the following. Locally, any point in the
fiber bundle P (M,,G ) can be represented by the coordinates
(x.,2), where x belongs to M, and g symbolizes the coordi-
nates of the group element g, so that we can explicitly write ¢
as ¢ (x,8), with4 = 1,2,...,2!W+572) Having chosen the ac-
tion of the Lie algebra generators on § we can in principle
perform a finite left translation by g*' and write ¥(x,g) in
terms of the components of ¥ at the point (x,e): ¥ (x,g)

= D*,(8)” (x), where we write for simplicity

P¥(x,e) = P(x). D“3(g) is a reducible representation of G in
the Spin (& + 3,1), and as such can be decomposed into the
sum of irreducible representations of G.

By (b) we mean the decomposition of ¢ (x) into the
ordinary Lorentz spinors. This can be done, because we
know how the group SO(3,1) acts on ¢ (x) explicitly. This
will give us some decomposition in terms of the 6- symbols.

Finally, by (c) we mean integrating with the invariant
Haar measure over the group space, the Lagrangian density
corresponding to the generalized Dirac equation (43), i.e.,
YV, + m)y.

Such a program has been performed by Domokos and
Kovesi-Domokos for the SU(2) group, in their paper.® In the
case of the SU(3) group or some higher-dimensional Lie
group, this program becomes a formidable task. It seems to

V(0 — ACope ™) + m + (
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be worth trying, because it could provide us with a rich mass
spectrum of the fermions. At this stage it is too early to for-
mulate any guesses as to its fitting with the experiment. All
we can say is that in our theory there are no massless fer-
mions in the absence of an Abelian subgroup, as it clearly
follows from the term, y°C,,, 6*".

The last remark concerning the masses is that in order
to compare them with the physical data our structure con-
stants have to be rescaled, i.e., they have to contain the cou-
pling parameter A: C <, —AC ¢, . The nature of this coupling
parameter depends on the kind of interactions we want to
describe by the gauge field; e.g., for the Abelian (electromag-
netic) case A is the electric charge e.

Now, the general situation can be described as follows.

Let C ( p,q) be the Clifford algebra corresponding to the
metric diag( p*,q”). We have the following reduction
formulae®:

C(p+lg+1)=C(pyg & C(1,1),
C(g+2p)=C(pg) © C2,0), (74)
Cigp+2)=C(pg) ¢ CO2).
Let us also remember that
C(2,0) = C(1,1) = Mat,(R ) = 2 X 2 real matrices,
C (2,0) = H = quaternions,
C(0,1) = C = complex numbers,
C(1,0) = R + R = sum of two real lines.

The splitting of the representation into a sum of lower repre-
sentations can occur if the C (1,0) appears in the decomposi-
tion of C ( p,g). For example, in the case when G = SU(2),
dim SU(2) = 3, the metric £, becomes diag(6 + ,1 — ) and
we get

cC6eH=C(1,1)eC5,0=C(1,1)eC(2,00©C(0,3)
=C(3,1)eC(03)=C3,DHeC(0,2)8 C(1,0)

=CG3,1)eHe[RaR]
=[CG,HeH}e[C(3,1)eH]. (75)
The decomposition
C6,1)=[C3,)eH]e[C(3,1)eH] (76)

describes exactly the representation of 7,’s we have chosen
in (65) and (66)—C (3,1) is the space—time Clifford algebra,
and the quaternions are represented by the o, matrices
( + the unit matrix).
Theimportant observation here is that such a decompo-
sition works for C (2k,1) and does not work for
C (2k +1,1)—unless we take an unfaithful representation of
C (2k +1,1) embedded into C (2k,1). For example, for the
SU(3) group the same kind of calculus yields dim SU(3) = 8,
therefore
CB+3,1)=C(11,)=C(1,)® C(10,0)
=C(LDeCR,08C0,8)=CG3,1DHeC(0,8)
=C(3,1)8C0,2)8C(6,0)=C@3,1)
e He C (2,008 C(0,4),
but C(2,0) = C(1,1), so

C3,1HeHeC(22,0)9 C(0,4)
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=C3,1)eHeC(1,1)9C(0,4)
=C3,1)eHeC(1,1)8C(0,2)eC(2,0)
=[CG3,1)eH]®[C(3,1)eH] an

The quaternions being represented by 2 X 2 matrices, the re-
presentation of C (11,1) acts in a 64-dimensional space. In-
stead of the direct sum of two C (3,1) @ H, as in (75), we get
the tensor product. This, in turn, can be decomposed into a
sum of irreducible representations with the use of Clebsch—
Gordan coefficients.

5. VECTORS AND SCALAR MULTIPLETS

In order to complete the theory, we have to include in it
not only scalar and spinor fields on the bundle, but also vector
fields and scalar multiplets. We don’t mention the gauge
field, because it is now part of kinetics, being included in the
metric geometry of the fiber bundle space. It is easy to see
that both the vector field and the scalar multiplet are includ-
ed in a single vector field over the bundle:

X*={XX°. (78)

The problem now is to find a fully invariant equation for
X “ respecting the geometrical structure of the bundle. Con-
tinuing the analogy, we would like to obtain a generalization
of the Klein—Gordon equation for a massive vector field. The
simplest Lagrangian of such a field, leading to the general-
ized Klein—Gordon equation, is the following:

LX) =188V, XV XP + /285X °X 2. (79)
There is also another invariant quantity we can add to this
Lagrangian, namely

R X X" (80)
The full Lagrangian is then

LX)= ;gaﬂgPGVpX"VaXﬁ + W/2)g X °X*
+ bR ;X X%, 81)
b being some arbitrary constant. One can also introduce the
Higgs—Kibble mechanism by modifying the “potential ener-
gy’ part, i.e., by adding

VX)=A/9[g.XX?-CT. (82)

The invariant equation derived from the Lagrangian (81) by
the variational principle is formally very simple,

V,8°Y,X*=2bR @ XP 4 pixe. (83)
The direct calculus of (83) is extremely boring and apparent-
ly does not lead to any meaningful result, because the field
X @ has no direct physical meaning. Just as in the case with
spinors we have to split X © into parts having well-defined
properties with respect to the Lorentz transformations. The
splitting is very simple and amounts to defining ver X and
hor X; in local coordinates we write

Xi=g*—diph X'=g¢" (84)
Here @ °is a scalar multiplet (i.e., a scalar with respect to the
Lorentz group, and an N-tuplet in the space of the adjoint
representation of the gauge group), and ¢’ is a Lorentz vec-
tor. It is much more convenient to write (81)—(83) in terms of
@” and @ . It is easy to see that now
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8up X °XP =8 ,,0°0" + 8,00’ (85)
and
gaﬂg”'SVpX *V.X?
=8 . Do Do’ + 5.6 d []] ‘0?
gabgl P ]¢ +gqgk [k(.'] l e
+ terms quadratic in (p%@*) and (p“@"),
(86)
where
Dp®=de°+CiA4 ?¢’ “ 37N

We choose the simplest case in which @ “ = 0, i.e., when
the field X ¢ is a left-invariant vertical vector field on the
bundle. We don’t really loose any generality, because it can
be shown that @ * does not interact with the gauge field 4 ¢,
its contribution to the Lagrangian being of the form of free
field energy. Therefore, we identify
8ap8° YV, XV, X

=£.,8'D,p ‘D;p b+ R,¢°p b’
(R is the Ricci tensor of the metric g,5). (88)
Now we see that in order to get a renormalizable theory we

ought to get rid of the last term in (88). This is possible if the
constant b in the full Lagrangian (81) is equal to — }; so that

LX) =18.58"°V,XVs;X? — R ;X °X*
+ /D8 X °XP + V(X). (89)
The full Lagrangian, containing both the scalar multiplet ¢ ¢

and the spinor field ¢, as well as the gauge field, is then equal
to

L = _%gabngknglF; Zl + £g°0b§’7D;¢ aDj¢7 b + V(¢)

+ J[;,‘(gl — 4 ?Cabcoo’bc) + ;acabc&bc —m ]¢
(90)

Here 1 means 'y +°, where

A e A o1
The full set of resulting field equations is the following:
IF5 + Ci.A"F = Ci.Dyp’p  —¥[y,Ci.0" Y,
D'Dip —(8V /59 °)* =0, 92)
[V(al —4 ?Cabc(}bc) + ‘}/‘zcvabc(;bc —m ]¢ =0.

6. CONCLUDING REMARKS

Our main goal here is including the spinors into a geo-
metrical unification scheme. That is why we start with a
principal fiber bundle, and all our geometrical objects can a

Z, — Z,XZ, — z,
i) ) f
Spin(3+N,1) — Spin(3,)XSpin(¥) — Spin(3,})
! ) )
SOB3+N1) — SO(3,1) XSO(N) —  SO@G,1)
acts on acts on acts on
P (M,,SU(n)) M, xSU(n) M,
(N=n*>—-1)
FIG. 1.
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priori depend on the space-time point and the point on the
fiber as well. Only afterwards the covariance or invariance
with respect to the group action on the fiber bundle (there-
fore, on all the geometrical objects defined on it) restrict the
way in which these objects may depend on the group param-
eters. We did not make any topological assumptions on the
bundie P (M,,G ). Thismay beimportant for the realization of
global spinor structures. As a matter of fact, our problem
may be illustrated by Fig. 1.

Although it is always possible to make such a diagram exact,
the question remains open if the same will be true for the
corresponding spinor structures over M, over M, X G and
over P(M,,G ) which may be globally nontrivial. These prob-
lems have been studied deeply by Kosmann® and we refer to
her papers for more information. For the infinitesimal study
we are performing here, the local triviality of the bundle is
sufficient.

The renormalizability of the set of Eq. (92) is due to the
absence of terms of Pauli type, i.e., f/‘,F ;é"f. This, in turn,
comes from the particular choice of the covariant derivative
of a spinor (46) as well as from the choice of the connection
itself. As a matter of fact, the connection (30) is not unique.
One may argue that it is not metric, i.e., that for

a (<4
By = [ﬁ,},] + Sﬂy (30)
the covariant derivative of the metric tensor does not vanish
0,88, — Fzﬁgﬁy - rfrygﬁé
= QaBy = —(§ za&sr + Sgygﬁﬁ)7éo' 93)
There exists a unique affine connection with torsion .S which
is metric, i.e., giving the vanishing covariant derivative of the
metric tensor,

~ a X a
gr:{ﬁy]+sl(37+gﬁr’ (94)
where
ng = %gaEQ,Béy (95)

and is called the nonmetric object.

Using the covariant derivative V,, with respect to the
connection I~ g, instead of the Christoffel connection or
Christoffel + torsion would, of course, modify the result.

The action of the covariant derivative on spinors is by
no means unique; one can argue that the proper definition
should be, as proposed by Domokos and K&vesi-Domokos®

Va ¢ = aa ¢’ + nggBﬁ 0-76¢ ’ (96)
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where

0" = (172007 = 7). 7
This choice gives rise to the Pauli term in Eq. (92), while
including the nonmetricity into the connection changes just
the ordering in the possibilities (51), (53), (56), and (57).

The reduction of the spinors over P (M,,G ) into the Lo-
rentz spinors can already be carried out in the Lagrangian
(90). Remember that the variational principle is defined over
the fiber bundle; therefore we have to perform the integra-
tion in the group space (along the fiber) too. In the
expression

f TG, — A9C,0.67) + 7™ — m1b dV, (99)

where dV'is the volume element of the group, we shall get the
decomposition (see Ref. 5) into the Lorentz spinors

WA= 3G+ T, 99)

The decomposition (99) is derived in Ref. 5 for the SU(2)
gauge group. The spinor u,,, u = 1,2,3,4, belong to the irre-
ducible space () of the gauge group and can be thought of as
4(2j +1)-column matrices.

To close these remarks, we should point out that the
most useful application of the formalism exposed above
would be to find some nontrivial solutions of the system (92).

We don’t know if any exact solutions can be found easi-
ly, nevertheless we can expect some general features by in-
vestigating the approximate solutions with a given gauge po-
tential 4 { (the exterior field approximation). The
approximate solutions in this case can be found by means of a
generalized Foldy-Wuthoysen transformation (see Ref. 10).
The essential result in this case, if we take the SU(3) gauge
group, is the Gell-Mann—Okubo mass formula, in which the
coefficients depend on the spin configurations of the consti-
tuting quarks.
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S-matrix for interacting A-fields
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In the framework of the Lagrangian field theory a new statistics for charged tensor fields is
considered. An interaction Lagrangian is constructed such that the S-matrix is unitary, covariant

and causal.

Creation and annihilation operators (CAO’s) of Bose
type appear simultaneously as representatives of two differ-
ent algebraical structures. Under commutation they yield
the nilpotent Heisenberg or Bose Lie algebra (LA) and, on
the other hand, they span a basis in the odd part of the simple
orthosymplectic Lie superalgebra (LS) or Bose LS, and gen-
erate it." Similarly, the Fermi operators can be viewed either
as operators generating the simple Lie algebra of the orthog-
onal group,” the Fermi LA, or as odd generators of a nilpo-
tent LS, the Fermi LS. In both cases the nilpotent algebras
have a single Fock representation, whereas the Bose LS and
the Fermi LA possess infinite sequences of such representa-
tions with CAO’s satisfying the three-linear paraBose and
paraFermi relations, respectively.’

Among the known simple LS’s of particular interest are
four infinite series, denoted by Kac* as 4, B, C, and D. Each
one resolves into an infinite sequence of Lie algebras and an
infinite sequence of Lie superalgebras, that are not LA’s.
Any n pairs of paraFermi (paraBose) CAQO’s generate the
LA B, [the LS B (0,n)] from the series B and thetefore the
parafields (and hence Bose and Fermi fields) can be called B-
fields.

Recently,’® within the framework of the Lagrangian
field theory a quantization of so-called A-fields was given,
which corresponds to the series A in the same sense as para-
fields correspond to B-superalgebras. More precisely, the
CAO’s of the tensor fields generate proper 4-LS’s, whereas
the CAO’s of the spinor fields close A-LA’s.

In the present letter we show how to build an interac-
tion Lagrangian from tensor fields, so that the ordinary per-
turbation approach for constructing of an S—matrix remains
unaltered. Such A-fields have some new physical properties
and in particular lead to additional selection rules.

Let ¢,(x,%),...,4, (x,1) be a family of charged tensor
fields with charge 7 = + and positive (£ = + ) and nega-
tive (£ = — ) frequency parts represented via CAO’s
a;(p,7) as

$5em) = @m) fdp @) e Pa, ). (1)

The A—fields are defined by the three-linear relations of their
creation ( £ = + ) and annihilation (£ = — ) operators

aé(p,n) given as

=Present address: Institute of Nuclear Research and Nuclear Energy, Boul.
Lenin 72, 1184 Sofia, Bulgaria.
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[{afp, — €€ ).a(a.em }ai (k)]
=4(v =18 _ .6, —k)ai(p, — &)
+4(v — £)5.,.9,.6(p — K)a(q,€7)
+ 4§ — mMpes(p — Qaj kuv), 2
{at@.et)al@en} =0, ©)

withé, 1, 8,6, 4, v= + or + 1,[x,y] =xy —yx,
fx,y} =xy + yx. From (2) we have

{¢ (x917)’¢ (}’,77)} =0, )]
whereas for (x — y)> <0
I¢ (X,77),¢ (y, - 77)} #O (5)

It turns out, however, that any two operators
A4;;x) = {&;(x, + )d ;(x, =)},
(6)
Au(y) = [ (3, +)8:(¥, =)}

commute at space-like distances. To prove this use the repre-
sentation (1)

[Aij(x)»Akl(y)]
= 52; [{¢5(x8)8 1(x, — M}, (82208 (1, — }]
_ —6 dpdqd kdr
- g.%.e (2”) f 4(p0q0k OrO)l/Z
X @i b ] £33, q ) @
and
I$754(p,g.k.r,)

= [{af(p,g )907((1 - 77) } ’ { ai (k,5),a,‘(r, - 6)] ] (8)
The structure relations (2) yield

1575 akr,)
= — 78 _,56,.(a — K){ai(p£)ai(r, — €)}
+ 665’, — sai,la(p - r){“',l(q, - 77),02 (k,(S)} . (9)

Inserting (9) in (7) and integrating over all 3-momenta, we
finally obtain

[{g:Ge, +)s8 0, =)} {80 (3, + 08, (3, =)} ]
= —i§ ;. D(x — M{$:(x, + )i (y, —)}

— 8, D (x — »){$,;0x, = 1 (y, +)}, (10)

where D (x — p) is the Pauli-Jordan commutator function.

Therefore the operators (6) commute for (x — p)* <0. This
immediately implies that any polynomials (or, more general-
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ly, analytical functions) of operators of the type (6) also com-
mute at space-like distances.

Comnsider now an interaction based on a relativistic in-
variant hermitian Lagrangian density L,,,, which depends
on the A-fields only through the symmetrized combinations
(6). Suppose moreover that the other interacting (Bose or
Fermi) fields commute with the 4-fields. Then L, ,, is a local
operator, i.e., for (x — y)* <0

[Lint(x)!Lint(y)] = 0' (ll)
Therefore one proves in the usual way for the perturbation
approach that the S-matrix

S= Texp[ifLin,(x) dx] (12)

is a covariant, unitary, and causal operator.’
The Fock spaces W of the A-fields are defined from the
requirements
a;” (pa; (@n)[0) =6,,6(p— @z, [0), n= +
(13)
a; (p’ﬂ),()} = O’ (O,ai+ (p/’?) = 0!
where |0) is the no-particle state. A more detailed study®

shows that the metric of W is positive definite if and only if
the numbers z,, are nonnegative integers. A vector
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aiT (91»771)"'“: (pn ’ﬂn)lo) (14)
from W is different from zero only if

—z_<z=9 4. +1,<2, . (15)

This is an analogue of the Pauli principle for the tensor 4—
fields. It shows that the charge z of an arbitrary ensemble of
particles can not be more thanz , nor less than —z _ .
Therefore special transitions between Bose states will be for-
bidden for the A-fields. The question whether the allowed
reactions lead to new physical predictions remains to be
investigated.
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Unitarity can be proven from the usual Z, grading of gauge and ghost fields, or from a Z, X Z,
grading, geometrically derived by Ne’eman and Thierry-Mieg, or from a Z, X Z, X Z, grading
derived here. The claim that only the Z, X Z, grading leads to unitarity is incorrect. The opposite
is shown to hold: signs due to different gradings are physically unobservable. We show how the
Z, X Z, grading follows from the Z, grading by taking a product space.

I. INTRODUCTION

In a series of recent papers, Ne’eman and Thierry-Mieg
(NT) have proposed a geometrical derivation of BRST (Bec-
chi-Rouet-Stora-Tyutin) transformations.! They arrive at
an unusual Z, X Z, statistics for ghost and gauge fields. For
example, a commuting ghost field C ¢ and an anticommuting
ghost field C ” anticommute rather than commute with each
other. They also claim to have completed the proof of unitar-
ity of supergravity of Sterman, Townsend, and van
Nieuwenhuizen.? In this proof, no signs due to the commuta-
tor of C " and C ¢ were mentioned.

We show below that the Z, X Z, grading of NT, which
divides fields into (integer spins/half-integer spins) and
(physical/ghost) needs an anticommuting parameter which
commutes with gauge fields but which uniformly commutes
or anticommutes with ghost fields. Then we show that the
Z, X Z, grading is simply obtained from the usual Z, grading
by considering a product space. We are indebted to B. Zu-
mino for showing this relation to us.

Finally, we explain why the signs due to ordering C*
and C“ cancel in the unitarity proof. The reason is, briefly,
that in a cut graph one needs a Ward identity once on the
left-hand side and once on the right-hand side, and any un-
usual sign on the left is cancelled by a similar sign on the
right.

The claim of NT that the proof of unitarity is complete
only with their Z, X Z, grading, and that this gives support
for their theory, is not substantiated. Also the standard
BRST formalism can be used to prove unitarity. The unob-
servability of the unusual NT signs is of the same kind as the
unobservability of defining two different spinors to commute
rather than to anticommute.

In Sec. 2 we complete the rules of the Z, X Z, grading
and show that the usual quantum action is again BRST in-
variant, provided 8¢ ‘ and /C “ have the same commutation
properties as ¢  and £ “ and (£ “ are the gauge parameters).
In Sec. 3 we relate the Z, to the Z, X Z, formalism. In Sec. 4
we carefully analyze the signs in the unitarity proof.

Ii. BRST INVARIANCE OF THE ACTION

Consider a classical action I, depending on gauge fields
# ‘ which is invariant under local gauge transformations 8¢ '
= R £ * with £ ® on the extreme right.? If extra signs ap-
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pear for some a (“a—dependent signs”’) we eliminate them by
redefining £ ©. Also i~dependent signs are eliminated by re-
defining R, .

The BRST rules in the NT scheme for ¢ ' read

S¢'=R',IC" 2.1
We write for later purposes / to the left of C “. Possible a—
dependent signs due to positioning / in this way are eliminat-
ed by redefining C *. No i-dependent signs are possible if the
classical action I, is to be invariant under (2.1). Moreover,
¢ ' and 8¢/ must have the same statistics as ¢ ' and ¢, other-
wise I, will not be invariant in general. Let us see what
consequences this has.

In the NT scheme, fields have a Z, X Z, grading. Ac-
cording to the first Z, grading, fields are divided into integer
spin fields (¢, = 0) and half-integer spin fields (a, = 1). The
other Z, grading divides fields into physical fields (a, = 0)
and ghost fields (a, = 1). Thus for two fields A and B with
gradings (a,,a,) and (b,,b,) one has
A(a,,a,)B (by,b,) = B (5,,0:)4 (a,a)( — yabr et (2.2a)
ForA = ¢ 'and B = C%, one has a, = 0, so that the commu-
tation relations between any ghost field C “ and a physical
field ¢ * are unusual if and only if ¢  is fermionic. Thus 5¢ *
commutes with ¢/ in the same way as ¢’ with ¢ if / com-
mutes with ¢ ', and in this case I, is invariant under (2.1). In
the usual scheme,* fields have a Z, grading
A (a,a))B (by,b,) = B(b,b)4 (ay,a,)( — ) (@t et b,

(2.2b)

The most general gauge fixing term quadratic in gauge

functions F, is given by

P (fix) = }F, V*°F, , 2.3)
where y is independent of ¢ '.* Its variation is simply
5.%(fix) = F,y*°F, ,R,IC", .4

where, j denotes right differentiation. The ghost action and
the BRST variation law for the antighost read

#(ghost) = C*°F, ,R’,C", (2.5)
5C* = _ IF,y*®, 2.6)

Possible f—dependent signs in (2.6) are eliminated by rede-
fining C **, but if (2.6) inserted into (2.5) is going to cancel
(2.4), no a—dependent signs can occur in (2.6),and no S3, j, or
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y dependent signs can occur in (2.5). Hence, the quantum
action is the same as usual. The unusual sign in (2.6) is due to
the fact that pulling / from right to the extreme left in (2.4)
does not yield an overall minus sign. In the usual scheme,
8¢ ' = R‘,C°A, and pulling A from the extreme right to the
extreme left in 5.7 (fix) yields an overall minus sign since the
variation of an action is always bosonic.

We must now show that the variation of Fz R/, C"
vanishes. Since one can consider F,; which are linear in ¢ ‘ as
well as F; which are nonlinear in ¢, one has two
requirements

(6F;,)R/,C"=0 and F, 6(R’,C")=0. 2.7

Together they state that the double variation of F; vanishes,
i.e., nilpotency of BRST. The first requirement reads in full
(writing /, rather than /)

Fy xR*.1,C°RI,CT=0, (2.8)

and multiplying on the right with /,, one finds for a pair of
(j,k ) two terms (no sum over j, k now)

Fp iy R*,LCHNRI,CTh) + Fp iy (RILCTYR*,CLy).

2.9
This pair of terms vanishesif R ,/,C “and R/, C "I, have the
same commutation properties as ¢ “ and ¢~ and if in addition
I, and I, anticommute or if R *,/,C* and R/, C"l, have dif-
ferent commutation properties while /, and /, commute.
Thus, for all k and j, 8¢ * and 8¢/ must have the same or
opposite commutation properties as ¢ “ and ¢’. The commu-
tation properties of 8¢ * and 64 are -

5:8°6,0"=8,8"68(—)% S (2.10)
S, =a,(¢)a,(¢*) .11
S, =[a(CN +1] + [a(C?) +1]

+ [a(CH+1]1[a(CH+1]+1 (2.12)

Sy = 0(,,C*) + o(1,C") + [a(CNay(C*) + 1] + o(l,,1).
(2.13)

The term S; would result if 5¢ ‘ and 54/ had the usual com-
mutation properties, the term S, accounts for the inter-
changing of /,C" and C “l, in the usual scheme, and thus in
S, + 8, one has not yet specified how /,C" and C %/, com-
mute (we have used that in the NT scheme R/, and C/,
commute as usual, which is equivalent to requiring that 5¢/
and ¢ * have the usual commutation properties). Finally, S,
specifies how /,C " and C ¢/, commute in the NT scheme.
The symbol o(/,,C ) is +1if/, and C* commute and —1 if
they anticommute.

Thus, S, + S, must be even. This is the case if o(/,,C )
+ o(l,,C ") is even. Hence, either  commutes with all C %, or!
anticommutes with all C*, while I, and 1, anticommute.

We now return to the second term in Eq. (2.7). It re-
quires that

R/, (R*,IC®CY + R/ 6C7=0. (2.14)

This relation must be proved by using closure of the gauge
algebra
R/, R (" E7 —

E MY =Ry fP " E. (2.15)
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Putting 7* = IC * and £ ¥ = C7],, one can use Eq. (2.15) and
(2.14) only if two properties hold

(i) these special 77 and £ 7 have the same commutation
properties as the usual parameters %* and £ 7. In this case Eq.
(2.15) remains an identity;

(ii) the terms with — £ “5” is equal to the term with
7°£ 7. In the usual scheme this is obvious ( — C°4,C7A
= C*AC7A, no matter now a single A commutes with C").

The condition (i) is equivalent to S; = a,(C “)a,(C")
and is thus always satisfied. The condition (ii) is also satis-
fied, since /, and /, anticommute. It follows that

8CT= — L f7,,ICPC". (2.16)

Thus, the usual quantum action is invariant under the modi-
fied rules [Egs. (2.1), (2.6), and (2.16)]. The fields commute
as in Eq. (2.2) and / anticommutes with itself while / com-
mutes with ¢ *. Finally, / can either commute withall C *orit
anticommutes with all C “.

These results strongly suggest that / is an anticommut-
ing parameter which acts in the second Z, grading or in a
space outside both Z, gradings. Thus there are three possible
BRST formalisms in which / is always anticommuting with
itself

(i) / and 4 (a,.a,) anticommute if and only if
a, + a, = 1. This is the usual scheme?,

(ii) / and 4 (a,,a,) anticommute if and only if @, = 1.
This is the NT scheme’;

(ii) / and 4 (a,,a,) always commute. This is a new
scheme, proposed here. One may formally call this a
Z,X Z,X Z, grading. The last Z, factor is nonzero only for /
itself.

lli. RELATION BETWEEN 2, GRADING AND Z, x 2,
GRADING

We now show that one can derive the statistics rules in
Eq. (2.2) from the usual statistics rules by making a direct
product space. We are indebted to B. Zumino for showing us
this possibility.®

Consider a Grassmann algebra with Z, grading, with
even elements x’ (the bosonic physical fields), odd elements
@ “ (the fermionic physical fields) and differentials dx’/ (even
elements, the integer spin ghosts) and d6 * (odd elements,
the half-integer spin ghosts). The commutation rules of the
Z, grading of this Grassmann algebra produce the usual
statistics for physical fields and ghost fields.

On the other hand, consider a Grassmann algebra with

Z,XZ, grading, whose elements are
X'=xe®l, 7°=0%0,
3.1
DX/ =dx¥®o,, Dy =d0°e(—ioc,).

The Z, X Z, commutation table reads
X/ 17" Dx/ Dwy"

g 8
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The + signs denote that the elements defining the row and
column commute, the — signs that they anticommute, and
one can even express D in terms of d by D = d X o,. The
unusual signs are encircled, and this table corresponds ex-
actly to Eq. (2.2b) if one identifies X“(5,) with physical
fields, and DX /(D7) with ghosts, with integer (half-integer)
spins.

This simple relation between the Z, and the Z, X Z,
grading leads one to expect that the encircled spins in the
table are unobservable. That this is indeed the case we will
show next.

IV. UNITARITY OF SUPERGRAVITY AND STATISTICS
OF GHOST FIELDS

In this section we will first discuss the proof of unitarity
of supergravity using the ordinary Z, statistics. Afterwards
we will discuss whether there are any changes if one uses
instead Z, X Z, statistics. In the diagrammatic proof of Ster-
man, Townsend, and van Nieuwenhuizen, no signs which
distinguish between supersymmetry ghosts and coordinate
ghosts were given. The reason is that such signs always can-
cel. To make this completely explicit, we will consider a
graph consisting of a virtual gravitino and graviton, ex-
changed between blobs with external lines which are on-shell
with physical polarizations. We will omit these explicit lines
since they are the same in all cases considered. For a discus-
sion of unitarity based on a Gupta-Bleuler type of approach,
see Ref. 10.

The gauge fixing term is chosen as

Z(6%) = hrdy¢ — 1[0,V g™ |

+ A (e, 08 — men)’. 4.1
In general, .Z (fix) = 4F, ¥*’Fj and
% (ghost) = C*°F, ,R’%C”. Since we normalize as 6y,

= d, € + more, and £ (ghost) = — C3C — C*'TIC”
+ more, we find

Fy= [ - 01, 9,(Vgg"), e — moon] 4.2)

F, Vaﬂ = [%11)7’3, - %3,1 (\/;g/lv)avu’ %’l (emu5/4" - m‘—’n)]'

“.3)
The two Ward identities we will need are both derived from

5(6'C*) =0=((R',CN)C*) + (p'(— AF,¥?)).
4.9

The first Ward identity follows if one puts ¢ ' = ¢*” and C**
equal to the supersymmetry antighost

— i{e,, 8767 hyd) = (3°C8:C). (4.5)
The second Ward identity is obtained for ¢ ' = ¢,,,,, and C*?

equal to the coordinate antighost
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1000, (Veg)) = (9,,€.)C*). “.6)
We omitted in Eq. (4.5) a term {(C "'(55@-75)) since the Lo-
rentz ghosts C ** do not propagate and hence do not contrib-
ute in the unitarity relations (see Ref. 7, where it is shown
that this is true after rediagonalizing the Lorentz ghosts
C mn).

The propagators are normalized as usual®
Plyb (k) =304y, )u, PVuk)= —H,

P> P(p) = — (6787 + 5% — §787%), P, = —ib,,.

4.7
We have taken only the propagator of the symmetric part of
e'? since its antisymmetric part does not propagate.

Consider now the graph in Fig. 1, in which a gravitino
and a graviton are exchanged. Let the S—matrix be given by

S=P> (DM L P s KM, (4.8a)
= ("M { s ) M %)) (4.8b)

Lower indices refer to the lower lines in all graphs, upper
indices to the upper lines, and L and R denote left and right,
respectively. We will compare this graph to the graph in Fig.
2, in which the gravitino and the graviton are replaced by a
super symmetry ghost and a coordinate ghost, respectively.
Let the S—matrix for Fig. 2 be given by

S=N{.P B KNP 7(p) (4.9a)
= —{(C*N?; ,C)C,N5,C,))- (4.9b)

The minus sign is cancelled if one moves C ** from the ex-
treme left to the extreme right since the effective action
C’'N% ,C“is itself always bosonic.

If both gravitino and graviton have unitary propaga-
tors, the theory is manifestly unitary. These unitary propa-
gators are obtained from the renormalizable propagators in
a very simple way, namely by replacing 5, by ., =€, €.~

+ €, €,' . Werefer the reader to Ref. 2 for a detailed discus-
sion. In one of the propagators in Fig. 1 one may replace the
unitary propagator by the renormalizable propagator; we
choose for this the graviton propagator. The gravitino prop-
agator is now rewritten, using the on-shell identity®

6;{\ = 6}1\/ - (k;t kv + kvk;t )(k'k) o ’ (4 10)
where k, is the time-reserved of k,,, as follows
. k. k.,
Pg[/)z(k) ' = (6v1" - k-k )(%7/\" ]Jy,u')
X6, — Kk, (k)™ 9. 4.11)
We will consider the term in (4.11)
ky (%?/vyyuo[ - ky' (k'k) - ] (4 12)
PP o.p
<--— ——(-
a,k b,k
FIG.2.
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and show that if k, hits the left vertex M , then M flips into
N, which absorbs k,, and emits a p° upstairs. This p”travels
to the right, hits My, flips My into N, which absorbs p“and

emits a k,, downstairs. Finally this k. hits — k. (k-k) ™'

and produces ( —1) times the ghost graph.
We thus consider the expression (4.8a) substituting
4.12)

Z = (P> (DM Lk AV s

k.

The first Ward identity [Eq. (4.5)] reads, in terms of the
effective actions in Eq. (4.8b) and (4.9b), (see Fig. 3)

— e @M E e Y, [B,7.(— iH)].)
= — P> M Fu ki (— iH )
= (3°CH(C*"N 7, C,)C,)
= ip"P """ (PN (— K)o (4.14)

Hence, we may replace P2M, k in Eq. (4.13) by p°P'N; and
find

z= P (ong.)| - )
X GV Y Vas M R - 4.15)

We now use the second Ward identity in Eq. (4.6) de-
picted in Fig. 4
o QoM 30,069 (V 88™)

=GV ¥y ) MR P°

= (3. C.C,NZ,CC*)

=ik, (=) N3, P""*(p). (4.16)

We used that (¢°7d* (v gg™)) = p°6* + p°5* and that M '
can be taken symmetric in so’ [see below Eq. (4.7)]. Thus we
find for Z

(4.13)

k, .
Z=P"“"(pN], ( - = )k,‘,P;f(k NG 467
= ((— 1times(4.9a).

Hence, we find precisely the correct result: the term Eq.
(4.12) leads to minus the ghost loop, the latter with a definite
orientation.

Thus, as shown in Ref. 2, unitarity holds for supergra-
vity if the BRST formalism, which yields the Ward identi-
ties, is based on a Z, grading of gauge and ghost fields.

We now discuss whether there are any modifications
when one chooses the Z, X Z, grading of NT, or the
Z,xXZ,XZ, grading we have discussed. The quantum ac-
tion being unchanged, Eqs. (4.2) and (4.3) are the same. The
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Ward identities become (R . C*C** + ¢ ‘F,,y** ) = Osince
I commutes with ¢ *. Also Egs. (4.5) and (4.6) are not modi-
fied. In Eq. (4.8b) bringing ¢ from the right to the left yields
Eq. (4.8a) without extra sign, since a physical integer spin
field commutes with all other fields. In Eq: (4.9b), bringing
C** to the right again yields an extra minus sign in Eq.
(4.9a), since C *# anticommutes with C, but commutes with
¥, (in the usual Z, grading the opposite is true: C** com-
mutes with C, but anticommutes with ¢,,, ). Thus Eqgs. (4.9a)
and (4.9b) are unmodified. The rest of the proof is numerical
and independent of statistics.

Hence, also in the Z, X Z, or the Z, X Z, X Z, scheme,
unitarity holds. We can say that the signs which are only due
to a different grading, are not observable in the unitarity
relation.

V. CONCLUSIONS

There are three BRST formalisms. All three use the
same quantum action and an anticommuting parameter, but
whereas in the first scheme A anticommutes with gravitino
and coordinate ghosts, in the second scheme / commutes
with all gauge fields and anticommutes with all ghosts, while
in the third scheme (derived here) / commutes both with
gauge and with ghost fields. In the second and third scheme,
fields commute as in Eq. (2.2a).

The relation in Eq. (2.2a) can be obtained from the usu-
al relations in Eq. (2.2b) by taking a direct product space
(Sec. 3). This suggests that the signs which are different in
different gradings are physically unobservable. This is in-
deed the case in the unitarity relation. A detailed analysis
shows that in all three schemes, unitarity can be proven (Sec.
4).

Thus, the proof of Ref. 2 is not only complete for the Z,
cases but applies equally well to the Z, X Z, cases and wheth-
er one prefers the usual Z, grading, or any of the other grad-
ings is a matter of taste. In particular, one cannot state that
the Z, X Z, scheme is the only correct scheme since only it
leads to unitarity.

In loop calculations, the differences in statistics cancel.
For example, a loop obtained by contracting (C'C ?)(C*C*)
always has the same sign when one brings C* to the left of C*
since C* commutes twice (with C ¢ and with C?).

The position of the anticommuting parameter in the
ghostlaws 5C* = — 1 f*, C7AC* (usual scheme) and 6C *
= — /%, ICPC7 (NT scheme) is such that the statistics of
the ghosts is the same as that of the structure constants in
either case.

So,p $,p—>-—~—
C M. 57 '
X x K
p R'yb "
[}
©wa,k

FIG. 4.
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Just as Maxwell’s electromagnetic field equations govern the evolution of electric and magnetic
spatial vectors if some choice of time function has been made, so also the neutrino equation and
Dirac equation may be understood as governing the evolutions of certain spatial quantities. In this
space-plus-time view of the spinor field equations, it is accurate and natural to regard a two-
component spinor as the square root of a complex spatial null vector. The field equations are
written in 3-plus -1 form for both the spinor fiedls and the corresponding null vector fields. A
spatial null vector is of the form M = E + iB, with E.E — B.B = 0 = E-B, so it is also of the
correct algebraic form for describing a null electromagnetic field. The time derivative of a squared
neutrino field M, , however, is — i curlM, + (M )°D,M_, compared with simply — i curlM, for
a source-free Maxwell field. Here (M )  is the real spatial unit vector in the neutrino propagation
direction EXB, and D, is the spatial covariant derivative.

1. INTRODUCTION

The theory of electromagnetic fields was first under-
stood as fields of electric and magnetic 3 vectors whose evo-
lutions are governed by Maxwell’s equations. The four di-
mensional relativistic formulation of Maxwell’s equations
does not invalidate the original understanding, but rather
shows that the fields and their governing equations are of the
same form no matter what choice is made for the decomposi-
tion of space-time into space and time. For other integral-
spin relativistic fields and their field equations a similar un-
derstanding is readily available: It is a straightforward mat-
ter to interpret the equations as governing the evolutions of
certain spatial tensor fields.

The purpose of this paper is to show that half-integral-
spin field equations, such as the neutrino equation and the
Dirac electron equation, are also evolution equations for spa-
tial fields. In this picture a two-component spinor appears as
a natural square root of a null complex 3 vector. Initial data
for a neutrino field therefore consist of a complex null vector
field tangent to the initial-data hypersurface. An additional
bit of information must be supplied to specify the choice of
sign in taking the square root. Alternatively, one can work
directly with the squared spinor field, i.e., with the null vec-
tor field. This alternative is simpler in the sense that all rel-
evant quantities are common tensor fields; it is awkward,
however, inasmuch as the field equations, which are linear
equations governing the spinor fields, become nonlinear
equations for the squared fields.

The presentation in this paper is intended to be explicit
enough that the results may be applied in numerical evolu-
tions of space—times with spin-1 fields.

2. SPACE PLUS TIME

For the discussion of space spinors it will be helpful first
to fix some notation and conventions.!

A time function ¢ on a space~time will be a smooth
function whose hypersurfaces of constant value are space-
like. The future—pointing unit vector field normal to these
constant-time hypersurfaces will be denoted by 7, . The lapse
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function a may be defined by n, = aV,t. The space-time
metric g,, will have signature (+ — — —),s0

n°n, = + 1; and note that the vector field an’ is parame-
trized by t:

(@nV, )t =naV, t =nn, = 1. (1)
The torsion-free covariant derivative defined by g,, will be
denoted by V..

Thetensor h,,: = g,, — n,n, is the intrinsic metric ten-
sor of the constant-time hypersurfaces. The contravariant
form of the intrinsic metric is 4 *® = g°* — n°n®. (Here, and
throughout, indices are raised using the space-time metric
g°°.) A spatial tensor is a tensor which has no nonzero con-
tracted product with n° or n,. The tensor 4,° = g_*

— n,n® serves to project vectors or differential forms to spa-
tial tensors, so arbitrary tensors can be projected to spatial
tensors using products of this projection tensor. The spatial
alternating tensor is given in terms of the space-time alter-
nating tensor by €,.;, = n°e,,.,-

For spatial tensors, the torsion-free covariant derivative
D, arising from the metric 4,, has a simple operational defi-
nition: Given a spatial tensor (for example, S, ), its space-
covariant derivative (D, S, ) is obtained by taking its
space-time derivative (V,S,?) and then projecting the re-
sulting tensor:

D,S,“ = hghyh o h V.8 @

Any tensor can be written in terms of purely spatial
tensors together with the unit normal »“ (or #,). For
example,

Vietty 1 = V0@V, ) =(V,a)V, t

=V, Ina)n, ;= —n,V, Ina
= —n,(Dy , Ina + n, n°V, Ina)
= —n,D,, na. 3)

(Here the square brackets mean skew symmetrization.
Round brackets around indices will denote symmetriza-
tion.) Note also that n°V,n, = 0, since n°1, = 1. Moreover,

n‘v,n, =n°Vyn, +2n°V,n, , = — D, Ina; “)
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and from these results, it easily follows that
v.n,= —K, —n,D, Inga, ©)]

where K, is a symmetric spatial tensor field. This last equa-
tion frequently comes in handy.

3. SPACE SPINOR ALGEBRA

A space spinor will be denoted as an ordinary two-com-
ponent spinor g , . In fact, it carries the same information as
an ordinary spinor and may be identified with an ordinary
spinor. The only difference is in the way the spinor is related
to space-time geometry. The description of a space spinor
utilizes some (arbitrary) time function, and thereby charac-
terizes the spinor (up to sign) by way of exclusively spatial
tensors. The standard picture? of (the square of ) a spinor
consists of a real null vector (flagpole) and a 2 plane (flag)
spanned by the null vector and some orthogonal spacelike
vector. This is equivalent to representing the square of the
spinor u , by a self-dual null bivector, and one writes M }

= {4 U p€p 4-- Any such seif-dual null bivector is of the form
M =M, I, wherel, is a future-pointing real null vector
and M, is a complex null vector orthogonal to /,. If a time
function has been defined, then /, and M, may be fixed
uniquely by requiring that 4, %/, be a unit vector and M, be a
spatial vector. The complex spatial null vector M, is in fact
equivalent to the self-dual null bivector M %, as follows.
Given M = E*“ 4 iB*“ (with E° and B “ real), let (M )° be
the real unit spatial vector in the direction of EXB (i.e., in
the direction of €%, E °B ©). Let / “ be the future-pointing real
null vector whose spatial projection is (M )°. Then M

= M1, ,is the self-dual null bivector corresponding to M,,..
By virtue of a specified time function, the standard geometri-
cal picture of a spinor therefore corresponds to a spatial null
vector.

A phase transformation i, ->e"u, causes the transfor-
mation M, +>¢*?M . The plane of M “ (i.e, the subspace of
the tangent space spanned by the real and imaginary parts of
M ¢)isinvariant under this phase rotation, and so is the orth-
ogonal null direction /. The rotation occurs within the
plane of M °. A rotation of 7 radians in the phase of z
causes E “ and B “ to make a full rotation of 27 rad in this
plane, sou, and — pu, correspond to the same null vector
M.

The correspondence between null spatial vectors and
nuli self-dual bivectors suggests a further correspondence.
Since a basis for complex spatial vectors can be selected from
the null spatial vectors and since the corresponding null self-
dual bivectors span the 3-complex-dimensional vector space
of all self-dual bivectors, there is an identification between
complex spatial vectors and self-dual bivectors (which is ba-
sis independent). This yields a natural isomorphism between
the space of complex spatial vectors and the space of sym-
metric spinors 8, = 04, since a self-dual bivector is of
the form 8¢, 5. .

There is actually a more direct route to this isomor-
phism. The direct route exploits the fact that the unit normal
vector 7’ defines an isomorphism from the space of conju-
gate (primed) spinors to the space of (unprimed) spinors:
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a, =V, ta,. (6)
The inverse map is given by

aBr—»—\/ZnBA,aB, V)
since

B A’ A’ A’
—-2” C'nB ZGC, =5C"
The complex four-dimensional tangent space consists of vec-

tors 44" which can be mapped, via n®, to unprimed valence-
2 spinors:

yas —pi (Vanst), ®)
The vector n*’ itself becomes
nf=n",. (Von?*) = R 9)
V2

The spatial vectors are those vectors orthogonal to »#¢, and
hence the vectors S, such that S, ,€"'® = 0. The spatial vec-
tors are therefore precisely the symmetric spinors. The de-
composition of a complex 4 vector into spatial and space-
orthogonal components coincides with the decomposition of
its valence-2 spinor into a symmetric spinor together with a
scalar multiple of € .

Let {0,,.,} be a normalized spinor basis (0,,¢* = 1)
chosen so that n**" = (1/v/2)(0"5" " + «*t*"). Then the iso-
morphism between primed spin space and unprimed spin
space is given by the action on basis spinors:

O4 b ,l b>—0,4,0,>— 1, ,L 0. (10)
The spin space automorphisms (o, 96, ¢ i, ) such that
040" = 1 arearepresentation of the group SL(2,C). The sub-
group for which 6%6%" + %" = (1/v/2)n"*4’ is SU(2). This
is the subgroup of linear transformations preserving the
form (10) of the isomorphism (6) and (7).

By exploiting a given time function it is now possible to
dispense with primed spinors altogether. Any primed index
automatically converts to an unprimed spinor index via its
contracted product with v/ 2n*4". A space-time tensor in-
dex, which is normally identified with a pair of spinor indices
of which one is primed, will here be identified with a pair of
unprimed indices. The following equalitities are then
sensible:

Vi=Vi=Vus, + Vius )= Vun, + %VCDGCDGAB

= Vi, + VenIng = Vg, + (Venn,

=h, V. +(V_.n)n,. (1)
In order to minimize confusion, tensor indices may be cho-
sen from the odd-numbered letters of the alphabet. For ex-
ample, T,, = T45 P

For vectors which are not purely spatial, attention must
be paid to the order of the indices. A spinor ¥ *# could define
two different vectors, depending on which index were con-
verted to a primed index. According to the definition (8), a
spinor ¥ "% is identified with a vector ¥ *“ by converting the
second index to a primed index. The other vector W
i = —1/2n"°'V,“would be related to ¥ “ by time reflection:
We=V"—2n,Vn-.

The index clumping rules apply also to higher valence

Paul Sommers 2568



tensors. For example, the space—time metric g, is

8apcp: = (\/2”3/4') (vanC’)gAA golel
=2,"np  €4c€qc
= €4c€pp" (12)
The spatial metric 4, is

hapcp = 8anco — Maphcp
= €,4c€np — Y€45€ch
= —€4€pip- (13)

4. DERIVATIVES

The transcription of spinor field equations from their
four dimensional spacetime form to a space-plus-time form
requires the conversion of the spinor covariant derivative
V .4 to derivatives which can be evaluated with reference
only to intrinsic spatial geometry plus a suitable time
derivative.

A convenient choice for the spatial covariant derivative
is the following:

Dyppc:= \/zn(BA v, yatbe — \}-2— Kgeot®  (14)
Here K ;- = K. is the extrinsic curvature defined by Eq.
(5). The derivative definition extends to spinors of arbitrary
valence in accordance with the usual Leibnitz rule for the
derivative of a product. The spinors €., and €” are D 5
constant since they are V. constant and K 5,

= K 45y cp,- Acting on functions, D, is the spatial gradi-
ent: D, f=h,°V_f Acting on a spatial vector S,, the de-
rivative D, S, agrees with D_S_ as defined in Sec. 2. This
can be checked by verifying 2n®, . n°..D ;zScp =D, Sccs
using Seo. = — V2n”..S, and Eq. (5).

Although the definition (14) makes the spatial covar-
iant derivative appear to be computationally complicated, it
is actually simple. In specific calculations spinors are cus-
tomarily referred to a normalized basis. If {0,,.,} issucha
basis (0,,¢" = 1), let

m,:= —0,0g M,:=1t,4lg, Z,: =\/20(ALB). (15)
Note that m, and i, are the complex null vectors associated
via Eq. (10) with 0,7 ,.,and¢,0,., respectively, and z* is the
real unit vector z° = ie*,,m®m° (\/"— 1 times the cross prod-
uct of the two null vectors). Now let S ¢ be any real spatial
vector. To compute Dso and Dyt (ie., $ 2D 0. and
S %D, 5tc) one need only compute the tensorial “rotation
coefficients” z°D.m_, and m’Dym,, where
Dsm,:=S8°D,m,. The D, derivative is then given by the
formulas

1 _
Dyoc = — ~(@*Dym,)oc + —=@Dgm, e (16)
2 V2
and

1 o — 1 __,
Dgic = — ——=(°Dsin,)oc + ? (m*Dsm, e,

2 .
an

which are easily verified by transvecting with the basis spin-
ors and using Eq. (15).
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A convenient choice for the time derivative of a spinor
field i, is

Doty =nVeepty — —=p"Dysloa,  (18)

V2

where a is the lapse function. The action of D,, on spinors of
higher valence is obtained by the Leibnitz rule. Note that
D,e,, =0,and D, f = n°V, f for any function f. Like the
spatial covariant derivative, D, has the property that its ac-
tion on a spatial vector §, = S, is simple: D,,.S,

= h,’n°V_S, . It is just the spatial projection of the space-
time-covariant derivative with respect to the vector n°, It is
therefore easy to compute time derivatives by reference to a
normalized spinor basis. The time derivatives of the basis
spinors are given by Eqs. (16) and (17) with Dy replaced by
D, throughout.

In 3-plus-1 formalisms it is usually the Lie derivative

& .. of spatial tensor fields which is most applicable as a
“time derivative.” For action on tensor fields, the derivative
D, can easily be converted to ., by insertion of known
(nonderivative) terms. For example, using Eq. (5) and the
formula for the Lie derivative of a one form, it is easy to
check that

yanSa = a(DnSa —_KaL‘SC)‘ (19)
Combining D, and D 4 provides the spinorial 3-plus-1
transcription of V . st (o1 V gzt c=v2n5"'V . 110):

Visttc = Vigbc + Vian e
1
=D ppic + ’_—KABCD,UD

V2

1 1
+ean (7 Dopic + Dy lna) N
2

5. FIELD EQUATIONS IN MINKOWSKI SPACE WITH
CARTESIAN TIME

In Minkowski space there are available the Cartesian
time functions for which K, = Oand « = 1. In that case the
derivative formulas (14) and (18) simplify, and the structure
of field equations is surveyable. As a first example, consider a
neutrino field 2, satisfying the field equation V ;. == 0.
This is equivalent to V ,,u* = 0 or, using Eq. (20),

Doy = —V2Du". 1)

This last equation gives the time derivative of 4, in terms of
its spatial derivatives.

In view of the fact that a spinor is the square root of a
spatial null vector, it is also appropriate to examine the evo-
lution of the null vector field M, = — y ,u . Since D, M,

= —2u.,D, g, the field equation (21) gives

DM, =2V 2D, cpi". @2
The identity

KD ypptc :IUCDC(A/J’B) ~ D\ (23)
allows one to see that

24 DB)C,UC = DC(AIU‘B)IUC — 1D yptc- (24)

Making this substitution yields
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DM, = VzDC(AﬂB)ﬂC - \/2,UCDAB,Uc- (25)
Now, it is not hard to verify that the cross product’
— €,%u,v, of spatial one forms u, and v, is given by
— iV Zuc vy, and so curlM,, ie., —€,*D, M., is
— V2D MG, 0r + V2D pug,uC. Therefore,

DM, = —iculM, — V2D ppc. 26)

The final term on the right can be usefully re-expressed with
the following notational convention: Any nonzero spatial
null vector M = E + /B (with E-E = BB and E-B = 0) de-
fines the plane of E and B and, in particular, a unit spatial
vector perpendicular to the plane in the direction of EXB.
Let (M ) * denote this real unit vector, so

(M) = —i[M,M] ‘e, M*M<. Q27

Then the equation v 2u D ,pu . = — (M YD, M, is valid,
as may be verified by introducing a spinor field 4 , satisfying
uA*=1andd*n," iz, =0,so0that (M) =v2uc A,
The “squared neutrino equation” is therefore

DM, = —icurlM, + (M)D,M,. (28)

The unit vector (M )“ is in the direction of propagation of
the neutrino field, it being aligned with the spatial projection
of the nuli vector . ft ;.

The neutrino can thus be pictured as a complex vector
E + /B (with E-E — B-B = 0 = E-B) propagating in the di-
rection of E X B, in complete analogy with a null electromag-
netic field. A null source-free Maxwell field may be de-
scribed as a (divergence-free) spatial null vector M, which
satisfies D, M, = — i curlM,. It is the nonlinear second
term on the right side of Eq. (28) which distinguishes the
squared neutrino equation from Maxwell’s evolution
equation.

The Dirac equation can be manipulated in much the
same way. It is customary* to introduce a pair of spinor fields
£4and 5,.; the Dirac equation is then the pair of equations

V, 1= \’;_ 7, and V4, = — %5”& (29)

2 2
where m is the electron mass. With7,: = v2n;* 7, ., these
equations become

m m

VaE'= = 77 and VAB"?B =— —=§" (30
V2 V2
Using Eq. (20), these yield
D&y = — \/2DAB§A + mn, and
D,n,= + VEDABnB —mé,. (31

Each spinor field satisfies an evolution equation similar to
the neutrino equation but with the other spinor field serving
as a driving term. One can picture the two spatial null vec-
tors propagating and interacting. When the equations for the
null vectors are written out, they are similar to the squared
neutrino equation except that the equations for the Dirac
fields each include an extra driving term proportional to
§.4Ms,- Explicitly, if X,, = — £,§5 is the one null vector
and Y, 5 = 77,7, the other, then the coupling terms are pro-
portional to XX Y:
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D, X, = —icurlX, + (X )°D,X,
—V2m(=X,Y%) e, X, Y., (32
D,Y, =icurl¥, — (Y)D,Y.,
—V2m(=X,¥Y%) e X, Y.,  (33)
By writing the Dirac equation tensorially in this way,
there are several apparent sign ambiguities. If null vector
fields X, and Y, are specified on an initial hypersurface,
there are four corresponding pairs of spinor fields on the
hypersurface since there are two possibilities for £, and two
for n,. After evolving the null vectors, however, there is only
an overall sign ambiguity (i.e., freedom to change the sign of
&, and 77, together), because evolving the null vectors re-
quires making a choice for the sign of ( — X, Y )"°=¢, .

6. FIELD EQUATIONS IN CURVED SPACETIMES WITH
ARBITRARY TIME FUNCTIONS

In a generic space-time it is not possible to choose a
time function for which K, = 0, and it sometimes inconve-
nient to choose it so that @ = 1. The neutrino equation and
Dirac equations, when written in space-plus-time form, will
then include additional terms containing the extrinsic curva-
ture and lapse function gradient.

The linear neutrino equation V , .. z* = 0 may be writ-

ten, using Eq. (20), this way:

1
€ [D,wﬂc + V—_KABCD”D
2

+ €4 (—-lzD,,,uc + —l—,uDDCD lna)] =0.

V2 2
(34)

From the symmetries K ,5cp = K45y cp) = Kcpap together

with Eq. (13), one finds that €'°K ,, = 1K€z, where

K: = K _“. The neutrino equation is therefore

o 1
Dn/"B = - \/2DABIU‘A + 7KIU’B

- —L_—,UAD,,B Ina. (3%)

V2

As in the previous section, this equation yields a squared
neutrino equation governing the evolution of

a= " Halp:
D,M,= —icurlM, + (M)D,M_ + KM,
—ie,M,D, Ina. (36)
The Dirac equations (31) in this more general context
become

- 1
D,£,= —V2DE" + K

— L £, Ina + mm, (a7
2
and
. 1
Dy, = \/2 DABnB + 3’K77A
+ —l—ﬂBDAB Ina — mé,. (38)

V2
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(Caution: To arrive at this second equation, one evaluates
V(= V2nE.95) = V85 — vVIny V4 'n®.; thatis to
say, V**'5,. is not simply V*%5,. Also, note that V459 is
not the same as V5%47,.) .

For the null vectors, X, = — £,£, and ¥, = 7,75,
the evolution equations are

D.X,= —icurlX, + {X)D,X. + KX, —ie,*X, D, Ina

—V2m(=X,¥Y4) " ¢, bX, Y, (9)
and
DY, =icurlY, —(Y)D,Y. +KY, +ie,*Y,D, Ina
—Vom(—X,Y4)" " ¢,"X, Y. (40)

7. DISCUSSION

The objective of the foregoing formulations is to expose
the manner in which the neutrino and Dirac equations gov-
ern the evolution of spatial fields. The fields are spinor fields,
but a spinor may be regarded as the square root of a spatial
complex null vector. The only ambiguity in this picture of a
spinor field is the overall sign: A null vector field has two
square roots. The sign of a spinor field has no geometric
manifestation. It can be determined only by comparison
with other spinor fields. If a// spinor fields underwent a
phase change of 7 rad, there would be no physically obverva-
ble consequence. In practice, the sign of a spinor is fixed
relative to some reference spinor. For example, if o, is a
reference spinor, then the sign of i, is fixed by the direction
of the complex vector o, 5,. Reversing the sign of 5 re-
verses the sign of this complex vector (provided o, is
unchanged).

The field equations for spinor fields allow one to deter-
mine the fields at later (or earlier) times, given appropriate
initial data on one hypersurface of constant time. For a neu-
trino field, the appropriate data are a spinor field (without
constraints) on the hypersurface. Given a null vector field
M, on one hypersurface, therefore, the field equation (36)
serves to define the null vector field (and hence its square
roots) all over space-time. For a Dirac field, initial data are
two (unconstrained) null vector fields X, and Y, on the ini-
tial hypersurface. Their evolutions are governed by the field
equations (39) and (40).

Of course, the physical fields are the spinor fields, not
the null vector fields. Working with the square of the spinor
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field not only introduces a sign ambiguity, but also causes
the linear spinor field equations to become nonlinear. It is
usually desirable to work with the linear field equations (35)
and (37) and (38) which govern the evolutions of spinor
fields themselves. For such calculations it is convenient to
employ a normalized basis {0,,t,:0,4" = 1} related to spa-
tial geometry by Eq. (15). It is possible to choose such a basis
to satisfy D,0, = 0 = D,¢,. Using a basis of this type, an
arbitrary spinor i, = ao, + b, is specified by a pair of
complex numbers @ and b. The evolution of 2, is determined
by the time derivatives of g and b; these derivatives are easily
read out from equations like Eq. (35), using Eq. (16) and
17).

The 3-plus-1 interpretation of spinor field equations
presents a couple of difficulties which the foregoing discus-
sions are intended to circumvent. A spinor is frequently re-
garded as a set of components which are referred to a space—
time tetrad. As such, it is not evident how to specify a spinor
using only intrinsic spatial geometry. Instead, it is appropri-
ate to think of a spinor basis as defining a spatial triad (15), or
to regard a spinor as a square root of a spatial null vector.
Another difficulty arises if one attempts to express the time
derivative of a spinor field as a Lie derivative. Spinors are
intimately related to space—time conformal geometry, and
there is no satisfactory way to define a spinor Lie derivative
except along a conformal Killing vector field. This difficulty
is manifested in the fact that a null vector M, does not gener-
ally remain null when Lie transported. A derivative such as
D, , however, does provide a useful notion of the time deriva-
tive of a spinor field. Using equations like Eq. (19), D, de-
rivatives of tensor fields can always be converted to conve-
nient Lie derivatives.

'The notation here is comparable with that adopted in the following three
references, which contain more discussion: R. Geroch, “General Relativ-
ity,” lecture notes at the University of Chicago (1972) (duplicated but un-
published); L. Smarr, “The Structure of General Relativity with a Numeri-
cal Itlustration: The Collision of Two Black Holes,” Ph.D. dissertation,
University of Texas (1974); L. Smarr, and J.W. York, Jr., Phys. Rev. D 17,
2529 (1978).

’R. Penrose, The Structure of Spacetime, Battelle Rencontres, edited by C.
Dewitt, and J.A. Wheeler (Benjamin, New York, 1968).

*The cross product of vectors »“ and v* is €, u®v". Using the metric to
convert this to a one form gives €,,. 40", which is the negative of the cross
product ( — €,”u,v.) of the one forms u, and v, . The difference in sign
arises from the use here of a negative definite spatial metric.

‘W.A. Bade, and H. Jehle, Rev. Mod. Phys. 25, 714 (1953).
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The inverse spectral transform (IST) is derived when using the eigenvalue problem for the one-
dimensional Dirac operator:

(D) =ioyd/dx) +i(° ), 0,=(; X

where the potentials § and 7 have nonzero asymptotic values. The method used is of AKNS type.
It is shown that the nonlinear evolution equations (NEE) obtained are of differential type at any
order (and not of integro-differential type). Some particular solutions are studied, and it is shown

that their special behavior is a direct consequence of the nonzero boundary condition on (D).

I. INTRODUCTION

This paper is devoted to the derivation of a new class of
nonlinear evolution equations (NEE) whose particular fea-
ture gives rise, in certain cases, to “kinklike” solutions’ and
“boomerons” solutions,” that is to say, solitons that come
back.

Some of the results have been previously reported in
Ref. 3 and performed independently by Gerdjikov and Ku-
lish in Ref. 4. In Ref. 3 the basic method is of the AKNS
type’ for the one-dimensional Dirac system:

[ia3 —:7 — iqy0, — .0, + mo, ]Y= %Y, (L.1)

that is to say, for a Zakharov—Shabat system® in which the
potentials§ = — ¢, —ig; + mand 7= — g, + ig; + m go
asymptotically to the same real constant m. In a different
way, it is shown in Ref. 4 that the Zakharov-Shabat system
whose potentials § and 7 verifies the asymptotic behavior

Fg e m?, m’e% (1.2)
possesses a complete class of Hamiltonian systems.

Since only the final results of the inverse problem are
workful for 1.S.T., we shall not develop its procedure which
is already well known.” For a detailed treatment, the reader
will refer itself to Ref. 4 or to unpublished work.® We prefer
to focus our study at first on the derivation of the class of
solvable NEE through the AKNS method with the asymp-
totic condition (I.2) on the potentials. Secondly, an impor-
tant point which is often neglected is that the NEE obtained
are of differential type even if the generator operator is of the
integrodifferential type. This statement will be proved for
the class of NEE obtained here (for the Z.S. case, see Ref. 9),
and the structure of the demonstration surely hold for other
classes of NEE. We shall thirdly study some special solu-

tions, namely, kinks and boomerons, which correspond to an
arbitrary discrete spectrum of the spectral data. It will be
shown that the emergence of these special solutions is entire-
ly owing to the nonzero asymptotic values of the potentials.
Il. THE INVERSE PROBLEM

We consider the one dimensional Dirac equation'®

D: [ia3i+i(q _q)]ngx
dx r

0
_(1 0)
%= \o -1/

in which the potentials § and 7 verify the asymptotic bound-
ary conditions

(IL1)

F— rt,
+ oo

g —> g%, r¢=rg=m?’ m¥C. (I12)
+ oo

In spite of energy & we better use the complex momen-
tum k defined by k > = &2 — m?. Then the eigenvalue & ap-
pears as a double-valued function of & which is represented
by the two determinations & = €E, € = + , where

E(k)= |k2+m2|"2
X exp —;—{Arg(k + im) + Arg(k — im)},

- %+w< Arg(k + im) < —321+a),

———;f— + o < Arg(k — im)< —72T— +w, o= Arg(m).

(IL.3)

Thus, D will represent two systems whose solutions are the
eigenfunctions Y “(k,x) with the eigenvalues €E (e = + ).
The right and left Jost solutions of D are defined by the

| asymptotic behaviors
( k\172 —/q
€E + / ;
v~ = (EEE ) E Tk |
11.4
as x— + oo : (IL.4)
- - eE+k\Y . ik
o0~k = (EEE) i fes
\ eE + k
“This work has been done as part of the program “Recherche cooperative sur Programme no. 264: Etude interdisciplinaire des problémes inverses.”
“Physique Mathématique et théorique, Equipe de recherche associée au C.N.R.S. no. 154.
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( 1
E 4k \172 ) e
¢ “(kx)~¢ 5(k.x) = (6 + ) ir e ",
2k eE + k 15
asx—»—-w:ﬂ i (IL5)
- . 172 )
L¢‘(k,x)~¢§,(k,x) - (“Ez’]: k) (EE+ k)e""‘,
—1

The functions ¥*(k,x) and ¢ “(k,x) are analytic in & in the
upper cut half-plane { k /Im(k ) > 0, k¢[im,i 0 € ]}, continu-
ous on the real axis, and continuous on the right on the cut.
For real k, the reflexion coefficient to the right R “(k ) and
the transmission coefficient T “(k ) are displayed by develop-
ing the solution ¢ (k,x) on the basic solutions y(k,x) and
Pk, x):

1

¢ 7 R(k)

— ek’ = NV L XD, i
¢ “(k.x) ) Ptkx) + T4K) Pkx), (1L6)
T%k) = 16 ), ¥k,

(IL7)
Rf(k) — 7€ “(k
T = 1P,

where the symbol |f,g| denotes the determinant of the matrix
made with column vectors fand g. Starting with the analytic
properties of ¢ and ¥, and formula (I1.7), it can be shown
that 1/T (k) is analytic in the upper cut half-plane. We shail
assume throughout that the zeros (k 5, n = 1,...,.N ) of
1/T “(k ) are simple and not on the real axis. They corre-
spond to the bound states to which we associate the
coeflicients

€ —1

co= R [irf(k)-'} ! .
Tk) L dk k=k

The set of spectral data is then defined as

S ={Rk), keR; k5, CS,(n=1,.,N);e= +}. (IL9)
Conversely, %, m?, and g* being given, one can com-

pute the potentials § and # via the so called inverse problem®:

0 —-@—9)
r—r) 0

(IL8)

), rq =m?,
(11.10)
where K (x,p) is solution of the Marchenko equation

[o3.K (x,x)] = (

Fx+y)+K(xp)+ f Kxuw)F(u+p)du=0, y>x,
(IL11)
and F (x + ) is given from the spectral data through

Fen = S5 [ T2 R Gk v o,

_iy e _Xn
n GE(k:)

Yolk s, x) Y5k, )01]~
(11.12)

The asymptotic behavior of § and 7as x goesto — oo is given
from ¢* and »* by*

> — . + o dk
& r & r Z;’ 2mr J_ . €E
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[

eE + k
eE —k

—
xlog(1 + [Rk)[) + 3 log
1

k:k‘]

(11.13)

lIl. THE INVERSE SPECTRAL TRANSFORM
A. Introduction and fundamental results

Assuming for ¥ = 7(7,§) a t dependance, we construct
now a class of NEE solvable by 1.S.T. for D.

We use the following notations: F = 7(F,,F,) and
G = 7(G,,G,) being two functions of R in C?, we define the
“scalar product” of F and G by

Fl16)= [T F@ 6w

- | T R @G0) + PG ). (L)

Ye=T(y{y5)and Z* = T(z5,25) being two solutions of D,
we set A € = T(p$z{,525). We shall use particularly

¢ 5 (k, xy’ )
¢5k, x)* /'

¢ 1k, )¢ (k, x) )
¢ 5k, x5k, x) )/
d 1

-1
dk T<k) )
% ( ¢ 1 (k, x); (k, x) )
¢ 5k, )5 (k, x)

The main tool of the inverse method consist at first of a
set of relations between the scattering data and some “scalar
products” from which arise ¥ (x,t) and ¥,(x,t) (the sub-
scripts “¢” or “x”’ mean partial derivatives with respect to ¢
or x, respectively):

LV |A5Kkx)) = kR (k,p),
(03K {A T(ks X)> = R te(kat )s
(L VAKX =0, {03V, |45k x)) = T,(kt), (IIL6)

Ak, x) = Tk )2( (I11.2)

Ak, x) = Tk )2( (I11.3)

Ag(kf,.x)=(

(I11.4)

k=i

(IIL.5)

LV|ASEKS, ) =k;C5(2), 1L.7)
where the operator L * is defined by
Nl I B
Lo=L] S , .
2 —2qf i -2 éf 7
— Ix e
(111.8)

Moreover, if T, (k,t ) = 0, then the number (¥ €) and the po-
sition (k ;) of the bound states are constant in time, and we
have therefore
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€ € d €

(Uth |A H (3 x)) = ‘(}; CL@).
These scalar products are computed in Sec. I11L.B.

To achieve the inverse method, we need secondly a rela-
tionship between some evolution of ¥ (x,t), namely, NEE:

oV, =02(L")Y, 11L.9)
and the corresponding evolution of the spectral data.
(£2(%)/ € isanentire function of &.] This relationship arises
from the existence of operators L and L * such that (L *)",
which acts in the x space of potentials, is the adjoint of (L )"
which acts in the x space of functions A € and such that A is
the eigenfunction of (L )" with the eigenvalue (¢E)". The
fundamental properties of L and L * are studied in Sec. IT11.C.
These properties allow us to derive, in Sec. II1.D, the follow-

ing powerful relations: for any entire function £2 (¢E )/€E of
€k,

(I1L7 bis)

17 (GE)

QUL |AS)=k=—"Rk,), (I111.10)
Q@ULHV|AS) =0, (1IL.11)
@LYWI(AS) = k”(f) BTG M1 83

If V (x,t ) evolves now according to the NEE (I111.9), it is
obvious to verify from Egs. (IIL.5) and (II1.10) and (II1.6)
and (II1.11) that the spectral data evolves according to the
trivially integrable equations

Reht) =k ”—(2@ Re(kt), Te(kt)=0, (IIL13)
€.
and thus
d
L e =0, TL14
7 ( )
which gives from Eqs. (IIL.7) and (I11.12)
doemy=k2EE| e, (LIL15)
dt eE  lk=ks

At this point, the nonlinear evolution problem (111.9)
together with some initial data ¥y(x) = ¥ (x,t,) is solvable by
the inverse technique:

Vo) 5 (t)— 7 (1) —=V (x,1),

i.e., first solve the direct scattering problem for D at z,,, obtain
then .#(¢) from .#(¢,) by (111.13) and (I11.15), and solve at
last the inverse problem at ¢: obtain V' (x,t) from .#(¢)
through inversion formulas (I1.10)—<(II1.12).

The class of NEE solvable by this method is strongly
related to the form of the linear eigenvalue problem used.
The problem of finding an adequate scattering problem for a
given NEE is still open, and it seems that, so long as one can
construct new inverse problems, one can find new classes of
NEE (exept when there exist a transformation which gives a
class from another.>')

B. Computation of the scalar products

Let us start from euqation D for Y “(k, x) and Z “(k, x),
written into the following form:
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fz :_=AiszMf ] M= ( _;GE igE ) (IIL.16)
or into a “matrix Schrodinger” type form*'%:
Y<, =NY* ]
2, ="Z<'N) {I1.17)
(Fg —m®) —k* 4.
=( 3 (Fq—mz)—kz)'

Using Eqs. (111.16) and (I11.17), it is obvious to show the
identity

%(TZ%ZY; —TZ<ig,Y)

2TZE(fX 0 )Ye
B 0 —q.x ’

Integrating the two sides of Eq. (I11.18) for x on R, one gets
from the definition of A ¢,

[7Zcio,Y< —"Z%i0,Y* =2(0 ¥, |A°).
Since 7, and g, are integrable on R, and A ; bounded for

n = 1,2,3, then the right hand side of Eq. (II1.19) exists. Its
left hand side can be calculated for A € = A |, ; successively,

by using the formulas (11.4) and (I1.5). Moreover, using the
identity immediately derived from definition (II1.8) of L *:

2LV =05V, (I1L.20)
one get the first part of formulas (II1.5)-(111.7). Using now

Eq. (111.16) and the fact that "M ‘o, + o,M € = 0, it is easy
to prove the following identity:

(I11.18)

(IIL.19)

- o

;d— ("Z%a,Y) = "Z(o,M Y =(o,V, | A ). (IIL21)
x

Since {03V, |A 5 ) exists for n = 1,2,3, we integrate both
sides of Eq. (II1.21) on R. The asymptotic behaviors of the
Jost functions give rise to the second part of formulas (II1.5)
and (111.6). Making then the assumption that &k ;, does not
depend on time ¢ [which will be true as soon as ¥ evolves
accroding to Eq. (I11.9)], we deduce formula (IT1.7bis) from
the identity (I11.21).

C. The operators L and L’

The existence and adequate properties of operators L
and L * allow us to go from the x space, in which the evolution
for ¥ is nonlinear and thus rather difficult to solve, to the &
space in which the evolution for the spectral data is trivially
integrable. It is already a well known fact that this procedure
is formally similar to the Fourier transform technique for
linear cases.’

Let L be the matrix operator

- L2
1 ax x x
. N ; o |am)
2 2Fj 7 2 42 ff g
x ax x

and L * the operator defined by Eq. (I1I1.8). We have to deter-
mine at first the spaces .S and S * which act, respectively, on L
and L *. From the definition of functions F and G and of L
and L', we have
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LF=159F f (0,V | F)dx’, (I11.23)
2i dx C»
LG= — iosﬁg—an f V| Gdx'. (111.24)
2i dx x
Hence,
S* = [F:R-C? /J‘ (0,V | F)dx' exists}, (111.25)
§= {G=R—>CZ/ f (V| G)dx' exists}. (I11.26)

Theorem 1: (L )"V exists for all integer n>1, and the
components of this vectorial function are “polynomials”
with respect to g, 7 and their successive x derivatives which
vanish as |x| goes to infinity (such a function will be called
for short a polynomial).

To prove the theorem, we shall make use of the two
following lemmas:

Lemma 1: If F belongs to S, then

(Lo, — o, LYW =0,V{(o,V|F). (I11.27)

In particular, if F'is orthogonal to o, ¥, we have

o,L*F= Lo,F. (I11.28)
Property (II1.27) is immediately derived from Eqgs. (111.23)
and (II1.24). In the same way, and using partial integration,
one can prove the second lemma:

Lemma 2: If F belongs to S, G to S, and
lim, . (F|o0;G) =0, then

f ((F|LG)— (G |L'F)]

= —(F|03G)—2f

x

¥16) [ @ F)
(I11.29)
If moreover {0,V | F) exists and lim, _, . (F | 05G) '
=0, then
(FILG)=(L*F|G). (I11.30)
We are now able to prove theorem 1 by induction with
the following induction hypothesis: (H,): (L 97V,

§* (o, V|(L*yPV) exist and are polynomials.
(H,) is true for n = 1, and indeed we have

1( Fy )
L'V=— )
2i — 4y

fj (V| LVY= — (7§ —m?).

Supposing that (H)) is true, we prove now that (H, ., )
is then true. Since (L *)"V belongsto S*, then (L )"+ V ex-
ists. Let us insert F = (L *)"V into formula (II1.23):

(I11.31)

(I11.32)

@y +v= —yos;‘i—{(L*)"V}

- Vf_ (¥ | (L))

Thus (L *y*+'V is a polynomial (use H,,). It remains to
prove that {* _ (o, | (L*)"*'V)exists and is a
polynomial.

(I11.33)
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We can use lemma 2 for F = (L *)?V and
G = io,(L*)" ~ 7V, for 0<g<n. Indeed, since (L *)?V and
(L )"~ 9V are polynomials, we have
lim ((L )V |igso(L")"~ V) =0.

Hence, lemma 2 gives
| to@oy=—vi@yv)

—(Lio (LY V| (L*)V)}
= (030 (LY =V [ (L))

(I11.34)

+2J (V| ioxXL *)"“’V)f (io, V| (L)V).
i : (I11.35)
We have moreover (¥ |io,(L*)" ~ V) = 0 and thus

[[wiw@y-mn=-[ wloar-»
) ” (I11.36)

is a polynomial for 0<g<n [for ¢ = n, we have

(o,V | V) =0). Thus, the right hand side of Eq. (IIL.35)is a
polynomial, namely, P, (V). Moreover, we can make use of
Eq. (I11.28) for F = (L*)" ~ V-

Lo,(LYY' =W =0oy)(L*)'~9*'V. (I11.37)
Then formula (111.35) writes
fj {Ua (LY =V | (LY V)

— (o (LY~ V(L)) =P,(V) (111.38)

Let’s now add the formulas (II1.38) written forg = 1,2,...,n;
we finally get

jf oV | @Y+ V) = (oL Y V| V)

= 3 P,V (111.39)
g=0
However, since " (io,) = — io,, we have (io,(L)"*' V| V)

= —(io,V| (L)Y V). Then, f* (V| (L*)" "' V)ex-
ists and is a polynomial, which ends the proof of theorem 1.
We shall make use of another important theorem:
Theorem 2: (L )",V exists for all positive integer n, and
we have

(L)'a.V =o0,L*)'V. (I11.40)

Proof: Eq. (II1.40) is true for n = 1 [use lemma 1 for
F = V and the fact that (o, V' | V) =0].

Suppose now that Eq. (111.40) is true for n; we show that
it is true for n + 1. We use lemma 1 for F = (L *)"V and we
notice that, from theorem 1, (o, ¥ | (L )"V ) =0, to show
that

L)' P oV =Loy LY V=0o,Ly+V. (111.41)
It obviously results from theorem 2 that
VLYo, V)=V |oL)V)=0. (I11.42)

This last property allow us to prove another singular
theorem:
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Theorem 3:
“LHyv=@Ly,

where the operator L* is

J <
—+z;f
1{ ox < 1

neN,

—ZFJ 7

L'=— . (I11.43
x ax 7 x
Proof: the above definition gives
l o0
LF= Lq9F J @,V | F). (I11.44)
21 dx x
Using Egs. (I11.23) and (111.44),
(L' —LYF= {0,V | F), (111.45)

and making F' = Vin Eq. (111.45), we show that theorem 3 is
true for n = 1 [use (o,V | ¥) = 0]. Let us suppose that theo-
rem 3 is true for n; we prove that it is true for » 4-1. To do
that we set F = (L*Y'V = (L)"V in Eq. (II1.45); we get

(LY — @) W=Aa,V|L)V), (IIL46)
which is zero from Eq. (111.42).

D. Evolution equations

With the help of the above theorems, we are now able to
derive the following properties:

Property 1: For p and g integers such that p>1, >0, we
have

A
tim [ (@y¥IL4)
A J_ o
=(€EY(LYV|AS), i=123 (I11.47)
where L , is the cutoff operator deduced from L by changing
§= into §7. The meaning of Eq. (II1.47) is that A € is the
eigenfunction of L ¢ with the eigenvalue (e )*.

Property 2: For any positive integer n,
A

lim LVIL"A)=(L)" 'V [|AS).

A— oo

(I11.48)

The meaning of Eq. (111.48) is that (L *)" is the adjoint opera-
tor of (L )".

Proofof property 1: Starting with the identities deduced
from D:

idi(yfzf)_@(Yfzg + Y5Z$)=2eEY{Z1, (II1.49)

X

,-di(ygzg +Y$Z5)=2i(FYSZ +qY5Z5), (IIL50)
X

and integrating Eq. (111.50) on the segment [x,4 ], we prove
that there exist scalar bounded functions §,(4 ) such that

L,A{=€eEA{+6,(4)a,V, i=123. (IIL.51)
The functions §,(4 ) are given by
8:1(4) = 4Tk Y ( "¢ “(k,A)o19 “(k,A)), (IIL.52)
8,(4) = 3Tk V("¢ (kA )oY (k,4)), (ITL.53)

4 1
dk T<(k)

| s warodwan|

53(A )= %[
(111.54)
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At this point, one must notice that, contrary to the case r*
=g* =0, the functions §, , (4 ) have no limit as 4— .
This is the reason why we must use the cutoff operator L,
inspite of L.

By induction on Eq. (II1.51), we get

LyAS=(EYAS+ 3 (EY '8,()L, a0V,
=1
neN., (I11.55)
Thus, for p>1 and ¢>0:

ﬁ (@ PV I|LoAD)

ey [ @yvian+ 3 eEraw

I=1

X r (LYVIL,' "o, V) (I1L.56)

When 4 goes to infinity, the second term of right hand side of
Eq. (II1.56) goes to zero. Indeed we have that §,(4 ) is a
bounded function of @, and

- Jj (Lyv 'LAlilan)

o

— {(L*YV|L' o, V) =0,

A—oc

by using theorem 2 and Eq. (II1.42). This ends the proof of
property 1.

Proof of property 2: If Fbelongs to S * and G'is abounded
function, one can show by partial integration that

J-_ {(FIL,GY—(L'F|G)} = —(F|0;G)A4).
B (I1L.57)

Setting F = (L ¥V and G = (L,)* ~' A {in Eq. (II1.57)
leads to

f, (LPV [(LaYAD) — (LY VL) AD)

= — (LYY |05,y ' AA). (I11.58)
When A4 goes to infinity, the right hand side of Eq. (I11.58)
goes to zero, and we immediately obtain Eq. (1I1.48) by
induction.

At this point, we use properties 1 and 2 to show that

(LY V|A)=(€EY{LVI|AS). (I11.59)

Property 3: For any entire function £2 (¢E )/(¢E ) of €E,
we have

@QELHYV|AS)= ”—Sf—) (LV]A?). (111.60)
Use now Eq. (I11.60) together with Eqs. (II1.5)—(111.7) to get
formulas (II1.10)-(I11.12).

At this point the nonlinear evolution problem (IIL9) is
solved by 1.S.T. However, one must notice that we have ad-
mitted the existence of a solution of Eq. (II1.9) and that the
inverse problem is solvable for any value of ¢. To prove the
existence of a solution of Eq. (I11.9), one would deduce from
the evolution of % the NEE (111.9). This would be possible
with the help of a closure theorem for the functions A ;.
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(Such a result had been obtained by Kaup in the case r *
= q + = O l5)

IV. SOLITONS

Solitons are known to be the solutions of NEE when the
associated spectral data reduce to the discrete spectrum
only. We shall study here two representative cases corre-
sponding to a set of spectral data consisting of one and two
bound states, and no reflection coefficient. Although we do
not want to enter in a complete study of the properties of
these solutions, we shall point out the strong differences be-
tween the Zakharov-Shabat (ZS) case and the Dirac (D)
case (we shall thus simplify the hypothesis).

A. Single bound state: “kinklike” solution

Suppose that . consist in a single zero of 1/7T*(k ) and
R <(k) = Ofor real k. The “Fourier transform” of ¥ is then
from Eq. (I11.12):

Fx+y)= —iMCe* ™+,

av.n
_ 2
o —ig @¢)
M=E E+k |,
E+k — iq*

where Cis the bound state constant (I1.8). The noninversible
matrix M possesses the property

M(M + % ) =0. Iv.2)
Writing now the inversion formula (II.11), one can see that
the kernel X (x,y) becomes separable; thus, we set

K (x,y) = 4 (x)e*. The inversion equation reduces to

_iCM + 4 (x)[e ke Tck' Me“‘"] —0.  (IV.3)
The system (IV.3) of four equations reduces, by using prop-
erty (IV.2), to a system of two equations.

The solution of the inverse problem is given by

[0, A ()] = ( F_O L ‘io+ 7 ) : Iv.4)
which gives
sy = g COTHKENE —k/E+ k) e 0
(Cq'/2kE Ye™™ 4 e~ =
o) =1 (Cq'/2HkEXE + k/E — k)e™** 4 ¢~ . ave)

(Cq'/2kE Ye** 4 ¢~ =
Before going further on, notice that § and 7 possess the right
asymptotic behavior [i.e., formula (II.13) holds].
Assuming now that 7 and § evolves according to the
NEE (II1.9), then the constant C evolves according to Eq.
(ITL.15), i.e.,

2
C(it)y=¢, exp(k —éEl t) . av.n
Setting
Co' w E—k 2
— - =€, = s
2ikE E+k ¢ (Iv.8)

we can write § in the form
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G(x,t) = g'e® coshb [ +1(thb )th [ik

(=555 ) ]}

This “th” form is known as a kink” which moves with con-
stant speed v = Re{( — i/2E)2 (E)]}.

In the ZS case a single pole does lead to a soliton solu-
tion."” Indeed, setting here ¢+ = r* = 0, we get the trivial
solution § = 7 = 0. Thus, the D case is strongly different
from the ZS case not only because of the emergence of a
solution when the spectral data reduce in one single bound
state, but also because of the particular feature of this solu-
tion, which was reserved until now to solutions of the sine-
Gordon equation.

(IV.9)

B. Two bound states: “boomeron” solution
We now assume that the spectral data consist of two
bound states located at k * and & - [zeros of 1/T*(k) and
1/T ~(k ), respectively], and no reflection coefficient. We shall
assume moreover for simplicity thatg* = r* = m, m real.
In this case the stability of the inverse problem demands
k* =k . Indeed, Eq. (I1.13) leads to
E*+k E-—k
E*—k'E-+k-
that is to say,
(k +)2 _ (k *)2 + m2
kY kY+m
Since Im(k *)> 0, the solution of Eq. (IV.11)isk* =k .
To simplify at most the results, we set moreover
k* =k~ = iu(m> u>0). The method is essentially the same
as that used in Eq. (IV.a); thus, we give only the final result:

1, (IV.10)

Iv.11)

gx,t) —m
_ 2u[( u +i )eiu(ﬂ/E)t + ( u — )e - iu(!)/E)t]
E E
Xcosh"{Zu(x — x(t) — i 0t — w)] (IV.12)

where 2, and (2, are, respectively, the even and odd parts of
{2 (E), where

1 C,
w= —log =2, Iv.13
2u g 2u ( )

and where x,(¢ ) is a solution of

iu
cosh[2u<x0 + w + E {)ot)]

= cosh[Zu( EIE 24 + w)] + % cosh(i % .()et).
(IV.14)

Notice that we have assumed that £2 (E ) is purely imaginary,
in order to have a real dispertion relation.’

The most remarkable feature of these solutions is that
the center of motion of the envelope soliton has a speed that
evolves in time as soon as m is different from zero. [Setting
m = 0 in Eq. (IV.12) leads to x, = 0 and thus the soliton
moves with constant speed (i/2E ){2,.] Indeed, this speed is
given by
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v(t) = [(i/2E )02, sinh[2u((i/2E )2yt + w)]
+ (im/2E )22, sinh(iu/E)2,t }/
sinh[2u(xo + w + (u/2E)24¢)] .
(IV.15)

At this point, one must notice that the position
[xo + (u/2E )24t ] of the center of the soliton has a definite
sign. Indeed, we have from Eq. (IV.14)

h2< i_“nz)] 1+751, av.ie
cos[ux0+w+ Y > +E> ( )

and the continuity of the function [x, + (iu/2E )2, ] ensures
that it has constant sign. Without loss of generality, we sup-
pose that it is positive. Then the sign of v(¢) is that of its
numerator. It is possible to show that v(z ) changes its sign
when passing through the value zero, that it is asymptotical-
ly constant, and that v(f = + )= —v(f = — ). This
solution is then a soliton that comes back; it is called a
boomeron.

Let us list for instance a few properties of the boomeron
of the nonlinear Schrédinger equation which is obtained for
2 (E) = 4iE?, and which is

g, =i =2 §¢* +2im*§ (F=g*).

v(t ) becomes an odd function of ¢ because £2, = 0, and goes
asymptotically to 4+ 4E? at + co. Another difference be-
tween the ZS and D cases arises then from the fact that the
corresponding solution in the ZS case (m = 0) does not
evolves in time, because we have assumed that K = ju and
2, =0 (see Ref. 5, p. 279).
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Explicit forms of U3 and U4 matrices as functions of a single adjoint vector are displayed.
Parametrizations of the coset spaces U(N + r)/(UN X Ur) are discussed, most explicitly for
r = 1 and 2, and related, for N = 3 and 4, to the results for U3 and U4 matrices.

1. INTRODUCTION

There has always been interest in and a genuine need for
suitable explicit forms of parametrizations of unitary matri-
ces. In the past, this was true for Lagrangian theories of
chiral symmetry based on nonlinear realizations of SUN
X SUN.'* At present, it holds true for the study of field
theories, which possess instanton solutions. This area in-
cludes study of CP ¥ models,’® and of generalized o models.”
The former may be viewed® as nonlinear realizations of an
SU(N + 1) symmetry in which a UN subgroup is realized
linearly; the latter may be similarly viewed as nonlinear real-
izations of a U(¥ + r) symmetry in which a UN X Ur sub-
group is realized linearly.

This paper displays and gives proofs (rather than deri-
vations) of a variety of results to which, for ease of reference,
we attach Roman numerals, regarding unitary matrices that
have been discovered at various times during the last ten
years. Section 2 gives results for U3 matrices, written in
terms of a single octet vector. The simplest result, result I11
below, has been given before.? Section 4 applies results given
in Sec. 3 regarding SU4 adjoint vectors, to give results for U4
matrices written in terms of a single adjoint vector. These
results are new. Section 5 discusses the coset space
SU(N + 1)/UN writing SU(VV + 1) matrices in terms of sets
of Goldstone fields for nonlinear realizations of SU(N + 1)
in which UN is realized linearly.® Result VIII underlies® re-
cent work of Cremmer and Scherk.® The N = 3 case of result
IX has been used by Salam and Strathdee.'® Section 6 dis-
cusses the coset space U(V + #)/(UN X Ur) writing
U(N + r) matrices in terms of appropriate sets of Goldstone
fields. Completely explicit results are given only for r = 2,
and arbitrary N, but the methods used extend with increas-
ing complication to higher values of 7. The results of Sec. 6,
which are new, have been used in Ref. 7. The relationship of
results of later sections to those of earlier sections is also
pointed out. For example, results III and IV of Sec. 2 reduce
upon appropriate specialization of the octet vector in terms
of which they are given, to the N = 3 cases of results VIII
and IX of Sec. 5. Result VI of Sec. 4 similatly reduces to the
N = 4 case of result XI of Sec. 6. Some of the discussion of
Sec. 5 could have alternatively been given by reduction of the
r = 1 case of the results of Sec. 6.

Finally we make reference to an important and elegant
paper by Barnes and Delbourgo,!! which deals with the con-
struction of SUN quantities out of a single adjoint SUN vec-
tor. This paper is essentially complementary to the present
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work. It would provide an alternative approach to the deri-
vation of results such as are given in this paper, but the non-
trivial task of extracting simple explicit forms from its very
general discussion was not undertaken there.

2. PARAMETRIZATION OF U3 MATRICES

We use standard notation for A matrices, the tensor d,
etc., and refer to previous work for their properties.'®

Let M, denote a real octet vector, then as usual
N; =d MM, is real octet vector in general linearly inde-
pendent of M. Also X = M M,, Y = M,N, are SU3 invar-
iants. To prove our results, it will suffice to note the
following

dijk MIN k= %XM ir

dyN;N, = {¥M, — {XN,,
NN, = 1x*.

Our various parameterizations are labelled by Roman nu-
merals throughout the paper.

L If B, C, and D are three real functions of the SU3
invariants X and Y related by

2.1

1+ B*42CD = XC? 2.2)
then U (M) given by
NUM)=D —ICX +i({C*Y + BD)

—iAM(1+iB)+ A.NC, 2.3)
12|2=(1+B)X+D?
+3BCY(2 + CD) + iC*Y?, 249

is a unitary matrix.

Proof: The result follows straightforwardly from the
usual rules for A-matrices and (2.1).

The general result I is complicated chiefly because B
contains Y as a factor, as can be seen from parity consider-
ations when M, is pseudoscalar. Result I contains two arbi-
trary functions of X and Y, and we may dispose of this arbi-
trariness to achieve simpler forms for U (M ). Thus, we have:

II.Set B=0inl

Forarbitrary C (X ),and hence D (X ), thiskeeps downto
a minimum dependence on the awkward SU3 invariant Y.
We may dispose of the remaining freedom in II in various
ways.

Set C = Jand replace Mby M' = — 2MinII, dropping
the primes thereafter. This gives

L. oUM)=1—1X — 4Y +2iA.M —24 N,

02 = (1 + X)? 4 472 2.5)
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Similarly, set D = 1inII, and replace M by — M. This gives
oUM) =12+ R)—LiC*Y +il.M + A.NC,
|&)lz—_—R2+%C4Y2,
C=—-—(0+R)"Y, R=(01+X)"
Other results comparable with IV can be obtained from II.
Result III was given originally in our previous work,’ where
indication of its origin was given, as opposed to mere verifi-
cation of the unitarity of U (M) defined by (2.5). Result I

above arose by the same method appropriately streamlined
to minimize algebra.

(2.6)

3.5U4 d TENSORS AND ADJOINT VECTORS

A matrices for SU4 are the natural generalization of
those for SU3, and give rise to

Ad; =1, + dy + g )Ae 3.1
The tensors d and ffor SU4 naturally have those properties
listed in reference twelve as holding for all SUn. However,
they fail to satisfy the result

Do @iorim = ¥i6iy» (3.12)

true for the SU3 d tensors. Here and below, total symmetry
must by imposed on a set of indices surrounded by round
brackets. To state the property typical of SU4 that its d ten-
sors obey, proceed as follows. Introduce the 7th rank isotrop-
ic tensor d ’;, ,, with r indices, by means of

r+1 _
d ifeestu d(r)ij---sh dhtu’ (32)
where
@ _
d%, =6,
and hence
»
d, =d;.

In terms of such a notation for SU3, Eq. (A) can be written as
d® iy = 1/38;8,,,. For SU4, the corresponding result is

(3.3)

[¢7]
) — 1
d (ijklym — ;ﬁ(fjdkl ym + éd(ijk 61 ym*

This result was first given (to this author’s knowledge) by
Sudbery,'? who proved the corresponding result for general
SU(#n) and displayed the SU4 and SUS versions of it. His
proof used the Cayley—Hamilton theorem for SUzn in much
the same way (technically streamlined both in notation and
in outlook) as used in Ref. 13 for deriving Eq. (A), above, for
SU3.

We go on to use (3.3) to discuss the vector and tensor
world that can be realized using a single SU4 (adjoint) vector
M, . There are in general two vectors linearly independent of
M,, namely,

N, =d;MM,, (3.3a)
P,=d®, MMM, =d,MN,, (3.4)
and there are three SU4 invariants
X=MM, 3.5)
Y=MN, =d, MMM,, (3.6)
Z=M,P, = NN,
=d“, MMMM, 3.7
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We may exploit (3.3) to show that all the further naturally
occurring vectors and scalars are respectively linear combi-
nations of M, N,and P, and functions of X, ¥, and Z. The
results in question are as follows

(Q; =)y M P, = XN, +1YM,,

(3.8)
d NN, =1YM,, (3.9)
d, NP, =1ZM, + YN, (3.10)
d, PP, = XYM, + ZN, — 1YP, (3.11)
NP, = XY, (3.12)
PP =1ZX+1Y? (=QM). (3.13)

These results will enable us to state and prove our results
regarding the parametrization of U4 matrices in terms of a
single SU4 (adjoint) vector.

4. PARAMETRIZATIONS OF U4 MATRICES

The most general parametrization of a U4 matrix in
terms of a single adjoint vector M, (and quantities built, asin
Sec. 3, out of it) involves three arbitrary functions of the SU4
invariants X, ¥, and Z. Having seen result I for SU3, one
would expect this to be very complicated and not very useful.
Accordingly, we seek results that keep to a minimum depen-
dence on the higher order invariants ¥ and Z. We begin with

V. If UeU4 is expanded in the form

UM)=8+ (aM + BN + yP).A, “4.1)
then UU " is a multiple of the identity if

—ia =B (A + XE),

—iy= —BE,

— i8 = ad — }YPE — \ZYE, 4.2)

and the real functions 4 and E are related by
2AE + \XE* = 1. 4.3)

Proof: This is achieved by direct use of the results of
section three to simplify UU .

The simplest special case found is a close relative of
result III for U3. Toreachit,set E =L find4 = 1 — X, and
change M to — 2M. We thus obtain

VI.
oU=1- X" +1Z - Y
+ 2iAM (1 +3X) — 2A.N — 2iL.P,
|02 = [(1+ YR —JZ] + 477/9. @4

5. THE COSET SPACE SUN +1)/UN

It is easy to discuss a general parametrization of the
space, one in which U (K )eSU(N + 1) is written in terms of
set of N complex scalar fields, the Goldstone fields of a non-
linear realization of SU(¥ + 1) in which a UN subgroup is
realized linearly.

Thus consider

UK) = (e ti'fg? ﬂg(), (5.1)
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in which K is a one column matrix of N complex fields, KK is
an N X N matrix, and e, f,_g, and A are real functions of the
single UN invariant X = KK that can be built out of K. It is

easy to verify

VII. U (K), given by (5.1), belongs to SU(N + 1) for ar-
bitrary f(X), if

e=1, g=Q01-Xf3»"?

(5.2)

h=—f*1+g""
Simple special cases arise by appropriate choice of f.

VIIL If f=a ~La*’ =1+ X, then U(K)=U, (K),
where

1-— KK
aU,(K) = (" (I +a) K). (5.3)
—K 1
IX. Iff=2/1+ X, then U(K)=U,(K)=U, K ¥,
where
(1 +X)1 —2KK 2K )
—2K 1—X
(5.4)
These results can also be obtained for the case of N = 3 from
the results of Sec. 2. For this purpose, set
M, =0, a=12,38,

Mﬂ = Kl‘l t a = 4Y5’6,7’
and make contact with the notation of (5.1) by setting

1+ 0@ = (

. . _ 0 l()
IAM=Iil K, = ( r o) (5.5a)
Then one calculates _
KK—-2X1 0
N,=0, NA= 3X
0 -
X=KK, Y=o (5.5b)

Insertion of (5.5) into results IV and III of Sec. 2 reproduces
the results VIII and IX of this section for N = 3. Similarly
one relates results of Sec. 4 to the results of this section when
N=4,

6. THE COSET SPACE U(N + r)/(UNXUA)

The required parametrizations are obtained by express-
ing UeUn, n = N + r, as a function of 2Nr real or Nr com-
plex scalar fields, for example the Goldstone fields K of a
nonlinear realization of Un in which UN X Ur is realized
linearly. The aim is not to achieve results of the greatest
generality but rather to discuss parametrizations which are
either manifestly simple in appearance of else known to un-
derly specially simple versions of the theories in which they
occur.

Aiming to build unitary matrices in the form,

(O )

where J, M, and L are respectively N XN, N XX rand rxr
matrices, a natural guess would be to write M = K and deter-
mine J and L in terms of K in such a way as to achieve
unitarity. In discussing U (n,7) o-models’ it was found that,
while this choice was manageable, a choice, vastly superior
choice for fields K either in two or four dimensions was
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achieved, by study of self-duality equations in two
dimensions.

Thus, set
UK)= ( ! KL) 6.1
( ) -\ _ LK + L ’ ‘
and impose
J*+KLK"=1, (6.2a)
JK =KL, (6.2b)
L?4+ LK'KL =1, (6.2¢)

to make U (K) unitary. In general below, we assume r < ¥
without providing those minor changes that are required
when » = N. For given r, K 'K obeys a Cayley—Hamilton
equation f(K 'K') = 0, where f(x) is a polynomial in x of
degree r. It then follows that the Cayley-Hamilton equation
of KK ' is a polynomial of degree r + 1, in general. Likewise
Jand L are polynomials respectively of degree r + 1in KK ¥,
and rin K K. Further (6.2c) can be written
L’ +K'K)=1

We illustrate by consideration of the case » = 2. Then
KK obeys

(K'K)Y=SK'K — 4, (6.3)
where the UN X Ur invariants § and 4 are given by

S =TiK 'K, (6.4a)

4 = detK 'K, (6.4b)
and KK %, in consequence of (6.3), obeys

(KK'Y} =S(KK"Y — AKK ™. (6.5)

It is now easy to solve (6.2), initially for L ? and J %, obtaining

L>=a+ bK'K, (6.6a)
J*=1—aKK"—b(KK", (6.6b)
where

a=S+ 1)/, b= -1/, '=44+S5+1. (6.6¢)

To make (6.1) an explicit parametrization, we must now ob-
tain L and J from L > and J 2. It is easy to complete this
calculation; as the result is quite complicated, we do not
display it. A manifestly simple parametrization of U(NV

+ r)/(UN X Ur) can be obtained by considering

U(K )= U(K)? whichobviouslyis unitary if U (K ) itselfis.
This yields

X.
2 2
(7(1(): (I—ZKL Kt 2KL )
—2L°K? 2L% —1
belongs to Un, and is given explicitly as a function of K with
the aid of L 2, given by (6.6a) and (6.6c) alone.
The parametrization (6.7) is notable because it does not
involve any square roots.
In the special case of N = r = 2, (6.7) is replaced by

(6.7)

U K
( S+1— A —2KK? 2(S+1)K—2KK*K)
—2S+ DK"+2K'KKY S+1—-4-2K'K
(6.8)
A.J. Macfarlane 2581



This result also arises naturally from results for U4 ma-
trices. To see this, introduce a set of SU4 A matrices in obvi-
ous generalization of the Gell-Mann A-matrices of SU3.
Specialize the SU4 adjoint vector M, by setting

Ma = 0’ Ma = Ka’
where a labels the values 1,2,3,8,13,14,15, corresponding to

the generators of S(U2 X U2), of i, and a labels the rest. To
connect K, to the matrix K of Goldstone fields set

) 0

IMA = (_ X IO() . (6.9a)
Then we calculate

N,=0,

KK'—18 0
NA= , (6.9b)
0 K'K—1iS
X=S§, Y=0, Z=NN,=KS*>—44), P, =0,
(6.9¢)
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0 KK TK’)
. (6.9d
K'KK* 0 ( )
Now insertion of the four results (6.9) into (4.4) reproduces

(6.8). The U4 parametrization that reduces to U (K') using
(6.9) has not been found.
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We consider here the problem of determining the mean square fluctuations in a statistically
homogeneous isotropic two-phase dielectric random medium. An expression is derived for a
weighted sum of the mean square fluctuations in each phase in terms of the effective dielectric
constant. From this expression bounds are derived for the mean square fluctuations in each phase.
An assumption is then made to allow us to obtain exact expressions for the mean square

fluctuations in a particular phase.

1. INTRODUCTION

In a dielectric medium the electric and displacement
fields (E and D respectively) are governed by the equations

VeE =0, ¢Y)
VXE=0, @)
D=¢E, €)]

where € is considered to be a random function of position.
(The same equations govern heat conductivity, electrical
conductivity, etc.)

The effective dielectric constant €*, for an infinite ho-
mogeneous isotropic random medium is defined by the
relation

(D) = €*(E), @)

where the brackets ( ), denote an ensemble average, (D)
and (E) are constant vectors. (We note that €* may also be
defined by (DE) = ¢*(E)-(E). It may be shown! that
(D-E) = (D)+(E) for an infinite homogeneous isotropic
random medium.) The theory of effective constants has been
investigated by many authors'-® in great detail.

Here we wish to determine information about the mean
square field fluctuations in terms of €*. For a general medi-
um, the variance of the E field is defined as

o = (E— (E)(E - (E})> , ©)
(E)«(E)

with a similar expression for o>

A two-phase medium is characterized by the phase di-
electric constants €, and ¢, and volume fractions v, and v,
(v, + v, = 1). We choose here €, > €,. The geometry of the
medium may be characterized by a probability density func-
tional or the n moments (e(x,)--€(x,,)) for all n. We define
here mean square field fluctuations in a particular phase (i)
as

(725 - <(E; - (Ei))’(Ei - (E‘>)> (6)
' (E)-(E)

(no summation on 7).

The (E)+(E) normalization in the denominator may be
replaced by (E; )-(E,) when desired, since as we point out

“'Permanent address: School of Engineering, Tel Aviv University, Tel-
Aviv, Israel.
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below (E;) and (E) are simply related. Later in the paper we
shall consider the alternative normalization. There is a simi-
lar definition for o7, .

In Sec. 2 we shall derive the equation

Vi€ V€, _ €€,
E, 0, = ———— 7
(e) (€) v,0y(€; — 62)2

(el ) o

and a similar one for the D field.

In Sec. 3 we shall find bounds for o}, and o, and pre-
sent an assumption which allows us to obtain o% Of 07, ex-
actly. The importance of the quantities €*/{¢) and
€*({1/€)) will be emphasized.

2. DERIVATION OF EQ. (7)

In a previous paper,’ we derived the equation
({€) — e*)(E)(E) = (e(E — (E)E — (E))>, (8)

and a similar one for D with € replaced by @ = 1/e. In that
paper, Eq. (8) was used to obtain bounds for 0% and o3
Mendelsohn® also has recently treated the problem of
bounds.

We shall now derive Eq. (7) from Eq. (8). For a two-
phase material
{eE — (E))E — (E))> = €0 K(E, — (E)E, — (E)>
®
+ €0 (E, — (E))E, — (E)))>.
Noting that (E) = v,(E,) + v,(E,), we find from Eqgs.
(8) and (9) after some algebra

(-%)

_ & V26,
() = (e) ™
+ v, (€,0; + €0)(E;) — (ED»({E)) — (E,)) )
(e) (E)«(E)

(10)

The term {E,) — (E,) may be simplified by noting the
relations

(E) = U|<E|) + v,(E,) an
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(D) =€e*(E) = v,{D,) + v,(D5)
= 0,6,{E) + v,6,(E,) . (12)
From Egs. (11) and (12) we find

(E,) = -6 (g, (13a)
vi(€;, —€)
(Ey = =€) (g, (13b)
vy(€, — &)
(E) — (B = —1 (e —(e)E). (130)
V(€ — €,)

Substituting Eq. (13c) into Eq. (10) yields Eq. (7) after
further simplification.
An analogous procedure for the D field yields

v, e U, _ a,a,
+ A A S
(@ 7 (@) " v, — )
a* 1
(B el )-)
( {(a) a
14
where (14)
a,=l1/e;,
a*=1/e*.

When v, 30,6, (( = 1,2;j = 1,2), Eqgs. (7) and (14) be-
come respectively:

* L 3
o+ U2 8 (1o (B 1), a5
V€, V,U,€, V€, €
* *
Bhe o= =S (1= L) (2 ) qg
v, a, V\Uas V.0, a,

3. BOUNDS AND EXACT EXPRESSIONS FOR
0%+ 05 0%, AND &}

3.1 Bounds

In Eq. (7) both terms on the left-hand side are positive.
Thus, each term is less than the right-hand side and we find
the upper bounds

"*ﬁff—ig(“%)(‘”(%)—‘)’ an

gl (=Nl ] ). o

Similarly for the D field we have
* 1
e () G C T
" vivya, — a,)? (a) a (19)

TABLE 1. Upper bounds for o}, and o*L for HS limits of €* (v,€,>v;€,).

TABLE I1. Upper bounds for 6%, and 67, for HS limits of €* (v,€,5>v;€;)

€r €%,
& < L( ﬁ) L}
9, \ €, 2
6;;2< 2U| ——2U1 ﬁ
93 — ) €
& < 2_n & L3
' 9 (14+20) &, 2
g"i)lg 2v, ﬁfl
9 €

€¥ €7
oif,g 2’2_ 20, 3
€, Uy 3—-v)
o},< e &
’ v & (B—v)
5 € 2v v
T, < Lt o5
€ (1+2v) 2v;
7 < 2v, _ & 1
: (1 +2v) €, 2v,
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o gu,ugz;fi)az)z (1 - Z; )(“*<%>—1)' (20)

We are most interested in these bounds for €,>€,. Using
again the condition v;€,>v;e,, which means that we are not
considering extremes in either volume fraction, we find

! (1— et )(”26*—1) @1
Yo v, Vi€, €,
1 * \ *
a§52<—2(1— < )(56——1), 2)
U3 V€, (3]
1 * *
0357(1— = )(v'a *1), (23)
Uy L, a,
* *
o <! (1— a )(”'a —1). 4)
a, v, v, a,

The bounds are dependent upon where €* lies with re-
spect to €, and €,. Hashin and Shtrikman® have shown that

Uy

+
/(B—1D+ 1 —v)/3
€* d—uvy)
€ /(0 —B)+v,/38 25)
where B = €,/€,.
For v,€,>v;€,, Eq. (25) reduces to
€= (1 +20)e <€*< 2, (=€t . (26)

< €
(1—wv) G—v)
In Table I we show how the upper bound for o7, and o,
depends on €} and €¥. Roughly speaking, we note that the
lower bound, €¥, corresponds to a geometry in which phase
(1) materials are inclusions in the matrix of phase (2). The
upper bound, €¥, corresponds to a geometry where phase (2)
materials are inclusions in the matrix of phase (1).
As we stated above, it is also useful to consider the
quantity
(E; — <Ei >)'(Ei - <Ei >)>
(E; )'(E,'>
with a similar definition for 67, . Here the phase fluctuations
are normalized with respect to the mean field in the particu-
lar phase. The results for v,€,>v;€, are given in Table II.
The bounds in Tables I and I are correct, but the ques-
tion arises as to whether or not the bounds are restrictive.

For example, in Table II we see that four of the bounds de-
pend upon €,/¢,. If the bounds are indeed suitably restrictive

& = : Q7
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(i.e., “good” bounds), we may expect materials for which
0% (€* = €¥) may be quite large.

The bounds that do not depend upon €, /€, seem reason-
ably restrictive from a physical point of view since we would
expect fluctuations in a particular phase to be of the order of
magnitude of the mean field in the phase. It is true that for
isolated spherical inclusions, or for the composite spheres
Hashin and Shtrikman used to prove the realizability of their
bounds, there are no fluctuations in the sphere itself. This
occurs, however, only because of the special nature of the
sphere and in general, fluctuations occur in inclusions.

Without further calculations, numerical solutions or
experimental evidence, we cannot at this point answer the
question of whether or not materials exist for which, say, 67,
~ 0 (€,/¢€,) when €* = e¥. We would expect, however, that
for a large class of materials this is not so and that 5 and
%, (or 63, and 67, ) should be of the same order of magni-
tude. We might expect this to be so, for example, if the geom-
etry of the inclusions was not vastly different from the ma-
trix geometry. In the next section, we shall show the
consequences of making the a priori assumption that 67, and
7, are both of the same order of magnitude.

3.2 Exact expressions for 0%, 07, 6%, and &%,

In this section, we make the assumption that 6%, and
67, are of the same order in €,/€, if v, = O (v,). [This implies
that J%l and 52», are also of the same order. We interpret the
condition v, = O (v,) here tobe .2 Sv; 5 .8.] We assume that
this is true over the whole range of €*. That is, we assume
that this is true if phase (1) may be considered to be an inclu-
sion phase in the matrix phase (2) (¢* =€¥) or vice-versa
(e* =€)

If we assume that 6, and 7, are the same order of
magnitude, then the relative magnitude of the terms

oy and D262 0%,

V€,

in Eq. (15) depends strongly on the value of €*. It may be
shown that if €* = O (¢*) then

0,6,

0%, >0%, (28)
b€,
and if €* = O (e¥)
o%> 22 5% (29)

V€,

TABLE II1. Exact expressions for o7, and a7, (v,€,>v;€,).

€* = 0(e}) €* = 0(eY)
s * *
=(-<)
. V€, V€,
o 1 (vze _ )
v [

S
S
—~
n |
* [
~—

ah, Lﬁ(l_ € )

v, €* v,e*
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TABLE IV. Exact expressions for 6}, and 43, (v,€,3v,€3).

€* = 0(eY) €* = O(et,

V€, (1_ €* )
€* V€,

ol

Y
N
5%
MEEY
3
|
—
~——
—~
=
m
—
~——

t
S
m s
ML

»
—
=
5
m (O
»
~——

If then €* = O (€}) we find from Eq. (15)

*
o=+ (251, (0)
U, €,
while if €* = O (e¥)
* *
OJE,=_€—((1— € ) 31)
V1€, V1€,

That is, in these limits we can obtain exact expressions
for o7, or o7, . Similar expressions can be obtained for o3, or
05, If on the other hand €* = O (V/€¢,), both terms are of
the same order of magnitude and no exact expressions can be
obtained. In Tables Il and IV, we present exact expressions
for the variances.

It is interesting to note that we only obtain exact expres-
sions when ¢” and & are of the same order of magnitude.
That is, for that phase in which the mean phase field is of the
same order of magnitude as the mean field.

In closing this section, we want to emphasize again that
the results in Tables III and IV are exact results only if the
assumptions 67, = O (6%,) and 63, = O (65,) are correct.
The validity of this assumption has yet to be firmly estab-
lished for any class of materials.

4. CONCLUSIONS

In Eqgs. (17)-(24), we present bounds for the quantities
o*}gl and olpi. Using Eqgs. (13a)-(13c) and similar expressions
for (D,) and (D,) are similar bounds can be obtained for 3,
and 65, .

When €* = €} (the lower HS bound) or €* = €% (the
upper HS bound), bounds for o? and * are given in Tables I
and IT when V€ >U;€,.

If 57, = O(6%,) exact expressions for o° and 6° are giv-
en in Tables III and IV when €* = O (¢¥) or €* = (e¥) for
v,€,>V;€,. The range of validity of this assumption has not
yet been firmly established.
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Localized nonuniform patterns in a diffusion-reaction model with
autocatalysis and the Langmuir-Hinshelwood saturation law

L. L. Bonilla and M. G. Velarde

Departamento de Fisica de Fluidos, Universidad Auténoma de Madrid, Cantoblanco (Madrid) Spain
(Received 17 July 1979; accepted for publication 26 October 1979)

The WKB (Wentzel-Kramers—Brillouin) method is used to predict the onset of localized dissipa-
tive structures in a one-dimensional reactor where a diffusion-reaction process with autocatalysis
and the Langmuir-Hinshelwood (Michaelis-Menten, Holling) saturation law takes place.

1. INTRODUCTION

In reactor kinetics one usually deals with diffusion-re-
action processes which involve autocatalytic pathways
and/or steps obeying saturation laws, like the Langmuir-
Hinshelwood law (see Ref. 1 for a comprehensive and recent
monograph). The latter law also corresponds to the Michae-
lis-Menten kinetics in enzyme-controlled biochemical reac-
tions, and to the Holling law in some population dispersion
and competition problems in ecology. In a previous paper’
(hereafter called I) the present authors have considered the
onset of nonuniform distribution of reactants in a one-di-
mensional vessel. They restricted consideration, however, to
the case where the structure spreads over the whole contain-
er. In the present note we extend the analysis to the case of
dissipative structures appearing only as patches in certain
parts of the reactor.> The model problem considered in I
contains three relevant reactants 4, X, and Y whose spatio-
temporal evolution is governed by the following set of partial
differential equations:

a4 &4

= = —44+4D, 2, (1.1a
at R )
7). ¢ — X

— =XY-X{ X 6D ) 1.1b
e (+¢X)" "+ o7 (1.1v)
ay ;Y

— =A—-XY+D——, (1.1c
at + or )

that for a one-dimensional geometry (0<7<1) we have writ-
ten in dimensionless form. D refers to the diffusion of ¥,
D = D,. 8 is the ratio of the diffusion coefficient of X to Dy.
0Dy = Dy. D, is the diffusion coefficient of 4. We shall take
D, > D, Dy and, thus, and adiabatic elimination of 4 will be
made. Using Dirichlet’s boundary conditions (b.c.)

Ar=0)=A@=1t)=4, (1.2)
where A4 is some given constant, Eq. (1.1a) has the following
nonuniform steady solution

A (r) = A sech(2D /*) ~ ! cosh(r — )0 7 '/ (1.3)
For simplicity we choose the following b.c. for (1.1b) and
(1.1¢)

XO0)=X1t)=A4/(1—gd) (1.4a)

YO)=Y(1,t)=1—qd. (1.4b)
This choice elimitates the appearance of diffusional bound-
ary layers at both extremes of the reactor line. Thus, for low
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enough values of D, the system (1.1) possesses the following
steady solution
X(N=A4@/[1-g4(] "+ [¢4"()

— [64()/[1 —gA(M]'}D/[1 ~gd (]

+0(D?, (1.5a)
Y.(")=1-qd @ — {2q[1 —q4 (N4 "(r)/4 (")
—0[4(P)/[1 —gA (P]'}D + O (D). (1.5b)

Here and later on a prime () over a quantity merely denotes
differentiation with respect to the spatial variable, 7.

2.STABILITY OF THE PRIMARY NONUNIFORM STEADY

DISTRIBUTION OF REACTANTS

To test the stability of (1.5) we consider disturbances x
and y upon X, and Y,. To the first approximation we have

( % —L (7/,r))u =0, 2.1
where
u=(xy), (2.2a)
L)
Y, —[1 +qu(r)]_2+9D—g'—i— X, (r
= po
- Y, *Xs(r)+DE;
(2.2b)
Here the b.c. are
x(0,8) = x(1,1) = y(0,) = p(1,t) = 0. (2.2¢)
Posing
u(r,t)=e"2(), 2.3)

with = =( £ (), 7(»), Eq. (2.1) leads to the following eigen-
value problem

[Ly,)—all=() =0, 2.4
with the b.c. (2.2¢). It should be noted that the coefficients in
Eq. (2.4) depend on A (r) which are slow varying quantities in
the fast varying spatial scale where X and ¥ change. Thus the
WEKB method* can be used to solve (2.4). We pose

E(r)~e~ PP F(r,D 1Y), (2.52)

where w and F are slow varying functions over the scale
D 2. For a self-consistent approach we shall assume that
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w(r,D %) = w(r) (2.5b)
and
F(r,D"?) = F,(r) + D?F,(r) + DF,(r) + O (D*").
2.5¢)

Insertion of (2.5) into (2.4) yields the following hierarchy of
equations:

HF, =0, (2.6a)
0 (w" fo + 2w’ f§
ar, = (0 S 79 (2.60)
i(w'go + 2w'gs)
where F, = (f,, 8), and
H_(a+0w’2—qA(l——qA) —A/(1 —qAd) )
- 1—qA og+A/(1 —qA)+w?/)’

@.7)

A necessary and sufficient condition for the existence of
a nontrivial solution to (2.6a) is that (2.7) be singular. The
vanishing of the determinant of (2.7) leads to a second-order
equation in w'? whose solution is

)-}-U—qA(l—qA)]

20w = —[9( +
7 1—g4

e ) o -an]

——40[0(0+ 1:1 v, —qA(l—qA))

172

+A4(1—qgd )” (2.8)

On the other hand, if we choose an appropriate con-
stant, ¢, the following relation holds:

(1—gA)+0+6w?>—qg4(1—q4)=0. 2.9
We also have

(1—qA)f0+(a+w'2+ )g0=0 - (2.10a)

1 —gA

and

w'@fy +cg)+ 2wl fy +cg) =0. (2.10b)
The latter equation (2.10b) yields

(61, + cg,)w''”? = const. (2.11a)
Introducing (2.11a) into (2.10a) we get
8 =const w =" /{c—0[(c+wH(1 —g4)+ 4]

/(1 —qA4)}. (2.11b)

Thus, up to some constants which depend on the b.c. of the
problem, both £, and g, are determined. However, for given
b.c. not all values of o will allow a nontrivial solution. Rather
o is the eigenvalue of the problem to be solved.

Notice that the WKB method is valid provided the fol-
lowing relation does not hold

c=0lc+wH1—ga)+A]101 —gd4)~% (2.12)

Otherwise £, and g, will be ill-defined and the asymptotic
representation (2.5) will not be acceptable.

The values of r at which (2.12) holds are the turning
points in the WKB method. Using (2.9) these trurning points
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are the solutions of the equation

200+ 60lo+A4/(1—gd)]+0—q4(1 —q4)=0.
2.13)

Thus the turning points make zero the discriminant in
(2.8). We have

A
d
[ 7 1 —g4

=46 [a(or+ i

)-HT-—qA(l—qA)]2

A
A —qA(l—qA))+A(l~qA)],
2.14)

which for o = 0 (strictly speaking for Reo = 0), yields the
turning points located on the marginal stability curve for the
onset of non-uniform spatial patterns.’

3. LOCALIZED STRUCTURES ALONG THE LINE
REACTOR

For o = 0, the solutions to (2.14) are the roots of the
polynomial

404 —2 1 —1064
4 =q*+ 34 2
@=4q YR VERR
106 64 —4
+ VE q-+6 VERE G.1

and are the turning points belonging to the marginal curve
(2.14) at vanishing o. Note that with our assumptions® we
have 0 <8 < 1, and ¢ > 0. We shall denote by ¢q. a value on
this marginal curve (also denoted the curve of neutral stabil-
ity). The discriminant of (2.7) is equal to Z (¢)/(1 — g4 )%,
and has same sign as z(g).

According to the Harriot-Descartes theorem, in the
segment 0 < 64 < 4 the equation z(g) = 0 possesses one nega-
tive real solution and either one or three positive real ones. In
the following to fix ideas, we shall restrict consideration to
the numerical values 4 = 1,D, = 10~2,and D = 5X 10 %,
for which the minimum of 4 (#) in 0<r<1 is

A =0.013. (3.2)
For the given set of data we have three positive real solutions.
The negative one shall be disregarded as it corresponds to
negative values of kinetic constants. Then, at fixed & the fol-
lowing results hold:

(i) Z (g) has three real positive roots in the interval®

A<A<4,, , (3.3)
and a single real positive root and two complex conjugate
ones in the remaining

A, <A<4; (.4

(ii) Denoting by g, , ¢, , g, the solutions of Z (g) = Osuch
that for 4 belonging to (3.3.)

0<4,(4)<9.:(4)<q,(4),
then the only positive root in (3.4) in g, ;

(iii) ¢, (4 ) and g, (4 ) are decreasing functions in their
definition domain whereas g, (@) is decreasing in

A<d<4

and increasing in

(3.5)

(3.6)
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TABLE I. Roots of (3.1) and related numerical values corresponding to the various cases of localized dissipative structures depicted in Fig. 1.

8 4, A. 7;4) a.(4.,) ql(A*)’:qz(A*) QJ(A*) ql(A_) qz(A_) qJ(A_)
0.1 0.983 - 0.909 0.664 - - 5.454 76.823 76.824
0.2 0.492 0.530 0.833 1.328 1.408 1.706 7.666 76.722 76.724
0.3 0.328 0.353 0.768 1.991 2.113 2.562 9.347 76.620 76.624
04 0.246 0.265 0.712 2.655 2.815 3412 10.754 76.517 76.525
0.5 0.197 0.212 0.663 3.319 3.519 4.265 11.988 76.416 76.426
0.6 0.164 0.176 0.619 3.983 4237 5.139 13.100 76.314 76.328
0.7 0.140 0.151 0.579 4.647 4.939 5.989 14.118 76.213 76.229
0.8 0.123 0.132 0.543 5.311 5.649 6.852 15.064 76.112 76.131
0.9 0.109 0.117 0.510 5974 6.371 7.733 15.951 76.011 76.033
A, <A<, , (3.7 tial in Eq. (2.52) does not oscillate in that region of the reac-

which defines 4 | ;

(iv) In the vicinity of both ¢, and ¢, the polynomial
Z (g) is an increasing function of g, whereas in the neighbor-
hood of ¢, it is a decreasing function of g;

(v) For any real value of g, in the limit § = 0, we have
Z (¢)>0. Then Z (g) has two double real roots, one at g =0
and the other at g = A ~'. For 0 going to infinity z(g) has no
real root.

Thus, using these properties and the numerical esti-
mates given in Table I the following cases appear:

Case I: When ¢, is such that either

g,(4)<q. <q;(4), (3.82)

or
g;(A)<q.<q,(d ), (3.8b)
the only positive real root of z(g) which can be set equal to g,
is ;. Then we have-two values of 7, 7;, and r, such that
4. =4:{4()}, i=12,. (3.9

In the region 7, <r<r, we have g. <q;(4)and Z (g, ) is
negative. Thus w'*(g = ¢..) is complex and the exponential in
Eq. (2.5a) oscillates in that region of the reactor. Thus, we
have bifurcation to a secondary solution. However, for » be-
longing to the set (0,7,) U (r,,1) we have g, > ¢;(4 ) and z(g)
is positive. Then as w'*(g = ¢.) is negative and the exponen-

Y v

tor, the only solution to (2.4) which satisfies the b.c. is the
primary one (1.5). Thus we have a localized dissipative struc-

ture as depicted in Fig. 1.(a).
Case II: When
g4, )<4q.<q9,4,), (3.10)

the only positive real roots of z(g) are g, and g;. Then there
exist two values of 4, ! 4, and } 4; | 4 < ;4; such that

g.(}4)=q., i=12 (3.11a)
and a third value °4; !4 < J4 <*4; such that
9:(’4)=gq,, (3.11b)

as shown in Table I. g, (4 ) is a decreasing function of 4 in a
vicinity of | 4 whereas it is increasing in a neighborhood of
14. Using the notation

A=A@=r)=A4A@r=r=1-"r), =12,
and

U=A@r=1r)=ACr,=1-"r),
which yields

r < <r Py <P <,

a similar argument to that used in the preceding case pro-
duces the solution illustrated in Fig. 1.(c). We have a dissipa-
tive structure in three patches.

Y |

2I"1 3!']

{b)

3ra 2r2 0 1y 2r 3n 3r; 2r2 1r2 1 r

(c)

FIG. 1. Various possible dissipative structures in a one-dimensional reactor (0<r<1): (a) A localized single spatial pattern somewhere in the center of the
vessel. (b) Three localized structures. (c) Alternative location for three structures. For illustration we have given only the expected distribution of one of the

reactants.
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Case IIT: When

q:(4,)<9. <q,(4), (3.12)
there are values of 4 for which any of the three roots g,(4 ),
i = 1,2,3 can be set equal to q,. Let these values of 4 be 4,
i = 1,2,3. Each value ‘4 will appear in two points of the
reactor ‘r, and 7, = 1 — 'r, symmetric with respect to the
middle point, 7 = 3. As the three roots ¢;(4 ), i = 1,2,3, are
decreasing functions in the region (3.12) with 4 belonging to
(4,4,) we have

4> 24 > 4. (3.13)

A discussion similar to that given for case I yields again the
distribution depicted in Fig. 1.(c). Note that for the value
0 = 0.1noA4,, canbedefined and Z (g) has three positive real
roots in the whole domain (4, ,A). However, the distribution
of Fig. 1.(c) corresponds to 8 = 0.1 provided ¢, (4 , ) <q,
<q (1‘1 ).

Case IV: When

9:(4) <q. <q,{4), (3.14)

only g, and g, can be set equal to g.. Thus 'r, =0, 'r, =1,
in Fig. 1.(c), and the actual distribution of reactants corre-
sponds to the picture given in Fig. 1.(b). Note that the order-
ing (a), (b), (¢) in Fig. 1 corresponds to the q. decreasing
fromg;(4)toq, (4. ).

Case V: When

q. <q:(4), (3.15)

for all values of 4 we have: Z (g.) < Z{g,(4)} = 0. Then the
exponential in (2.5a) oscillates in all points in the reactor
vessel. We obtain bifurcation to a global dissipative structure
which looks like those described in paper 1.

Lastly, the case

q.>q:(4), (3.16)
has not been considered because for all values of 4 we have

Z(g.)>Z{q;(4)} = 0. Then the exponential in (2.5a) does
not oscillate at any point in the reactor vessel. The only solu-
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(2.4) satisfying the b.c. (1.4) is the trivial one. Thus, values of
g above g, (4 ) cannot belong to the neutral stability curve
2.14).

4. CONCLUSION

In the model problem here discussed we have found
either none, one, or three spatially structured patches for a
reactive process occurring along a line (one-dimensional) re-
actor, e.g., along a catalytic wire. The number of such pecu-
liar patches, which indeed affects the efficiency of the reac-
tion-diffusion process, depends on the number of positive
real roots of the polynomial (3.1). On the other hand, that
number is the number of turning points found with the WKB
method. It also appears that the maximum number of patch-
es is essentially related to the reaction kinetics involved in
the process.’
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Resonant frequencies of the nonaxial symmetric modes in a microstrip disk are computed using
two approaches: Galerkin’s method and a perturbative approach. The perturbative approach is
good when the substrate of the microstrip disk is thin compared to its radius and when the
dielectric constant of the substrate is high. Galerkin’s method can be used to compute the
resonant frequency to high accuracy but the perturbative approach is more efficient for thin
substrate and large dielectric constant. In applying Galerkin’s method, the problem is first cast
into a vector dual integral equation using vector Hankel transform (VHT). Using VHT, it is also
shown that the magnetic-wall model is only good when the substrate is of zero thickness. Using
zero-order current distribution on the disk, we also derive the radiation field and radiation
pattern. Also, by taking into account the radiation loss, the resonant frequencies are complex. We
find discrepancies when we compare our results for the resonant frequency shifts with that

obtained by quasistatic approach.

. INTRODUCTION

The applications of microstrip disks as antenna ele-
ments'~ and resonators®~ have aroused interest in finding a
way to predict the resonant frequencies of a microstrip disk.
Watkins' obtained the approximate resonant frequencies for
acircular microstrip disk by using a magnetic-wall resonator
model ignoring the fringing field effect. Several authors have
obtained corrections to Watkins’ formula using a quasistatic
argument.'®® Improvements to the magnetic-wall model
have also been obtained using qualitative arguments.*”’
However, at resonance, the disk size is of the order of the
wavelength concerned and the validity of such arguments is
doubtful. Itoh® performed a full-wave analysis to find the
resonant frequencies of a rectangular microstrip disk. The
disk was enclosed in a waveguide so that the resonant fre-
quencies are real.

Recently, Chew and Kong'? studied the resonant fre-
quencies of the axial-symmetric mode in a circular micros-
trip disk resonator using dual integral equation formalism
and a perturbative approach. The rigorous approaches em-
ployed in Refs. 9 and 10 show discrepancies with the quasi-
static approach. The dual integral equation formalism to
mixed boundary value problems has been of historic inter-
est.’"!3 The basis function expansion method to the solution
of mixed boundary value problem was first employed by
Tranter'? and subsequently used by Itoh and Mittra,'* Bor-
kar and Yang,® and Chew and Kong'®'* to the microstrip
problem.

The problem of the nonaxial symmetric mode reso-
nance in a circular microstrip disk has been formulated, '’
but has not been solved. It is shown that solution to such a
problem becomes tractable if we devise a new kind of Hankel

*This work is supported by Schlumberger—Doll Research Center and the
Joint Services Electronics Program under Contract DAAG-29-78-C-
0020.
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transform called the vector Hankel transform (see Appen-
dix). By doing so, the nonaxial symmetric mode problem can
be cast into a vector dual integral equation which can be
solved by vector basis function expansion method. We also
derive a perturbation formula for the resonant frequencies of
the disk resonator and expressions for its radiation fields.

Il. INTEGRAL EQUATIONS FOR THE NONAXIAL
SYMMETRIC MODES

The problem of finding the natural modes of a circular
microstrip disk as shown in Fig. 1 has been formulated in
terms of a set of integral equations.'® In the formulation, a
general form in terms of Hankel transform is written for the
E, and H, components of the TM and TE waves, respective-
ly. The tangential components of TM and TE fields can thus

FIG. 1. Geometrical configuration.
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be obtained.'® The mixed boundary condition imposed on
the tangential field components at the plane that contains
the disk results in
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K4(p) 7

XJ .k, p)dk, + 2ia)eJ e, (k,)
(4]

kaJ,, k,p)dk, =0, p>a, 3
P

L) P R
Kp(p)_-—cosmﬁ _ZJ; P k)

nik,
k, p

14

3

XJ,(k, p) dk, + 2iwe J e, (k,)
0

XJ n(k, pydk, =0, p>a, 4
where ¢;,(k,) and &7, (k,) are unknowns to be determined.
i€ k, cosk,d — ek, sink,,d

R™ = - , (5a)
i€k, cosk,d + €k, sink,,d

RTE — ik, s?nklzd + pk,, cosk,.d , (5b)
iu k, sink,,d — uk,, cosk,,d

k, = \/a)z,ue —k3, k= \/a)z,ule1 —kZ, (5¢)

and K ,( p) and K, (p) are surface current components on
the disk.

In general, hybrid modes exist unless n = 0, i.e., if the
mode is axial symmetric. Using vector Hankel transform
(VHT) (see Appendix), Egs. (1)+(4) can be written more
concisely as

[€,(p)

wo=|"0) ~["kak, Bk,

[ C ikz ™
en(kp)z—(l _R )
P

=0, p<a, )
he(k
iwp—{"( ) 1+RT™®

L & i

_ K,,(p)] f‘“ -
= = k dk, 6 H (k

K(P) [K‘t(p) A P (] n( P p)
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r21'(:)6 'ei(_@j
kp
=0, p>a, (Ta)
ik,
.2h :r(kp) kp o
and
K,(p—a~)=0. (7b)

From the reciprocal relationship of VHT [see Eqs. (A1)
and (A2)], the VHT of k( p) is

2iwe e (k,)
Kik,) %,
o [KKD]
K(kp)_[Kz(kp) - o @®
_2bi(kp)zj

As such, Eqgs. (6) and (7) can be written as a set of vector dual
integral equations

&p) =f: k,dk, H,(k, p)-G(k,) - K(k,)=0, p<a,
®
E(p)-—-J:kp dk, H,(k, p)-K(k,)=0, p>a,  (10)

where

k
—~(1—R™ 0
2we )
Gk,)= (1D
0 wup 14+ RTE
I(+ )

is related to the dyadic Green’s function in &, -space.

Hil. ZEROTH-ORDER THEORY
In the limit when d-0, we can show from (11) that

- id [ki—kZ 0
Ch)~=2cl o w2

(12)
With this approximation for f?(kp), we can show that the
current distribution predicted by the magnetic-wall model®
is a solution of (9) and (10). The current distribution derived
from the magnetic-wall model is given by

([ (e 2)

. A p<a,

K(p) = ﬁ::lp J,,<B,m, %) (13)
\ 0 p>a,
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where J |, ( B,,,) = O satisfy the edge condition (7b). The
VHT of k( p) can be found easily

K(k,)
, pY ]
Jn (Bnm a)
=Afpdp17.,(kp p)-
o na J (ﬁ ﬂ)
Bnmp " " a -
1 -
N N Y
Bonray —i2
ZABnm Jn(ﬂnm) * (14)
A

Substituting K{ (k,) into (9), with approximation (12),
and k, =f,,,/a, we arrive at

_ dA “
f(p)z - : ﬁnm Jn(ﬂnm)f kp dkp
nm €1 0
|
TGS e
o0 a ) a,, p
_ a, + b i
K(p) = mgl ha 4 ( _/_7__) pzl ? J
Bom P " "

where J ,(8,,,) =0and J,(a,,) = 0. The orthogonality of
the above mode vectors can be proved easily. In practice, we
need only to pick the M terms of the first series and the P
terms of the second series resulting in

7o) =3 a2+ S b0,

<a,
3 g (18)
=0, p>a,
where
J;(Bm ﬂ)
G (. 2)| (192)
Bnmp n nm a
and
na J) (anp )
_ o P a
Jop(p) = (19b)
J;,(a,,p ﬂ)
a
The VHT of «( p) can be found easily, giving
M
K(kp)=ZaK,,m(k)+ZbF (k) (20)
m=1 p=1
where
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I k,a) J 1 (k, p)+ ——J.(k,a) J,(k, p)
2 pa

, (15)
nd (k,a)J (k,p) nJ,(k,a)J, (k,p)
kp p kpa

where v,,,, = (fS,../a)/V/ 1 ,€,. Using identities (A5) and
(A6), we arrive at

idA [5(;) )] .

(B /®) I, (By) (16)

Hence, Egs. (9) and (10) are satisfied by (13). We can thus
conclude that the solution of (9) and (10) is in fact the solu-
tion of the magnetic-wall model when d—-0.

&p)= —

nm©1

IV. GALERKIN’S METHOD

Noting that when d—0, the current distribution on the
disk approaches that of a magnetic-wall model, we can find a
complete set of vector basis functions to approximate the
current distribution. By noting that the currents due to the
TE and TM modes of a magnetic-wall cavity form a com-
plete set, the current distribution of the #nth mode of the
microstrip disk resonator can be represented as

L
(e £)
» PG 17
(-2) "
a
p>a,
I
J,’,(kpa)
_ 2 kz
Ronl)) =By 4o By | P @ , (21a)
—f,,,,kp J, (k a)
— kpa J,’,(a,,p) ]
F =t .
no (k) (@, /oy L7 (k,a) (21b)

Equations (10) and (7a) are automatically satisfied by the
choice of &( p) in (18). The choice is also asymptotically good
when d—0 because only one term is needed in the limit when
d—0. Substituting (20) into (9), we obtain

f k, dk, H(k p): G(k) K,,,,,(k)

bf k, dk, H,(k, p)
pfl

.Gk,)-F,k)=0, p<a. 22)
To find a,, and b,, we find the inner product of the above

with &,,( p)and /;, «(p)s i.e., multiplying the above with pk L
(p)and pf . (p) and integrating from O toa forJ = 1, 2, .

M,k = 1,2, ..., P. Using Parseval’s theorem (see Appendix),
(22) becomes

z kdkK (k) G(k)K,,,,,(k)
m=1 0
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P © _
+ 30, [Tk b, Rk,
p=1 0

Gk,) -F,k,)=0 J=1,2 .., M, (23a)
M «© — [ —_
Zl a, R kp dkp F:k(kp) ’ G(kp) . Knm (kp)
P o =
+ ,,; b, JO k, dk, F, (k,)
.G(k,)-F,k,)=0, k=1,2, ., P. (23b)

The above is a system M -+ P linear algebraic equations
involving M + P unknowns from which we can solve for a,,
and b,. Written in matrix form, it is

r N\
ALk Aty AT . - Al
ANY AN A8 A
A5 AN AT - - . AT
kA‘lfll” .. AKE Alle e A,f‘f)

/
a, )
Ay
=0,
b, 2%
_ ¢
where
A{j“:fo k, dk, KL(k,)-G(k,)- K, (k,), (242)

Aij:AﬁF:L k,dk, FT.(k,)-G(k,) K, (k,), (24b)

4 5F=fo k, dk, F . (k,)- G(k,) - F,;(k,). (24¢)
For nontrivial solutions of ¢,, and b,, we require that
det|d | =0, (25)

where A is the matrix in (24). Equation (25) is the eigenequa-
tion for the resonant frequencies of the disk resonator. The
accuracy of the resonant frequencies found can be improved
by increasing M and P arbitrarily.

2593 J. Math. Phys., Vol. 21, No. 10, October 1980

V. PERTURBATIVE APPROACH

We have shown that in the limit when d—0, the reso-
nant frequencies of the disk resonator approach that of a
magnetic-wall cavity. Therefore, for small d, we can think of
the disk resonator as a perturbation of the magnetic-wall
cavity. It was derived in Ref. 10 using a perturbative ap-
proach that the resonant frequency shift of the magnetic-
wall cavity with the magnetic wall removed is given by

= ifSas(EXXH)) - A ds

) 6
Aw=~ A (26)

In the above, E, is the electric field in the cavity before per-
turbation, ff, is the magnetic field in the disk resonator after
the magnetic wall has been removed, (W) is the time-aver-
age total energy stored in the cavity before perturbation, and
AS is the surface of the magnetic wall of the cavity.

From Ref. 10, taking only the cosine mode for the TM
wave, E, in the upper half-space above the dielectric sub-
strate for the disk resonator is given by

E, = cosn¢J k, dk, e, (k,)
0

X(1 — R™)e"? J, (k, p). @7

By matching boundary conditions, E|, in the dielectric sub-
strate is given by

E, = —cosnd £ k, dk, e; (k,)
61 (4]

cosk,,(z+d)
—— (A1 +R™)J (k, p). 28

cosk,d 1+ ). (k, p) (28)

Similarly, with H, in the upper half-space given by

H, = sinn¢f k, dk, h; (k,)
]

X (14 R™e** J, (k, p), (29)
we derive that in the dielectric substrate,
H, =sinng 2 (" & dk, h3(k,)
M1 Jo
sink,,(z +d)
sink,,d
We know E, in (26) from the field in the magnetic-wall

cavity,

— A
7= _34Bm

1 .

wea cosnd J, (ﬁ,,,,, :) . 3D

Noting that £ ; only has a Z-component, we can rewrite (26)
as

A+R™)J,k,p).  (30)

if° s STEXH,|,_,ad$dz
a W)
where H,, can be derived from (28) and (30)'® giving

© hs(k
H, = cosng ( pn f n (Ko )k s (':OSklz(z +d)
s p Jo k, sink,.d

Aw

s (263,)

X(1+ R ™) J,(k, p) dk, — ive r e (k)
0
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osk,, d
Xc e+d)

1+ R™) J " (k dk . 32
D R ™ T, ) 32)

When d—90, ¢, (k,) and 4}, (k,) can be approximated as

AN

4 o~

T diwe (B, /a) — K
X (Bon) T 1K),

s — iAna
h n(kp)szz . Jo(Bym) I (K, @)

Consequently,

JLJ Eeee

7|4 l"’ﬁ
2iwe,

(= T2k
x( un f (k) (1+R ™) dk,
:u'lﬂim 0 kpkz

= [J:ik,a)]?
k P
+L " [(Bom/a) — k2]
tank,,d
X

(33a)

(33b)

ad¢ dz

——J(Bum)

(1 +RTM)dkp), n>0. (34)

1z

Using the fact that

41°

<WT>_4a)e 7d (B — 1) I3 (Bum), >0, (335

we obtain

4o B ( ipn®
@ (B, — 1)\ B,

= Ji(k,a)
2" (1+R™dk
XJ; k.k, (+ )k,

[/.k,a)]* tank,d
+j 1 Bu/ay — k2] Ko

(+R™) a‘kp).

(36)

In the above, we take k, = Vo In,,,pe f

=V(02,,) € — k?,where @,, =B,n /ax/'ﬁ. Fur-
thermore, if we are only interested in the imaginary part of
the frequency shift, we only need to integrate from 0 to &

2 . 2
nm wn
= = B — ) Im(ulﬂz
kJ, (k
Xf J_"(_LQ(I +RTE)dkp
0 Kp

x [J,k,a)) tank,d ™ )
k 1+R k,].
+JO p+[(ﬂnm/a)2_k,2,] klz ( + )dP
(37

This is because the imaginary frequency shift is due to radi-
ation loss and the fields due to &, from k to infinity do not
contribute to the radiation fields and the quantity inside the
large parentheses becomes pure real.
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Vi. RADIATION FIELD

We can derive the radiation field in the upper half-space
of the disk resonator from (27) and (29). First, we write (27)
as a Hankel integral

cos * .
E = -2—”¢J7 ke (k)

X(1 — R ™)e"““H V(k, p) dk,. (38)

When p and z are large, the integrand in (38) is rapidly oscil-
lating. Using the large argument approximation to
H "(k, p), we find a stationary point at k, = k sinf where
@ = tan ~' (p/z) (Ref. 16, p. 218). Thus, the leading order
approximation to (38) can be obtained by approximating the
slowly varying part of the integrand with its value at the
stationary point, and integrating the rapidly varying part
exactly. With the approximation to e}, (k) given by (33a), we
have

A cosngk ? sinf cosé B,,,,
dive[( B, /a)* — k*sin%6 |
Xy (Bum) J (ka sing)[1 — R ™(8)]

Hkpsind) (= Kk, u,

—— — e e

HP(k p sind)
><11(()1)(kp p) dkp’

Noting that the above integral can be evaluated exactly, we
have

EO~

Py Z—>0. (39)

A cosngk * sinf cosb B,,,,

EO_ _
: 2we[(B,n/a)* — k?*sind ]
X (Bum) J ;(ka sing)[1 — RT™(6)]
eikr
X ( - i)" sy F—>o00, (40)
r
where r = v/z* + p°. In the above, we have replaced
HO(x)/HM(x)~(— )" when x—> 0. Since EQ = — EY
sing, we obtain E{ as
2
EO~ A cosngk * cos 92 B,,,,,z (B
20€[( B, /a)* — k*sin’d] "
ikr
J (ka sin@)[1 — R ™(8)](— iy *—. (41)
r

Similarly, from (29), we can approximate H  in the far-field
as

gO- Anasinnd ; g3,
28,

X (ka sinf)[1 + RTE@)]1(—
Since EQ” = —v/u/e HY, we have

EQ~Vu ;;"s‘“”"’ J.(B..)J. (ka sin6)

e /r. 42)

ikr

X [1+RTE@))(— i %

43)

We note that the radiation field given in (41) and (43) is
exactly that derived in Ref. 17 under a different context.
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Vil. ANOTE ON NUMERICAL COMPUTATION to the path of integration makes the evaluation of the inte-
gral difficult. Letting G ™(k,) = k,(1 — R ™), and noting

In evaluating (24a) for (25), we encounter an integral that G™( — k,) = G ™(k,), we can rewrite the particular
which has a pole near the real axis. The proximity of this pole integral as
S |
Bni an © . ™M, _._—_H(kg)
1, =" 18,8 [k, &, |6, -
J 2(()6 7 o PP rP k; — k;

ctssor{ [~ (B[ - B omn [ o
ctsswonfis -t ()]l -] )

a a
where

H (k)= klirri k2 —k;)G™(k,), (44a)

and + k, are the locations of the poles. By so doing, the first singularity is removed from the integrand and the integral can be
integrated efficiently using Gaussian quadrature. The second integral can be integrated exactly using contour integration'®,
giving

sl - )] -G

] ,’,(kga)Hf,"'(kga)[Z[k 2 (ﬁ)z] [k 2 _ (’%L)z ] s,

a

o (R0 A [CA WA

Also, in evaluating the integrals in (24), there are branch points at k, = wv/i€ and k, = wVv/1,€,. Since @ can be
complex, these branch points can be below the real axis. Thus the path of integration in (24) has to be deformed sufficiently
below the real axis to avoid the branch points. To search for the zeros of (25), Muller’s method was used.

The subtraction of singularity method can also be applied to (36) for the efficient evaluation of the integral.

VIli. RESULTS AND DISCUSSIONS m

. . . . Re(wa/ N=
Since the n = 1 mode of the circular microstrip disk has ¢lwase,) ! Imiwase))

been used widely in microstrip antenna applications, we
shall study its resonant frequency closely here. 1.84 0.0
In Fig. 2, we show the resonant wave number shift vs e
d /a using Galerkin’s method discussed in Sec. IV. The or- g Relwor/c)) oo
dered pair of numbers assigned to each curve represent the Mag(2? Loz 8, = 18418
numbers for M and P, respectively, used in (18). We note 74 ‘\::‘g((\l'” « ," = 2.65¢
that the imaginary part of the resonant frequency shift con- . .o [ 903 s
verges rapidly as we increase (M, P) from (1, 0) to (2, 2). The Imleare,) (2,1} 0.0y F-0.08
real part of the resonant frequency shift converges less slow- 16 ' (; o)
ly. This is because the real resonant frequency shift is due to " [ oo0s
the reactive power leakage to the near field. Since the near ((g?% 0,17 -0.06
field is singular, good approximation to it can only be ob- |5 (2.2)
tained with many basis functions. We also note that the ' - -0.07
curves due to various choices of (M, P) do not deviate from —-0.08
each other drastically due to the stationary characteristic of 14 L 009
Galerkin’s method. We note that Galerkin’s method con- '
verges for (M, P) = (2, 2). -0l
In Fig. 3, we compare Galerkin’s method with the per-
turbative approach, and the quasistatic approach. In the 0.0 ol oz 03
quasistatic approach, the disk resonator is thought of as an
LC circuit resonator. The shift in resonant frequency is due ae
to the fringing field in C."%* Thus, the change in resonant FIG. 2. Plot showing computed resonant frequency shifts of the lowest
frequency is given by N = 1 mode for different values of (M,P) in Galerkin’s method.
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Re (wa/c)) N=| Im{wa/c))
1.84 = 0.0
DNNES
A S
FB AN\ ™sa --0.0l
\\ h \: .
\\\ .. ~\\\~\\PA L -0.02
- \\ \\\\\
17 N\ . |--003
™ GM
QA)\\ L -0.0a B, = 1.8418
« = 2.65¢
1.6 { ~ GM =z
N --0.05 M T K
Y Re(ua/cl) -—
- -0.06 Im(wa/c)) —
s PA
I - -0.07
F-0.08
"w - -0.09
T =
0.0 O. 0.2 03
d/a

FIG. 3. The comparison of Galerkin’s method (GM), perturbative ap-
proach (PA), and the quasistatic approach (QA) for the resonant frequency
shift when €, = 2.65¢.

w/wy=V Cy/C, (46)

where C,, is the capacitance without fringing field effect.
We note that when d /a < 0.1, the agreement of the per-
turbative approach with Galerkin’s method is excellent,

Re(wa/c)) N=1 Im{wa/c))
1.84 0.0
.|
1.8 L -0.0l
J - -0.02
.7
--0.03 B, = 1.8418
ll LR |
~-0.04 P
16 L Relwa/sc)) ----
-0.05 Im({wa/c)) ~—
--0.06
13 ~-0.07
~-0.08
1.4 -0.09
-0
T T
0.0 0.1 0.2 0.3

d/a
FIG. 4. The comparison of Galerkin’s method (GM), perturbative ap-

proach (PA), and the quasistantic approach (QA) for the resonant frequen-
cy shift when e, = €.
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|E¢| at ¢=90°

|Eg| ot ¢=0

FIG. 5. Radiation pattern of the lowest N = 1 mode.

while there exist substantial discrepancies with the quasita-
ticapproach. Thus, for smalld /a, the perturbative approach
reigns superior since it does not involve numerical search of
zeros as in Galerkin’s method.

In Fig. 4, we show the resonant frequency shift for
€,/€ = 1.0. In this case, we find an increase in frequency
shift. Also, the perturbative approach starts to deviate from
Galerkin’s method for d /a > 0.05. This is because the fring-
ing field effect becomes important rapidly for increasingd /a
due to the less trapping of electric flux in the dielectric sub-
strate for smaller €,/€. We see that the discrepancy between
the quasistatic approach and Galerkin’s method remains
substantial. Note that the quasistatic approach is not asymp-
totic to Galerkin’s method like the perturbative approach
when d /a—0.

In Fig. 5, we plot the radiation pattern from the radi-
ation field. We note that the radiation field vanishes at the
horizon (6 = 90°) due to the presence of the dielectric-air
boundary. Radiation field derived using free-space Green’s
space does not vanish at the horizon.?*

From the above, we can conclude that for accurate nu-
merical computation of the frequency shift, Galerkin’s
method remains superior. However, when d /a is small and
€,/€ large, the perturbative approach is more efficient. The
quasistatic approach is not as good since it gives the same
fractional shift in resonant frequencies for different modes.

APPENDIX
Vector Hankel Transform

The vector Hankel transform, transforms a vector func-
tion from one space to a vector function in another space.
First, we shall postulate the form of such a transform.

[fl(p)] =L°° K dk,

SH(p)
, n
. J ok, p) kppJ,,(k,,p) .[F,(k,,)]
Lk, p) ik, p) ko)
P
(Ala)
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{ Fl(kp)]
F2(kp)
= fo pdp
Tk, p)  ——J,k, p)
" ko 0 (o]
" g Tk | AP
k,p
(Alb)
We can write (A la) asnd (A 1b) more concisely as
F(p)= f "k, dk, Bk, p)-F(k,), (A2a)
|

Fe) = [ pdo Bk, 0270 (A2b)

where H, (k, p) are matrices, F(k ) and f( p) are vectors in
(Ala)and (Alb) If (Ala)and (Alb) are true, it implies that

flp)= Lw k, dk, _Lw p' dp’ H,(k, p)
Ak, p)-F(p). (A3)

We can prove (A3) by exchanging the order of integra-
tion. Writing it explicitly, we have

f p’dp'f k, dk, H,(k, p) - H,(k, p) - () =f p’dp’J k, dk,
0 0 (4] 0

2 r ’ n ’ ’
Titky 930k, ) + o ey T,y ) o Ty DT )4 0, 6, P, )
e : : £
f(p),
* n n2 '
“ ’ Jn(kpp,)":l(kpp)+;_—Jn(kpp)']:l(kppl) J"(ka)J"(ka)+ kzpp; J"(kpp)J"(kﬁp)
o P P P
(A4)
Noting that
’ d
k, J .k, p)J (K, p)) + ok, p) Ik, p) =k, T, (k) T (K, P)+Ldk Ju(k, p)J,. (K, p)- (AS)

k PP’

P

The diagonal elements in (A4) can be evaluated since the
first term in (A5) evaluates to a delta function (Ref. 19) while
the second term evaluates to zero. Similarly, the off diagonal
elements can be written as

n n 1 n , .
;Jn(k,,p)Jn(kpp)Jr;)—Jn(kp Ik, p)

n d
p " dk,
which integrates to give zero. Consequently, (A4) becomes

——Jak, p) Tk p), (A6)

[Torae [" s die; Bk, - ok, )T

So-p) 4

= ) ’d ! p, -_ ! =_
[“oar L s [FOTO
g (a7

proving the assertion (A3).
Properties of vector Hankel transform akin to that of
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|
scalar Hankel transform can be derived. We shall list some of
the properties as follows:

Property 1: (Symmetry)

H(k, p)=H,(k, p). (A8)
Property 2: (Delta-function representation)
= - - =8k, — k.
@[ pdo k) Fk; ) =TZ2L,  (A%)
yod
o - - , _8 —_ !
(b)L k, di, B, p)- H,(k, p) = T2XL—E)
(A9b)
Property 3: (Reflection)
(@) F(—k,)=(—1D"*'F(k,), (A10a)
B F(—p)=(—=1D"*'f(p). (A10b)
Property 4: (Parseval’s Theorem)
[“paircor-ao)
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=f k, dk, F'(k,)- G (k,), (Al1)
0
where F(kp) and C7(kp) are vector Hankel transform of f( )
and g( p), respectively.

Proof: By taking the transpose of Eq. (A2a) and making
use of Property 1, we can show that

M(p =f0 k, dk, F"(k,) - H,(k, p). (A12)
Thus, the left-hand side of (A11) can be written as
J; pdofT(p)-2(p)
= f p dpJ; k, dk, FT(k,)- H,(k, p).
0
xf k.dk H, (k. p)-Gk}). (A13)
0

Exchanging the integrals and performing the p integration
first, and making use of Property 2, we have

f: pdpFT(p)-E(p)

=L k, dk, F"(k,)

® ok, — k) <
XJ k", dk;MG(k;)
o k,

- J "k, dk, F'(k,)- G(k,), (A14)

proving Property 4.
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